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■  it;  trse  iig  !  or  no?  Ledge,  e>tr?a:K  sot  ?  ~ :  *  e 

'1 :  tel  liglhle  tor  the*  /  reader,.  said  cemcns  v  ,a  vru.  I.e. 
skat  Ls  fondly  hoped  is  ;  .  ?  Ic?;ica3.  .structure.,  Operatic 
raeoarcrh  daring  trs©  war  ha#  to  be  anonymous ,  and  much  of 
v..vi'i;  Mist  remain  sc  .'■•■>  fensa cost  to  the  original  work  won 
h  rve  hod  to  refer  to  e...  :u "idled  docuwienta ,  which  v.*roV:?Kly 
mould  not  bo  available ' to  the-  perioral  reade.’,  so  they  hav 
oesn  omitted  ■. 


Since  the  undersigned  were  members  of  the  Operations 
Research  Group#  it.  8.  Wavy,  it  is  nerhaps  riot  surprising 
that  the  examples  given  are  drawn  chiefly  from  the  work  of 
this  group #  though  ar<  effort  has  been  made  to  include  ex¬ 
amples  from  the  work  of  other  groups  ♦  'iany  persons  have 
helped  h  ■'  discussions  and  editorial.  criticism,  including 
members  of  other  operations  research  groups  in  this  country 
and  in  England  t  To  mention  a  few  would  slight  rang  others  r 
so  none  will  be  named, 


If  this  .book  were  to  be  highly  classified*  and  thus 
restricted  in  circulation.!  It  could  have  included  other 
examples..,  many  of  them  highly  interesting  and  instructive  r 
and  some  of  the  examples  given  here  could  have  been  dis¬ 
cussed  in.  more  explicit  detail,.  If  was  felt,  however*  th-u:- 
it  was  more  important  for  this  volume  to  be  allowed  a ’wide ~ 
s  reread  circulation  than  for  it  to  bo  exhaustive  .  During  t  *i? 
war  she  scope,  methods  and  triumph’s  of  operations  research 
were  not  appreciated,  by  most  scientists  or  by  most  military 
men,  because  no  information  was  freely  available*  Unless 
wo  are  willing  to  lose  this  valuable  experience  and  back¬ 
ground..  some  of  it  mat  be-  made  available  j*aJ 

Thin  is  particularly 

important  if  the  methods  of  operations  research  have  posen tie 


pea cstime  applications 


as  .it  is  believed  they  do. 
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i.  mmmim 

If),  'for  Id  VI av  11  the  phrase  “operations  research”  has 
-  to  describe  the  scientific,  Quantitative  study  of 
"  Durations  of  mr»  Perhaps  a  hore  descriptive  tern  would 
:t.  l,poleraolo|jyM,»  from  the  Greek  word  “polemos"  meaning 
warfare  but  "the  more  familiar  “operations  research”  will  be 
retained  in  the  present  treatise  because  It  suggests  that 
the  rr-  thocis  can  be  used  to  study  other  operations  than  those 


ohr&s©,  operations  research,  Is  of  recent,  origin, 

'  i  1’i'T;  Oil ts  one  phase  of  the  expansion  of  science  to 
jt  udv  -  •'.!  a  ad  more  cosaplesc  phenomena  *  Previous  aid  which 
science  lad  given  warfare  was  chiefly  in  the  direction  of 
;■  ovif.  lug  new  weapons  and  instruments*  Perhaps  the  most 
e«  letow;  'd  classical  exesapla  was  the  work,  of  Archimedes  in 
s  »r;di  ;  >  the  city  of  Syracuse  fro®  the  Bosa&ns*  In  the 
»ai s nance ,  Leonardo  da  Vinci  spent  much  of  his  engineer- 
* ■■  abilities  in  a-llltary  applications,  and  ir,  the  seven¬ 
teenth  cant'iry  the  famous  Venzbnn  uti  li.  m3  his  considerable 
gaonetric&l  abilities  in  designing  fortifications,  and  his 
inventive  genius  in  devising  the  bayonet  and  the  method  of 
• .  >,  r1  Fourier,  i.tongo.,  end  Berthollot  were  retained 

'  ••  Fu.oo;  uoji  as  hie  scientific  advisors*  Of  these ?  only 
i  ,.v  ,r  wnde  Anji  real  contributions  it-  applying  science  to 
>etter  wr  y  a  of  weapons ,  rather  than  adding 


Itj  raoro  rede  *t  times  warfare  has  become  so  complex  that 
scientiats  have  confined  their  contributions  to  ths 
;  ;  -f  pen  wajw&Sj  and  have  left  the  tactical  use  of 
fpanoim  t/  the  -  »»cfe«ai«Ral  soldier,  and  their  stra- 
■:■  to  the  professional  politician*  The  utility, 
cr  vC  ’ha  coordinated  icJerh if 3 c  attack  on  a  wide 
-1-  r  non**?ii i ita ry  problems  has  been  amply  demonstrated 
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J/:  ,v,.  . .r|  ;•;:•*  t,r-0':  o  ::N:=  rr.  /.^r  , 

6h  yvlev&nt  portions  of  V  t 
'  -  Cf  Ii  cf  rvatf  :?vv;J  es  r<  : " 

tbir.  work .  'fko  rest  of  the  chapters  discuss  teeh/ilcj 
\t  ) -avo  been  particularly  useful,  with  Illustrate c a? 

'&d  from  work  done  in  the  recent  "war.  One  aspect  of 
{,  the  them-:-  of  search  for  an  er-emy  craft,  has  grotm  fc 
i  enrud.de  raM©  proportion  that  ' it  deserve s'  mere  space  • 
can.  be  given  it  here.  Another  volume  of  this  series 
!  he  devoted  to  the  theory  of  search.-  • 


'.{•Vi  .scope  of  opo.-ations  research  has  been  sued nctiy 
1 ': ns.t.rat-?^  .in  a  letter  (dated  17  August  X-Ml)  from  Fleet 
r?t  1  K*  * 7  .  j££tij£  iJo  y'^oro 1s£ix  r  of  the  havy  Jarre s  Y,  Pori'-:, 
bacarning  the  work  of  the  ?J.  3.  Navy  Operations  Rcsaarc! 


” Since  April  194  £  the  Operations  Be search  Cu¬ 
ba  a  boori  cf  service  to  the  Java  as  a.,  scientific  ;.v 
tefy  -groan  to  the  for  can  afloat,  and  to  the  Con;  .-;  > 
in  Chief,  Jnitrd  States  Fleet,  and  Chief  of  .;f.v  : 
Operations,-  dealing  v/.i th  naval  scientific  emir;1 1 
from  the  point  of  - vie  .  '  of  the  operational  user  r-Y 
naval  equipment .  This  prowp  has  been  of  active 
assistance  in: 


(a) .  , The  evaluation  of  new  equipment  to  meet 

mi  lit  ary  r  cq1  ilrements . 

(b)  *  The  evaluation  of  specific  phases  of  , 

operations  (o.g-, s  gun  support,  M  fire) 
from  studies  of  set. ion  reports  * 

The  evaluation  ard  analysis  of  tactic?.! 
proble.ma  to  ncasvre  the  opera  d  end.  - 
icr  d  v.a;*'  mtorial* 

(cl).  ?/se  <5.svfi3.0fn*»r*t  of  re1';  tactical  d?K}fcr  c 
'-v~h  *•  j  ci  f i 0  rsvptf Tov^r-tr,  (c  „ ;  .  vn 
•iVfbmvine  .-•wv.m- .  screen?  dr  fd-  ,  • 
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\(i\  nee  -  A  third  roan  or  f<  r 
'* :dn n  inner  tarico  oh  c^raflons  research  in  t»1 
ti:  Increasing:  tempo  of  obsolescence  in  military  eqiuorr- 
in  t;i©  past  "tar  a  lumber  of  potentially  useful  wea parr  »« 
;aoe  cbsol  ite  before  the  forces  at  the  front  had  hr  d  tirf. 
vo  [Learn,  how  to  operate  thaw  efficiently®  [’.'hen  this  co .  .. . 
bion  ho2.de  it  becomes  •  extremely  important  to  be  able  to  r, 
the  best  employment  of  eaeb  weapon  ahead  of  tine®  7/;  ~  a 
can  no  longer  have  the  tire  to  learn  bv  lengthy  tr:  a?,  and 
error  or  the  battle  field,  the  advantages  of  quantity t i1  a 
appraisal  and  planning  become  more  apparent* 


This  aspect  of  the  situation  is  point da  out  in  jo 
following  excerpt  from  the  Final  report  b"  Ad viral  ii ,  -J -  Ki¬ 
te  th.o  foeretary  of  tho  hi vy,  issued  8  December  .19'?  5- 

ffThe  complexity  cf  modern  warfare  in  beth-  av:d? 
and  moans  demands  exacting  analysis  of  the  non  rwa  ?•  r. 
count  mr.as  our  os  introduced  at  every  stage  by  ouvse.lv'  . 
a:-if  the  onenay,  *  Gciectif  ic  research  can  not  only  spfcs 
chc  invention  and  production  of  weapons,  but  •  c* 

slst  In  ins, v ring  their  correct  ur?  .  The  applic&tici  , 
by  qualified  ccientictsfj  of  the  scientific  mo-'h  1 
t);>-  improvement  of  m vai  operating  techniques  arc  mb 
riel,  has  cone  to  bo  railed  operations  re sear ■  ' , 
Scientists  engaged  is  operations  research  are-  5:  ne 
who  ad  visa  that  part  of  tiio  Navy  which  is  using  ti-\ 
weapons'  and  craft  --  the  fleotd  themselves*  To  f  sic  ;i 
effectively  they  must  work  under  the  directly: i  f  - 
have  close  -personal  contact  with  t!io  off! dors  nv. 
and  .carry  on  the  operations  of  war*  * 


•’During  the  war  we  succeeded  in  enlisting  ••;  ru 
services  of  a  group  of  competent  scientists  to  ‘-■•.ivy 
out  operations  resoal ch*  This  group  was  set  no  :. 
flexible  or  gar  i  ratio;.'  able  to  reassign  person:-  si 
quietly  when  tew  critical  problems  arose*  Fiscal 
adminl strati v<.  conircl  of  the  gronn  vrar  originally 
Tested  .In- the  Office  of  Scientific  research  and  bw 
err-ent,  The  f,ronp  a  whole  was  assigned  to  tr  •. 
h-  functional!  control*  and  in  -the  c  our  so  of  ;5r  : 
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countermeasure ,  Pot-  ojjarnila ,  tHfi* ?’*-**o ho., 
to  revise  their  tactics  and  equipment  when  re  her  nr  '; 
use  radar  on  cur  anti  -srhmrine  aircraft  i  and  ?fb,  in 
turn  had  to  modify  our  tactics  and  radar  equipment  to 
counter  their  changes; .  In  tills  see-saw  of  technique 
the  side  Which  countered  quickly .  before  the  opponent 
had  time  to  oerfect  the  new  tactics  and  -weapons,  tec. 
a  decided  advantage*  Operations  research,  bringing 
scientists  in  to  analyze  the  technical  import  of  the 
fluctuations  between  measure  and  countermeasure ,  made 
it  possible  to  speed  up  our  reaction  rate  in  several 
critical  cases*,” 


In  the  normal  course  of  military  erpediency,  strenuous 
efforts  are  put  forth  to  develop  and  manufacture  new  tech¬ 
nical  equipment  and  weapons  «•  These  must  be  distributed  to 
the  operating  commands  ,  with  but  United,  time  in  which,  to- 
develop  the  best  methods  for  their  tactical  us  As  the 
weapons  get  into  use,  there  begins  to  flow  back  an  inereas  - 
ing  mass  of  data  in  the  foam  of  action  reports,  performance 
sheets,  and  intelligence  svuitsarles ,  which  are  accum*  la  ted 
in  local  commands  or  at  theater  headquarters.  The  signifi¬ 
cance  of  the  experience  embodied  in  these  data  can  only  be 
evaluated  through  the  determined  efforts  of  properly  trained 
men  with  scientific  backgrounds,  clothed  with  sufficient 
authority,  facilitated  by  proper  administrative  organization, 
and  freed  from  other  responsibilities  to ' concentrate  their 
efforts  to  this  and «  Such  evaluation  will  indicate  the 
relative  merits  or  deficiencies  of  the  new  equipment  and 
ordnance ,  and  of  the  tactics  incident  to  their  use  *  In 
addition  to  indicating  moans  of  technical  improvements^ 
the  analyses  should  also  serve  as  bases  for  promoting  im¬ 
proved  training  methods,  to  make  more  efficient  the  perform¬ 
ance  of  operating  personnel* 

Score  of  Work  -  The  nature  of  research  work  is  admittedly 
not  subject  to"* emet  definition.  .  Without  attempting  to  set. 
a  limit  to  the  point  where  operations  research  merges  into 
developmental  work,  there  are  certain  bounds  within  which 
the  work  of  an  operations  research  group  Is  defined. 


The  min  function  of  an  .operations  research  group  is  to 
analyze  actual  operations,-  using  tho  data  to  bo  found  in 
action  reports,  track  charts,  dispatches,  intelligence  sum- 


.30 


'!  n 


4b  *1  KiHrajr 


sate  the*' orospoctivo  ^arrormn'ca  from  a  priori  approaches, 
but  also  to  analyze  observational  data  fron  experimental  anti 
testing  establishments  as  well  as  from  actual  military  ope- 
•rations,  no  matter  hot?  complicated.  Tho  tactical  possibilities 
and  limitations  of  any  such  equipment  must  be  studied  in 
relation  to  the  actual  facts  of  military  operations.  Such  a 
performance  analysis  is  essential  to  a  decision  concerning 
the  requirements  for  a  new  weapon  or  device,  and  to  the  dis¬ 
covery  of  the  most  profitable  channel  in  which  to  devote 
developmental  efforts » 


It  must  be  emphasised  again  that  the  operations  research 
worker  is  not  a  "gadgeteer",  spending  most  of  his  time  de¬ 
vising  new  equipment  or  modifying  old  equipment »  Such 
activity  is  important s  and  also  requires  technically  trained 
non  to  help  the  services,  but  it  is  an  activity  which  should 
bs  carried  on  primarily  by  scientists  attached  to  the  service 
commands'  or  bureaus,  rather  than  by  men  attached  to  the  opera¬ 
tional  commands j  as  are  the  operations  research  men*  The 
operations  research  worker  must  often  resist  the  urge  to 
turn  from  refractory  problems  of  strategy  and  tactics,  which 
are  primarily  his  iob,  to  the  more  congenial  task  of  "play¬ 
ing”  with  a  niece  of  now  equipment.  True,  there  are  times 
when  the  operations  research  man  is  the  only  technical  man 
with  an  operational  command,  and  equipment  modification  must 
be  done  by  him  or  it  does  not  get  done*  In  this  case,  of 
course,  uho  necessary  "gadgetaeri ng"  is  carried  through. 
However  the  operations  research  man  must  keep  in  mind,  in 
these  cases,  that  he  is  stepping  out  of  his  own  field  and 
that  such  activity  should  not  be  allowed  to  keep  him  long 
from  his  oropor  studies  of  operations.  It  is  possible  to 
call,  in  technical  men  from  the  service  commands  to  do  the 
gad gathering,  but  there  is  no  .one  else  to  do  the  operations 
research  if  he  does  not  do  it. 


An  important  difference  between  operations  research  and 
other  scientific  work  is  the  sense  of  urgency  involved.  In 
this  field  a  preliminary  analysis  based  on  incomplete  data 
may  often  be  much  more  valuable  than  a  more  thorough  study 
using  adequate  data,  simply  because  the  crucial  decisions 
cannot,  wait  on  the  slower  study  but  must  be  based  on  the 
preliminary  analysis.  The  worker -cannot  afford  to  scorn 

I  j  ,  fur  w/> 7 s  do  -lot  wait  for  exhaustive  study 
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siiojaena «  Tlov/ever ,  opera fcions 
so,  must  hot  copy  In  detail  the 
sciences,  but  must  work  out; 
to  its  own  special  material  ani 
object  hoi  .-  is  to  assist  in  the  fin-king  cf 
l.ypcc"r*  t.'  --'  aey  of  operations  in  nr  ogress, 

for  the  rusuro  *  To  do  this,  past  operations  arc 
determine  the  facts,  theories  are  elaborated  tv 
facts „  and  finally  the  facts  and  theories  are 


mo  thod 
problems * 
to  .1 
or  planned 
studied  to 

explain  the  * - , ,  — .  - -  -  - 

used  to  nafte  predictions  about  future  operations .  This 
cedure  insures  that  the  maximum  possible  use  is  rside  of 
nast  experience* 


•*  The  most  important  single  m  iho« 
mtica.1  tool  of  operations  research  is  probability  and 
statistical  theory*  The  data  upon  which  the  research  is 
based  will  co"-e ,  for  the  most  part,  from  statistical  stud-  '  - 
of  operations*  These .operations  are  uncontrolled  in  the 
scientific  sense,  and  therefore  cannot .bo  considered  as  the 
equivalent  of  experiments  *  The  data  is  observational,  tho*  e~. 
fore*  rather  than  experimental. ;  as  is  usual  in  such  cases « 
ingenuous  statistical  techniques  my  lead  to  serious  errors 
ir,  the  results  obtained* 


Statistical  analysis  is  not  fruitful  unless  there  arc- 
available  for  study  a  large  number  of  reports  on  operations 
which  are  roughly,  similar  in  nature.  For  this  reason*  cno- 
rat-' ons  j? •'search  1  s  at  first  most  successful  in  those  * f  i  o'1  ••' 
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of  the  moment  arc  obvious .  In  studying  such  actions  in  a 
statistical  manner,  the  progress  of  operations  research  will 
naturally  bo  slow*  Certain  aspects  of  these  larger  opera¬ 
tions  can  bo  studied  in  detail*  and  the  whole  picture  perhaps 
can  eventually  be  nut  together.  From  what  has  boon  said* 
however*  it  can  be  appreciated  that  the  classical  naval 
engagement  between  surface  vessels*  or  the  classical  land 
battle,  is  in  general  difficult  for  operational  research  to 
attach  early  in  its  development.  Only  after  the  simpler 
cases  mentioned  above  have  been  thoroughly  understood,  can 
an  attempt  be  mad©  to  analyse  these  more  complex  operations. 
Strategy’ and  tactics  in  the  large  will  always  be  an  art, 
though  operations  research  may  help  its  practice  by  providing 
tools  of  Increasing  power,  ;just  as  the  study  of  physiology 
has’  improved  the  art  of  medicine. 


collection  of  operational  data  in 


wartime 


The  rapid 
’is  immeasurably 


improved  by  the  assignment  of  a  scientifically  trained  ob¬ 
server  as  close  to  the  operations  as  is  feasible.  In  earlier 
centuries  this  was  quite  possible  because  of  the  small  scope 
of  most  operations.  In  the  First  For Id  Far,  however,  it 
became  exceedingly  difficult,  primarily  because  the  scope  of 
the  operations  were  so  large  that  if  the  scientist  got  close 
enough  to  see  the  details  of  operations,  he  inevitably  be¬ 
came  a  participant  rather  than  an  observer .  The  problem  has 
become  somewhat  more  i lmplifled  in  For Id  Far  II,  due  primar¬ 
ily  to  the  .introducti< n  of  the  airplane.  In  all  combat 
involving  aircraft,  t’  e  technical  observer  can  be  placed  at 
a  forward  air  base  anc  got  his  reports  at  first  hand  from 
the  participants  inme?  lately  after  they  have  returned  from 
the  operations.  It  has  been  found  by  experience  that  impor¬ 
tant  facts  concerning  the  operations  can  often  only  be 
determined  by  having  i  technically  trained  observer  question 
the  operational  persomel  at  first  hind. 


Another  important  function  of  tie  men  in  the  field  is 
to  see  that  the  usual  action  reports  contain  as  much  useful 
data  as  possible.  Because  these  men  know  the  kind  of  data 
that  are  most  amenable  to  analysis  they  can  try  to  see  that 
the  reports  are  as  complete  as  possible,  are  as  "painless" 
as  possible  for  the  verson  making  them  out,  and  that  the 
reports  get  sent  as  quickly  as  possible  to  the  headquarters 
group  for  analysis.  They  can  also  detect  at  fl2*st  hard  w 
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The  obsfcrSf' 

group  which  analyzes  the-  results  from  all  theaters  and 
compares  them  for  differences  and  similarities*  The  im¬ 
portance  of  the  close  interrelation  between  the  field 
observers  and  the  central  .group  is  obvious.  In  practice 
it  has  been  arranged  that  members  of  t!,e  central  group 


the  field,  to  return 
insight  into  the 


ctsed 


spend  a  certain  part  of  their  time  in 
later  to  the  central  group  v/lth  lucre 
operations  they  are  studying. 

Operational  Data 


Limitations  of  Operational  Data  -  Statistical  analysis 
is  part  of  the  observational  aspect  of  operational  research. 
The  operations  are  not  controlled  in  the  scientific  sense, 
and  insight  into  the  reasons  for  their  success  or  failure 
can  only  be  obtained  by  studying  large  numbers  of  similar 
operations  so  as  to  find  ‘out  by  statistical  methods  the 
directs  of  the  variation  of  one  or  more  components  of  the 
operation*  This’  Purposes  certain  limitations  on  the  useful¬ 
ness  of  the  results  of  the  statistical  analysis,  fcr  the 
range  of  variation  of  the  various  components  in  the  opera¬ 
tion  will,  by  the  nature  of  things,  be  rather  limited.  Once 
successful  tactic;?  have  been  devised,  it  becomes  less  and 
less  lively  that  the  opponents  in  the  individual  operation 
' vi 11  deviate  widely  from  the  accustomed  mean.  Consequently 
thc  operational  data  can  only  be  utilized  (by  calculus  of 
variations  methods)  to  find  whether  small  changes  in  com¬ 
ponents  will  improve  o#  diminish  the  results* 


The  results  of  such  variational  studies  are  quite  useful, 
and  the  applications  sometimes  quite  striking,  since  often  the 
enemy’s  reaction  to  a  quantitative  change  in  our  operation  is 
a  Qualitative  change  in  his  counter-action.  However ,  a  study 
of  small  variations  is  not  usually  sufficient.  In  many  cases 
what  is  interesting  is  not  a  small  change  in  the  tactics  used, 
but  a  completely  different  combination  of  actions,  a  "mutation 
of  the  operation,  as  li  were*  These  new  tactics  may  not  be 
predictable  from  the  old  operations  by  variational  calcula¬ 
tion,  for  the  extrapolations  may  be  too  large  for  first  order 
terms  Here  a  purely  mathematical  analysis  of  the  whole  ope¬ 
ration,  or  of  parts  of  it.  may  supply  the  necessary  knowledges 
or  it  nay  bo  possible  thtiv  a  series  of  discussions  with  the 
operating’ oersonnal  may  bring  the  necessary  insight. 


DIM  tat  ions. . of.  ."Hyper  t  Opinion"  »  It  should  be  mentioned, 

however,  that  the  opinions  of  a  few  dozen  persons  who  have  had 

operational 
for  any 
not  often 

correctly?  they  always  tend  to  remember  the  "exciting  one" 
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iii',  hrvA^'er.  Tho  need  for  unbiased.  impersonal  facts,  not 
■  ■  v  1  ■'  ,  .-list  'ilwayr  bo  born  in  ^noj  n j  litary  personnel 

lilaed  «o?-t  people  without  rigorous  scientific  training) 

tend  to  take  tho  opposite  opinion  of  the  relative  validity 
of  opinion  vs*  ■‘'nets#  One  often  hears  the  question,  "T?hy  do 
you  need  detailed  action  reports  (or  why  should  you  witness 
this  operation)  when  so-and-so  can  tell  you  all  about  it? M 
If  science  has  learned  one  thing  in  the  past  three  centuries 
it  is  that  such  a  point  of  view  raust  be  avoided  if  valid 
scientific  results  are  to  be  achieved « 

The  statistical  analysis  of  past  operations  is  a  vitally 


import? nt  cart  of  operations  research, 
tions  and  it  raust  be  supplemented  b;r  ot 
tifie  attach* 


but  it  has  its  limits* 
iqt  methods  of  se5-en*» 


Operational  i.ypopiraqpts  -  In  a  fev;  cases  experimental 
lethocfs  can  '  oe  uiecr,  A  tactioal  exercise  can  be  laid  out  so 
that  quantitative  measurements  of  the  behavior  of  the  forces 
engaged  ma,r  be  obtained.  Such  controlled  experiments  are 
often  difficult  to  arrange  so  that  they  are  really  measured 
experiments  rather  than  training  exercises,  .for  this  reason 
not  many  of  than  have  been  carried  out.  Many  more  could 
and  should  be  carried  outs  perhaps  the  most  useful  activity 
of  operations  research  in  peace  time  will  be  the  organization 
and  study  of  such  tactical  experiments. 

Although  operational  experiments  usually  deal  with 
simplified  components  of  an  operation,  this  is  not  an  argu¬ 
ment  that  such  experiments  have  little  value,  though  it  is 
an  argument  that  such  experiments  must,  be  designed  very 
carefully  in  order  to  produce  useful  quantitative  results. 

As  a  natter  of  fact,  operational  experiments  have  proven  to 
be  a  rsost  valuable  source  of  quantitative  data  concerning 
operations,  and  it  is  highly  important  that  such  experiments 
be  continued  in  greater  number  in  the  future.  There  is  great 
need  in  particular ,  for  further  study  in  the  techniques  of 
planning  these  tactical  experiments  and  in  methods  of  meas¬ 
uring  the  results.  These  matters  will  be  discussed  in  detail 
in  Chapter  VII.  . 


Aiyilytlcal  Methods  -  Finally,  operations  research  must 
also  use  purely  theoretical  methods  in  its  development.  In 
fact,  .to  Drasresg, 
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nhysi Cal  sciences,  although 
The  work  of  Haldane , **  B«A.  Fishe 

flood  eyanwi  a  of  the  newer  of  theoretical 


methods  in  genetics  »  A  certain  amount  of  analogous  theorem 
cal  work  has  boon  done  In  operations  research  on  the  effect 
of  various  strategic  distributions  of  forces*  This  trill  be 
reviewed  In  Chapter  TV* 


An  Important  element  which  enters  into  the  theoretical  - 
treatment  of  tactics  and  strategy  is  the  one  of  competition 
between  the  opposing  forces*  The  system  as  a  whole  cannot 
be  considered  as  a  purely  mechanical  one  with  single  re¬ 
sponses  to  specific  situations-,  The  recent  work  of  Von 
Neumann  and  **b'r  gons tern  *  *  *  indicates  that  even  this  element 
of.  competition  can  be  handled  mathematically  in  an  adequate 
manner*  Come  aspects  of  their  work  will  be  discussed  in 
Chapter  V. 

The  fact  that  at  present  purely  theoretical  analyses  of 
strategy  and  tactics  confine  themselves  to  extremely  simpli¬ 
fied  components  of  operations  must  not  blind  us  to  the  impor¬ 
tance  of  such  studies  and  to  their  eventual  practical  utility „ 
The  theoretical  aspects  of  every  science  must  start  with  the 
study  of  absurd lv  simplified  special  cases*  When  those  simple 
cases  are  fully  understood  and  are  then  compared  with  the 
actualities,  further  complexities  can  b#  introduced,  and  cases 
of  practical  importance  can  eventually  1  e  studied .  As  has 
been  cogently  said,**"1  !tTho  mechanical  problem  of  the  free 
fall  of  bodies  is  a  ve  y  triv  al  physic;  1  phenomenon,  but  It 
was  the  study  'of  this  exceedingly  simpl*  -  fact,  and  its  com¬ 
parison  with  the  astronomical  material,  whi ch#bro tght  forth 
mechanics n <, 


It  can  thus  be  soon  that  operation  5  research  at  present 
Ms  but  the  beginning  of  the  science  of  warfare*  _  The  start 
has  been  made,  however  $  the  statistical  methods  M  ?c  at  least 
known?  the  techniques  of  tactical  experimentation  have  been 
partly  developed e  Further  mathematical  technique s  may  need 
to  be  developed,  but  even  her?  the  first  steps  c?  i  be  sketched, 
out*  The  practical  usefulness  of  the  results  so  far  obtained 
emnhri.s5.se  the  importance  of  further  devt lopment* 
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QpQ$*Mem  sScsearcii;  crs* if*hds ’bb'Sfi  TZivstfn  hitherto,  is- 
the  application  of  the  scientific  technique  to  the  study  of 
combinations  of  man  and  equipment  in  warfare*  As  such  it  is 
an  application  of  science  to  the  business  of  destruction  and 
the  defense  against  enemy  destructive  power.  T/hile  it  is 
necessary,  in  the  present  absence  of  world  government,  such 
applications  are  basically  at  variance  with  the  fundamental 
creative  urge  of  most  scientists.  There  is  therefore  some- 
what  of  a  tinge  of  self -justification  in  raising  the  question 
here  as  to  whether  the  techniques  of  operations  research 
could  be  used  in  the  study  of  peacetime  operations. 


There  are  other  reasons  for  raising  the  question  of 
peacetime  applications,  however,  beside  the  natural  wish  to 
apply  science  to  peaceful  activities.  Scientists  engaged  in 
operations  research  during  the  war  have  nearly  all  of  them 
been  struck  by  two  simple  but  surprising  facts s 

(a) .  Large  bodies  of  men  and  equipment  carrying  out 
complex  operations  behave  in  an  astonishingly  regular 
manner *  so  that  one  can  nr edict  the  outcome  of  such 
operations  to  n  degree  not  for seen  by  most  natural 
scientists. 

(b) .  The  lack  of  understanding  of  the  scientific 
approach  to  a  problem,-  and  the  lack  of  awareness 
that  scientific  methods  can  help  solve  operational 
problems,  on  the  part  of  most  governmental,  military, 
and.  industrial  administrators,  is  likewise  astonish¬ 
ing  (as  well  as  depressing)  to  natural  scientists. 

The  first  of  these  two  observations  indicates  strongly 
that  the  point  of  view  and  methods  of  operations -research 
can  be  of  great  value  in  fields  other  than  warfare.  The 
second  point  indicates  certain  fundamental  differences  of 
attitude  between  scientists  and  administrators  that  require 
careful  organizational  nlanning  and  "indoctrination55  of  both 
scientists  and  administrators  if  operations  research  is  to 
be  of  use  in  a  given  field.  These  problems  wore  net  and 
solved  for  the  military  field  during  the  past  war?  they  are 
discussed  later  in  this  section  so  they  can  be  recognized 
and  solved  in  other  fields. 


“  ThG  uniformity 

of  behavior  of  equipment  and  man  is  not  usually  apparent  until 
a  number, 
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tcred  the  war ,  similar  calculations, .on  this  sicV  f  the 
Atlantic  showed  that  this  sane  'fraction  was  between  40  and 
45  percent  for  all  of  1942,  even  though  the  plane  type  and 
the  training  method s  differed  from  the  British*  Other  opera¬ 
tional  quantities  which  have  remained  constant  for  long 
periods  of  tine  are  discussed  in  Chapter.  Ill* 

This  constancy  (and  therefore  predictability)  of  opera¬ 
tions  involving  nen  and  equipment  is  at  least  in  part  due  to 
the  fact  that  the  presence  of  equipment  forces  the  men  to 
act  in  a  mechanical  manner*  This  my  be  deplored  by  poets 
but  it  should  be  the  basis  of  hope  for  social  scientists, 
economists,  and  systems  engineers.  It  moans  that,  within 
certain  limitations.,  the  behavior  of  men  and  machines  can 
be  .experimented  with,  measured,  computed,  and  predicted* 

Viewed  from  this  wore  general  point  of  view,  the  technique 
of  operations  research  can  certainly  be  applied  to  the  study 
of  peacetime  operations* 

.Such  studies  will  draw  upon  both  the  physical  and 
biologies?  sciences*  The  laws  governing  the  sighting  of  a 
U-boat  by  an  aircraft  observer  depend  upon,  the  visual  con¬ 
trast  between  the  normal  ocean  surface  and  the  wake  of  the 
submarine,  the  optical  transmission  properties  of  the  atmos¬ 
phere,  the  methods  by  which  a  person* s  eye  scans  a  large  area, 
the  sensitivity  of  the  eye  retina  to  contrast,  and  on  the 
altitude  and  speed  of  the  Plane.  Some  of  these  quantities 
are  physical,  some  physiological  $  they  all  are  measurable* 

•The  sighting  of  the  incoming'  aircraft  by  a  lookout  on  the 
TT-boat  depends  on  similar  quantities.  The  fraction  .of  U-boats 
which  have  not  the  time  to  "submerge  before  the  aircraft  at¬ 
tacks  them  depends  on  the  relationship  between  these  two  sets 
of  quantities » 

From  this  point  of  view,  the  statement  that  40  percent 
of  the  submarines  are  attacked  bn  the  surface  corresponds 
to  an  interrelation  between  physical  and  physiological  optics 
and  the  physical  capabilities  of  submarines  and  aircraft* 

This  point  of  view  is  not  a  new  one.  Hiat  has  not  been  us¬ 
ually  appreciated  is  that  these  overall  quantities  often 
remain  remarkably  constant,  in  spite  of  wide  variations  of 
extraneous  circumstances,  $s  long  as  the  equipment  involved 
remains  approximately  ins  same.  As  soon  as  the  Germans  -vide 
fi  radical  fthfinme  in  >tk r> i .ov.pninri r*o  design,  tbf. 
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tmVio.  s *i%  a'^nLble  to  such  analysis* 

The  combined  behavior  of  telephone  subscribers ,  telephones, 
telephone  operators .  and  switchboards  has  long  been  studiec 
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by  ana clans  as  the  bell  Telephone  Laboratories  (see, 
for  example „  the  discussions  in  Frv  "Probability  and  its 


Engineering  Uses",  New  York,  Van  Nostrand  and  Company). 

The  behavior  of  customers  in  a* restaurant  or  of  workers  in 
a  factory,  the  reaction  of  readers  to  an  advertisement  or 
of  'the  population  to  a  subway  system;  should  all  yield  opera¬ 
tional  quantities  which  can  be  used  for  future  prediction. 

In  some  of  these  fields  efficiency  engineers  and  others  have 
already  made  a  beginning,  though  the  interrelations  between 
the  fields  have  not  been  clarified  as  yet. 


foregoing  one  might  think  that  operations  research  was  but 
a  military  application  of  what  is  sometimes  known  as  "effic¬ 
iency  engineering".  If  operations  research  had  stopped  at 
getting  overall  constants,  such  as  the  fraction  of  submarines 
attacked  on  the  surface,  this  statement  might  be  valid.  In 
most  cases*  however ,  it  was  .found  quite  fruitful  to  continue 
the  study  into  the  details  of  the  operation.  In  the  aircraft- 
versus “U-boat  case,  for  instance,  it  proved  advantageous  to 
set  up  physiological  experiments  to  determine  the  behavior 
of  the  human  eye  when  "scanning  the  horiaon”.  Curiously 
enough.,  such  experiments  had  not  been  done  in  detail  before, 
and  the  work  resulted  in  important  and  valuable  new 'knowledge 
concerning  the  use  of  the  eye .  This  new  knowledge  could.be 
Put  back 'into  the  original  problem  to  gain  a  much  broader 
picture  of  the  mechanism  of  sighting  U-boats  from  aircraft, 
and  vice  versa.  These  facts,  together  with  optical  measure¬ 
ments  of  the  atmosphere  and  of  properties  of  the  ocean  surface, 
enable  one  to  nut  together  a  farly  complete  theory  of  air¬ 
craft.  search  by  moans  of  which  one  can  predict-  what  would 
happen  in  case  the  equipment  were  changed. 

The  scientific  studies,  therefore,  went  in  two  steps? 
first  there  was  the  recognition  of  the  constancy  of  certain 
quantities  typical  of  the  operation,  by  means  of  which  one 
could  predict*  the  outcome  of  future  operations  as  Ions,  as  the 
equipment  was  unchanged.  '  Finally,  after  subsidiary  laboratory 
measurements  were  made,  a  fairly  detailed  theory  of  the  whole 
operation  Is  obtained,  from  which  one  can  predict  the  outcome 

of  future  operations  evc^  if  the . oq.nlpment,..i^.nichcinged..  One 

is  now  q. .P.osi t ion  to  determine  what  modifications  of  equip- 
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operation  with  purely  physical  and  physiological  laboratory 
experiments  one  arrives  at  a  truly  scientific  insight  into 
the  details  of  the  oporotion.  When  this  stage  lias  been 
reached,  it  is  possible  to  ‘'design”  the  operation  to  give  the 
results  desired. 


Measures  of  Value  -  At  this  stage  in  the  investigation 
the  worker  must  broaden ‘hie  field  of, view  and  investigate 
the  measures  of  value  which  must  be  applied  to  the  operation. 
As  soon  as  a  detailed  theory  enables  one  to  predict  the 
changes  in  overall  results  arising  from  changes  in.  equipment 
or  £>roeedure,  one  must  ask  which  result  is  better  than  the 
other  and  by  how  much  is  It  better.  In  the  case  of. opera¬ 
tions  of  war,  the  measure  is  often  easy  to  find:  the  opera¬ 
tion  is  best  which  destroys  the  enemy  force  most  rapidly  or 
which  destroys  most  of  his  productive  capacity,  etc.  Measures 
of  value  for  peacetime  operations  are  sometimes  a3  easy  to 
determine,  but  in  many  other  cases  they  are  not.  For  instance 
should  an  automobile  traffic  system  be  designed  to  transport 
people  from  the  suburbs  to  the  center  of  town  as  rapidly  as 
possible,  or  to  permit  the  delivery  of  the  greatest  amount 
of  goods  by  truck,  or  to  produce  the  fewest  deaths?'  Should 
a  housing  development  be  designed  t o  be  cheapest  for  the 
buyer,  cheapest  for  the  community  to  service,  or  most  profit¬ 
able  for  the  builder? 

Questions  of  measures  of  value  are  rather  unfamiliar  to 
the  physical  scientist,  but  it  is  essential  that  ho  study 
them  when  engaged  in  operations  research.  Experience  in  the 
war  has  shown  that  the  scientist  himself  must  usually  dis¬ 
cover  the  proper  measure  of  value  just  as  he  must  often 
discover  the  nature  of  the  problem  itself.  This  brings  us 
back  to  the  second  point,  mentioned  earlier,  that  adminis¬ 
trative  officials,  military  or  non-military,  seldom  realize 
that  their  operational  problems  can  be  dealt  with  in  a  scien¬ 
tific  and  quantitative  manner.  This  Is  not  surprising,  since 
it  was  not  realized  by  scientists  themselves  how  many  such 
problems  were  amenable  to  study.  But  it  doe3  mean  that  a 
considerable  amount  of  initial  effort  must  often  be  spent  in 
persuading  the  higher  command  that  some  of  their  problems 
can  be  solved  by  quantitative  moans  and  In  acquainting  them 
with  the  methods  whereby  those  solutions  are  obtained. 
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and  the  administrative  head  to  whom  he  is-  assigned  is  one  of 
the  most  Important  organizational  problems  encountered  in  , 
•.cerium  a  new  field  of  oporati nns  research*  -Scientist  and 
'administrator  n®rfor!a  different  functions  and  often  must 
take  room?-* te  points  of  view.  The  scientist  must  always  be 
skeptical.  and  is  often  impatient  at  arbitrary  decisions? 
the  ocic.im otrator  must  eventually  make _ arbitrary  decisions, 
and  is  often  impatient  at  •  skepticism.  It  ta’-^s  a  great  deal 
of  -  jnd «r standing  and  mutual  trust  for  the  two  to  work  closely 
enough  together  to  realize  to  the  fullest  the  *  rraense  poten¬ 
tialities  e.-j  the  partnership. 


These  .r-sycholo'glcal  difficulties  are  pointed  out  here 
so  they  can  be  forseen  and  allowed  for  in  the  future.  During 
the  past  war  they-  often  caused  confusion  and  inefficiency 
because  they  were  not  appreciated*  Fundamentally  the  problem 
v  to  o o-i vines  the  administrator  that  the  scientist  can  help 
h:  .  make  1  *?  ’uc is ions  more  effectively  and  wisely;  and  to 
;  -n  ineu  the  scientist  that  the  administrator  is  still  the 
one  to  '"be  basic  decisions. 


The  first  reaction  of  the  administrator  to  operations 
research  is  usually  that  the  scientists  are  welcome,  but  that 
there  seems  to  be  no  important  problem  which  is  suitable  for 
1  them  to  attack.  Next  comes  a  reaction  of  suspicion  and  im¬ 
patience;  when  the  usual  scientific  procedure  of  scrutinizing 
critically  all  assumptions  is  commenced.  Considerable  tact 
must  be  employed  to  persuade  the  administrator  that  measures 
of  value  and  estimates  of  results  are  not  called  in  question 
simply  from  a  desire  to  criticize  * 


At  this  stage  in' the  proceedings  gr<r  t  care  must  be 
exercised  to  keep  the  initial  doubts  and  questionings 
(necessary  for  the  scientific-  analysis)  from  spreading  to 
other  carts  of  the  organization.  Once  a  few  successful  solu¬ 
tions  have  been  obtained  and  the  command  realises  that  all 
of  this  critical  questioning  does  produce  results,  the  worst 
of  the  opposition  Is  over.  In  time  the  commander  comes  to 


recognize  the  sort  of  Problems  which  operations  research  can 
handle  and  c ernes  to  refer  these  problems  to  the  group  without 
prodding  from  the  group  Itself  (at  least  until  the  normal 
rotation  brings  a  new  set  of  officers -who 
nated  anew). 
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researn! ■:  V-:J -^V  L-  1  **•*■-■  *V *•, -'T  ?,r  •  f --.■!•:£  l?%w.  of 

the  offie &r .  Thl s  ;a .  ”  “ ;  *3  ?  -.5 “If*  V  -G*f^r  fid  1 :  »•#  of*  •& •?  opera - 
tions  research  worke'r  are  considerably  at  variance  with  the 
pre -conceived  opinion  of  the  officer.  This  suspicion  can 
only  be  overcome  if  both  the  nor her  and  the  officer  realise 
that  the  results  of  operations  research  are  oaly.,..ewl)j?Xt  of 
the  material  from  which  final  decision  must  be  made,  tfi  any 
administrative  decision  there  enter  a  great  number  of  con¬ 
siderations  which  cannot  be  put  into  quantitative  form  (or 
at  least  cannot  yet  be  put  into  this  form) .  know ledge  of 
those  qualitative  aspects $  and  ability  to  handle  them,  is 
the  proper  function  of  the  administrator ,  and  is  not,  the 
prerogative  of  operations  research.  The  operations  research 
worker ,  unless  ho  is  to  operate  in  a  dual  role  of  scientist 
and  administrator,  must  work  out  those  aspects  of  the  prob- 
Ion  which  are  amenable  to  quantitative  analysis  and  report 
his  findings  to  the  administrator .  The  administrator  must 
then  combine  these  findings  with  the  qualitative  aspects 
mentioned  above,  to  form  a  basis  for  the  final  decision. 

This  decision  must  be  made  by  the  executive  officer.  If 
his  decision  runs  counter  to  the  scientific  findings  at 
times,  the  scientist  must  not  consider  that  this  is  neces¬ 
sarily  a  repudiation  of  his  work. 


Very  much  the  same  sort  of  initial  opposition  can  be 
expected  from  governmental  and  industrial  administrators. 

Cnee  this  is  overcome,  however,  there  is  no  reason  why  ope¬ 
rations  research  should  not  be  as  fruitful  in  aiding  in  the 
solution  of  these  problems  as  it  was  in  helping  solve  mili¬ 
tary  problems.  Just  as  with  problems  of  war,  of  course, 
some  operations 'Will  be  much  more  fruitful  of  results  than 
others.  Traffic  problems,  -for  instance,  are  highly  amenable , 
for  data  are  easy  to  obtain,  and  changes  In  conditions  (if 
not  too  drastic)  can  be  produced  to  study  the  effects. 


On  the  other  hand,  the  design  of  city  housing  and 
municipal  facilities  requires  data  which  are  difficult  to 
obtain,  the  solution  is  strongly  dependent  on  terrain  and 
other  individual  circumstances ,  and  operational  experiments 
are  difficult  if  not  impossible.  The  field  of  housing  and 
of  city  planning  is  van  extremely  important  one,  however  $ 
and  operations  research  in  this  field  should  be  started  as 


soon  as  an  adequate  administrative  authority  is  set  up  to 
whom  the  scientist  could  report,  and  which  could  ensure 
that  the  research  is  more  than  idle  academic  exercise. 
Operations  research  in  telephone  operation-  i.s  not a difficult 
because  the  r* 
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The  theory  of  probability  is  the  branch  of  mathematics 
uhieh  is  most  useful  in  operations  research,  nearly  all 
results  of  operations  of  war  involve  elements  of  chance, 
usually  to  a  large  extent,  so  that  only  when  the  results 
of  a.  number  of  similar  operations  are  examined  docs  any 
regularity  evidence  itself.  It  is  nearly  as  important  to 
know  the  degree  by  which  individual  operations  rst.y  differ 
from  seme  expected  average,  as  it  Is  to  knot’  how  the  average 
defends  on  the  variables  involved.  In  analyzing  operational 
data,  which  are  often  meagor  and  fragmentary,  it  is  necessary 
to  be  able  to  estimate  how  likely  it  is  that  the  next  opera¬ 
tions  will  display  characteristics  similar  to  those  analyzed. 
Probability  enters  into  many  analytical  problems  as  well  as 
all  the  statistical  problems. 


The  present  chapter  td.ll  sketch  those  parts  of  the 
theorv  of  probability  which  are  of  greatest  use  in  operations 
research,  and  will  illustrate  the  theory  with  a  few  typical 
examples.  Section  27  will  deal  in  detail  with  the  specific 
•methods  of  handling  statistical  problems,  and  Chapters  VI 
and  VII  will  deal  with  some  of  the  applications  of  proba¬ 
bility  theory  to  analytical  problems.  For  further  details 
of  the  theory,  the  reader  is  referred 


ity  theory,  such  as  Fry,  "Probability 


to  texts  on  probabil* 
its  Engineering 


and 


Uses",  New  York, 


van  In: strand, 


Fundamental  Concepts. 


In  many  situations  the  system  of  causes  which  lead  to 
a  result  is'  so  complex  that  It  is  impossible,  or  at' least 
impracticable ,  to  predict  exactly  which  of  a  number  of  pos¬ 
sible  results  will  arise  from  a  given  cause.  If  a  penny  is 
tossed,  it  is  possible  in  principle  to  analyze  the  forces  . 
acting  on  the  penny  and  the  motions  they  produce,  and  so  to 
predict  whether  the  poppy  will  come  to  rest  with  heads  or 
tails  showing;  how^v^r  „  rs>  one  has  ever  taken  the  effort  to 
carry  out  the  analysis,  ’"hen  a  gun  is  fired  at  a  target, 
it  should  again  be  possible  to  predict  exactly  where  the 
shell  will  hit,  but  the  prediction  would  involve  a  knowledge 
of  the  characteristics  of  tue  g«p,  shell,  propellant  and 
atmosphere  far  more  exact  than  has  yet  been  obtained. 
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IOC! 


It  riocr.  not  seen  to  bo 


or*  sib!  a 

o.c  l  f-'O of -'cat  intuitive  conoe'ct#  At  times  (as  •with  a  coin 
d  i « )  we  reac'1  the  conclusion  tint  two  results  are  equally 
l.:lrel'”  from  considerations  of  sir-  mo try*  In  other  cases  the 
conclusion  Is  made  on  the  basis  of  past  experience  *  Thus  , 
for  example ,  if  a  gun  is  fired  a  great  number  of  times,  and 
right  and  left  deflections  appear  an  equal  number  of  times, 
v/e  reach  the  conclusion  that  right  and  loft  deflections  arc 
equally  likely. 


From  the  notion  of  equal  likelihood  v;b  can  derive  the 
idea,  of  randomness «  Suppose  that  re  have  a  chance  method 
by  which  a  noint  is  chosen  on  a  lino  of  finite  length*  If 
the  method  is  such  that  the  point  is  equally  likely  to  fall 
in  any  of  a  number  of  parts  of  the  line  of  oqr-al  length,  vie 
say  that  the  point  is  chosen  qt  .random.  For  example,  if  a 
perfectly  balanced  wheel  is  spun  hard  and  allowed  to  come 
to  rest  under  the  action  of  a. small  amount  of  fri colon,  the 
roinv,  of  the  circumference  which  cowos  to  rest  under  a  ste.~ 

>  : rJev  pointer  is  a  random  point  of  the  circumference . 

Or  s  random  point  may  be  chosen  b*r  drawing  a  series  of  nun~ 
tors  a  hat  containing  slips  of  rape,  with  the  digits 

(replacing  the  slip  after  each  -’awing),  and 
writing  the  result  as  a  f reaction  in  decimal  notation.  This 
fraction  is  then  the  coordinate  of  &  random  point  on  a  line 
of  unit  length.  Examples  of  random  sequences  of  numbers  are 
given  in.  Tables  I  and  XX. 


* 


e  may  also  sneak  of  points  chosen  at  random  in  spaces 
.of  more  than  one  dimension  Thus  for  example,  we  may  say 
that  a  point  is  chosen  at  random  in  a  given  area  If,  given 
two  parts  of  the  area  of  ymal  size,  the  chosen  point  is 
-equally  likely  to  be  in ‘either  one  of  them® 


Pi^biXiJkZ  -  if  we  now  consider  a  situation  in  which 
any  one  of  a  number  of  results  may  occur  (but  not  neces¬ 
sarily  with  equal  likelihood),  re  nay  compare-  the' likelihoods 
of  these  results  with  the  likelihood  that  a  point  chosen  at 
random  on  a  lino  falls  within. a  given  interval  on  that  line, 
if 5  fact,  the  line  may  be  divided  into  a  set  of  intervals  in 
:  u  f  i  a  way  that  each  1  ntorvab  corresponds  to  one  of  the  nor,- 
e  results,  and  so  that  the  likelihood  of  each  result  and 
the  "!!  :»Xih>ri  of  a'  random  point  of  the  line ‘falling  in  the 
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’.Then  the  process  has  been  carried  outr  the  length  of 
interval  corresponding  to  each  result,  ‘measured  in 
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Ah  be  the  rod,  pivoted  at  the  point  0,  a  perpend i cnlar  dis¬ 
tance  f><  from  >T«  Let  7  be  the  distance  of  the  point  of 
intersection  frers  the  f < ct  of  the  perpendicular  fro-  0  to 
XT.  If  Q'  is  the  angle  made  between  the  rod  and  a  Mne 
parallel  to  XT,  then  the  effect  of  the  spinning 
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Figure  1.  Comparison  of  randomly  chosen  points  on  a  line 

with  throws  of  a  coin. 


Figure  2*  Comparison  of  randomly  chosen  points  on  a  line 
with  throws  of  a  die.  Each  1/6  portion  of  the  line 
corresponds  to  a  face  of  the  die. 
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Figure  3.  Rod  AB  is  spun  about  pivot  0  and  comes  to  rest 
§t..a$£le  0#,  intersecting  line  XY  at  point  x.  Lower 
.  Jjinf  sjicw/sj  rel&ti&tf  sc^nd  3?  ».l  -  ( G/tt)  . 


•  •  • 


tov  the  eorreirxSnfiJfir?  va^ue ;p.^  »*,  ^feure  3'- 

Ehe  probability  that  *$?  •Mteft  between*  aay*  two  &ltas 

Is  equal  to  the  length  of  the  corresponding  interval 

“  F1  5 


for 
The 

and  x 


<C 


on  this  scale.  Arithmetically  this  is  equal  to  Fo  -  F 


so  that  this  probability  •  is 


Fi  ° 


l/1f  cot-V^/a)  ~|-  1/lT*  co.  (x^/a ) .  ( P , 3 ) 


V.'e  see  from  the  previous  problem  that  we  have  two  basic 
types  of  variables.  This  will  also  hold  true  in  the  general 
case. 

The  fundamental  variable,  from  the  theoretical  point  of 
view,  we  will  call  the  X^m,SiIliaMe  f  ,  which  will  have 
any  value  (within  its  allowed  range)  with  ecoialJQ^lblllSZ* 
The  mechanics  of  the  problem  must  be  analysed  sufficiently 
to  say  that  a  random  trial  corresponds  to  a  random  choice 
of  |  .  • 

The  second  tyne  of  variable,  the  atoqh&stie L2£a£iaMa 
x  will  be  dependent  upon  the  random- variable,  that  is,  a 
random  choice  of  |  will  define  some  value  of  x.  The  sto¬ 
chastic  variable  is  the  quantity  v/e  measure  experimentally. 

Vie  may  write  x  as  some  function  of  ^  ,  such  that  the  proper- 
relationship  holds  for  all  values  of  t-  and  x. 

For  convenience  in  analysing  the  problem,  we  nabe  a 
choice  of  origin  and  scale  for  the  random  variable  such 
that  the  values  of  s  will  occur  between  zero  and  unity. 

T’e  nay  do  this  by  suitably  combining  the  random  variable 
with  the  (constant)  values  it  tabes  at  the  ends  of  its  al¬ 
lowed  range.  YJhen  this  is  done,  the  values  found  for  jr  in 
the  course- of  many  trials  will  do  distributed  more  or  less 
uniformly  over  the  interval  (o,l).  (In  the  limit,  as  the 
numbers  of  trials  goes  to  infinity,  a1!  possible  values  of 
£  from  zero  to  unity  will  occur). 

If  |  ,  which  is  now  defined  from  zero  to  unity,  is 

represented  as  a  function  of  x,  we  may  write 

§  »  F(x)  04^1  (2.4) 


This  function,  F(x),  Is  such  that  the  process  of  choosing 
a  value  of  x  is  the  sa^e  as  choosing  a  value  of  F  at 
random  in  the  interval  (0,1).  F(x)  .is  then  called  the 
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Taylor’s  series 


)  *  The-  function  f  (y)  «  dP/clx  .1^  Imomn  as  the  nrolra- 
-;'i  ,  • , *,r  day;- tv  at  :-r.  The  traditional  treatment  of  nrobabil** 
itics  •;?)  ri’  continw-n  tf.W-s  the  probability  density  as  fundamen¬ 
tal  in  4mli ng  with  statistical  data,  however,  wording  with 
f’(y)  :* nrolves  the  difficulties  and  inaccuracies  inherent  In 

nunm*:; cal  differentiation*  This  can  largely  be  avoided  by- 
using  F(:-r)  ins  toad  of  f  (x)  •  (In  addition,  if  F(x)  is 
discontinuous ,  the  probability  density  has  no  simple  meaning.) 


'  :e  see  how  this  applies  to  the  previous  problem.  There, 
is  the  random  variable,  .with  its  allowed  values  going 
from  0  to  if  ,  and  x  is  the  stochastic  variable,  where 

n  c0|;  ' The  scale  and  origin  of  -  0  is  then  redefined, 

so  that  we  form  the  nmr  random  variable  with  a  range  from 
zer o  to  unity,  that  in,  fT-S/Tf.  This  new  random  variable, 
•:v'.en  ta’-en  as  a  function  of  the  stochastic  variable  2:,  is 
■  ■hen  the  distribution  function  for  x  J 


F  (x )  s  1/71" cot  '"-1-  (:c/a )  . 


The  probability  density  is  therefore  s 

f  ('-)  s  1/if  L  a/2:°->av  J  . 


Another  example,  corresponding  to  a  more  Immediately 
useful  problem,  comes  from  the  theory  of  search  (see  the 
volume  "Thecr-y  of  Search  and  Screening"  for  further  details), 
fmrooso  a  search  vessel,  at  0  in  Fig.  4.  is  moving  with 
com taut  velocity  in  the  direction  Indicated  by  the  arrow* 

The  object  .searched  for  (life  raft,  enemy  vessel,  etc.)  is 
rlbelV'T  to  bn  anywhere  on  the  ocean,  and  is  assumed  at  rest 
for .  si rm! deity.  be  mrd'e  the  simplifying  asswjnpti  on  (which 
i 3  not  a  bad  one  for  some  cases)  that  .if  the  object  comes 
’•] thin  a  radius  V  of  the  vessel  it  will,  be  discovered.  The 
guest ion  to  be  answered  here  is  the  probability  that  the  ob¬ 
ject,  if  It  is  discovered,  cone*  * nto  view  at  a  relative 

Vy*'  ••  Y-  *  pjy  ,;t 


Relative  to  the  search  vessel,  the  ocean  is  moving  along 
parallel  paths  show?*  in  the  figure.  The  object  will  also 
along  one  of  those  relative  oaths,  soy  the  one  coning  a 
st  distance  X  from ' the  search  vessel.  It  is  not  dlffi- 
ie  <3  o  that  if  the  object  in  placed  at  random,  and  if  • 
...........  . . 1 


Figure  4.  Probability  of  sighting  an  object  at  relative 
bearing  a  .  The  dis^r,yji.it.io^  .function. is  F  and  jf-» 

.'*•  «  #4S:  the*  prcjr&bility.dfenSitJye  ;  :  : 

*  .  •  «  a  •  •  •  *  *  *  *  »  >ta  aak*  •«*  »••• 
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ri-o  ^  ^  ^  _  1.  -  -?.  ^  ^  ...  _ _ n 


m 

Jj?  (between 
.  ,  e  random, 

variable.  "He  angle  a  ,  which  in  to  be  measured  exporl men¬ 
tally,  is  the*  stochastic  variable,  and  is  related  to  the 
random  variable  by  k  «  R  sin  a  *  Y/e  now  redefine  the  ran¬ 
dom  variable  so  that  it  taboo,  on  vainer-;  between  zero  and 
unity,  that  is, 


5  spy  $  /PR 


p  <  1 
?  ^  J- 


when  ~B£#  4  R 


•"e  my  therefore  mi  to  for  t^e  distribution  function 

T(a)  ss  F+l?sino/2B 

«  1/2  [  1  •}-  sin  a  |, 

"he  probability  that  the  object  will  be  sighted 
between  the  bearings  a. ^  and  a  p(~7f/2  <  a -,  ,a.g<  it/o)  is 

" (<a  2 )  ~  F ( a  x )  "  •  ( 1/2 )  | sin (a/j -sin (a *j_)j  , 

In  particular  the  probability  that  the  object  will  be  sighted 
between  the  bearings  a  and  (q  act)  (i.©.,  t/513  be  sighted 
"at  the  bearing  c{  ”,  in  the  element  tf,:()  is 

f  (  o. ) d a  «  ( 1/2 ) c n s (  a-) d a  * 


The  quantity  f  ( a )  -  CX/2eos(a)  is  t‘>e  probability 
density.  Both  P  and  f  'are  plotted  in  Fig,  4 „ 

V’e  see  that  as  long  as  our  assumptions  hold  (efficiency 
of  lookouts  equal  in  all  directions,  ail  objects  sighted  at 
range  P),  then  the  object  is  more  likely  to  be  sighted  in 
the  forward  quarter  than  on  either  beams  since  f ( a)  is 
largest  in  this  region.  Moreover,  a  restriction  of  the  look¬ 
outs  to  searching  over  the  forward  quarter  will  only  reduce 
the  probability  of  sighting  by  approximately  30; h  (In  the 
example  considered  here,  this  would  be  the  wrong  restriction 
to  make,  for  two  lookouts  facing  in  opposite  directions  and 
looking  out  on  either  beam  will  eventually  sight  all  the 
targets  which  all-around -looking  lookouts  could  discover . 

Y:hy? ) 


The  di stributien  function  may  bo  applied  to  discrete 
as  wall  ns  to  continuous  stochastic  variables.  The  .rolling 
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It  should  bo  noted  that  x  ■  in  a  single -valued  function  of 
F  (although  discontinuous) ,  but  F  is  not  a  single -valued 
function  of  x  .  To  try  to  express  the  probability  density 
■f  s  dP/dx  in  such  cases  involves  mathematical  difficulties 
which  will  not  be  discussed  here. 

•  > 

In  each  problem  dealt  with  in  the  theory  of  probability 
we  are  dealing  with  one  or  more  trials.  A  gun  is  shot,  or  a 
depth  charge  is  tested,  or  a  fighter  Plane  encounters  an 
enemy,  or  a  search  plane  tries  to  find  an  enemy  vessel.  In 
each  case  we  are  interested  in  the  outcome  of  the  trial  or 
trials,  which  usually  takes  the  form  of  a  numerical  result. 

The  range  of  the  shell  shot  from  the  gun  may  be  the  interest¬ 
ing  quantity,  or  the  depth  at  which  the  depth  charge  exploded, 
or  the  length  of  tine  required  to  find  the  enemy  vessel. 
Sometimes  the  answer  can  be  a  discrete  one 5  we  may  be  inte¬ 
rested  only  in  whether  the-  fighter  plane  was  shot  down  or 
whether  it  shot  down  the  enemy,  or  whether  neither  was  shot 
down.  This  numerical  result,  which  may  differ  from  trial  to 
trial,  is  what  is  called  the  *  stochastic  variable,  x  •  he 
are  usually  interested  in  determining  the  probability  of 
occurrence  of  different  valuer  of  this  variable  for  different 
trials,  or  else  we  are  interested  in  determining  its  average 
value  for  a  large  number  of  trials • 


Tn  a  great  number  of  cases  these  probabilities  and 
average  values  can  only  be  determined  experimentally  by  mak¬ 
ing  a  1 urge  number  of  trials.  In  some  other  cases,  such  as 
the  ones  considered  previously  in  this  chanter,  it  is  pos¬ 
sible  to  analyse  the  situation  completely  and  to  work  out 
mathematically  the  expected  behavior  of  the  stochastic  var¬ 
iable  at  future  trials.  It  is  possible  to  make  this  analysis 
in  a  much  larger  number  of  cases  than  night  be  expected  5  and 
in  a  great  many  more  cases  it  is  possible  to  make  .an  approxi¬ 
mate  analysis  of  the  situation  sftlqh.wlULabe  tihti*#ao%Dry  for 
most  reouirei^ntt. 

:  :  :•*: *—  *—  — 
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Figure  5.  Representation  of  probability  distribution  in 
two  variables.  Two  dice. 
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Figure  6.  Needle  on  ruled  paper  (Buffon’s  Problem).  Plot 
of  distribution  functions  vs,  numbers  of  lines  crossed. 


•  •  • 


Figure  7.  Graphical  representation 
bf  *6£>iflp6jaj}d  ^probabilities. 
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How  by  . ’ 

that  a}  3  vali 

ly,  and  all  values  of  «  between  o  and 
likely.  The  distribution  functions  for 
fore  simply 


2  rT  are  equally 
and  ©  are  there- 


F, 


x/a 


F2  :•  0/2  VT. 


The  throwing  of  the  needle  Is  equivalent  to  choosing  a  point 
at  rand on  in  a  unit  square  whose  coordinates  are  Ih  and 

F2*  The' regions  of  the  square  corresponding  to  0.1, 2, 
rulings  crossed  are  separated  by  the  curves 


x  +  na  s  %  sin©  (n  *  » — , -2,-1, 0,1,2,-—*- )  (2,5) 

The  structure  of  the:  square  for  the  special  case  a  «  3a  is 
shown  in  Figure  6ba  The  probabilities  of  obtaining  0,1 ,2, 
or  3  crossings  may  be  fovuid  analytically  by  integration  or 
graphically  by  measuring  the  areas  on.  the  square  distribution 

diagram.  The  results  are  shown  in  the  following  table*.. 

\  % 

No »  crossings  _  Probability 


0 

1 


0,107 

0,227 


2  0.314 

3  0,352 


Compound  Probabilities  *•  If  there  are  two  results,  A 
and  B  ,  either  or  both  of  which  may  arise  from  a  given  set 
of  causes,  there  are  a  number' of- Probabilities  which  require 
expression,  he  shall  use  the  following  notation: 


P(A)  =  probability  that  A  occurs  if  nothing  is  Known 
about  B, 

P(B)  s  Probability  that  B  occurs  if  nothing  is  known 
about  A. 

P(AB)  ~  probability  that  both  A  and  B  occur. 

P(AIB)  =  probability  that  A  occurs  if  B  is  known,  to 
.  have  occurred » 

P(B'iA)  -=  probability  that  B  occurs  if  A  in  know**  to 
have  occurred . 


T/e  shall  also.«us«  l /.  i&ar;*.:  c&  ; 

’’hot  F”  j  ?•'(•  :?o>j  ©xtriiJlrf*  RS?jE}#  tK.tlff;  tswrtfcfcllity 

that  -A  does  not  ecfii  *  if  **  *Ioes  occur. 
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TTC f$*e*7To  ^his  area  my 
be  divided  into  four  jf eg i onst*  copr-n rraondl  it  to  the  four 
poss:u:uo  results  s  AB,  •  A  : ,  Aft  XB.  The  ratios  of  'the  areas 
of  those  regions  to  the-  tots'?  sr-n  are  the  four  fundamental 
nrobabiliti.es  P(AB) ,  P(XB ) ,  P(/ 7)  ,  and  V(0>) ,  Obviously  we 
have 

P(A)  -  P(AB)  -t  P(AJf) 

(2.6) 

P(B)  b  P(AB)  "t 


T/e  met  now  consider  the  conditional  probabilities 
1 : A| B ) 5  P(B| A),  etc.  If  B  is  known  ¥o  nave  happened,  the 
random*  point  is  known  to  have  fallen  in  the  combined  area 
AB  •  ~  XB,  biro  is  equally  likely  to  be  anywhere  in  this  area, 
while  the  result  A  occurs  if,  and  only  if,  the  point  fall? 
in  ,\B  «.  The  probability  P(A;B)  is  therefore  the  rati 
A  ‘ 

(A  IB) 


area  AB  to  the  area  AB  -  XB,  dr 
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r,(;0')  POOO 
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of  A 
of  A  if 


("Hip. zi  A  ?.s  i ndoT^ndoxit  of  B,>  (?.* 

i  ntlope  ulenc 


r  is 

,K. 

A  i 


ho  noted  that  thn  condition  that 
rodiicas  to  bho  pan®  forri5  t"h;i t  i  is  no.cpoyio.o o\ 

A  Is  inrlsoondoiit.  of  B  „ 

Interest!*-^  arid  nor. -trivial  otcamplos  5 llustrsti nq ^ the 
,o ('?n st o.l  •r<i;inciclos  of  web”  bill  t.y  theory  ai'o  vorv  difficult 
to  ohtai n  this?  early  in  the  discussion*  Examples  nith  tossed 
coins ’or  Alee  are  simple  enough  to  satisfy  fairly  well  the 
simple  mathematical  concepts  we  are  discussing  tmt  they  arc- 
a  far  cry  from  the  practical  problems  w®  hope  to  discuss 
later*  On  tor  other  hand,  those  practical  7?rol>lens  require 
concocts  and  methods  no  have  not  yet  dlscwsefi  in  order  to 
solve  then,  or  else  must,  'bo  hedged  about  so  mny  rostiuc- 
t-i  ons  in  order  to  fit  them  to  the  calhe-  alicaX  principles 
boin-;  diacuswefl,  that  they  seam  quite  artificial*  The.  exasjpl* 
piven  n&wt  T/f.3  3  illustrate  the  m*ine ivies  of  compound  proba¬ 
bility  nut  will  also  illustrate  the  difficulties  In  obth.lrJ r 
exaroles . 


v;s  suppose  a  point  by  pj  are.!  i a  random  snisevhsre  'within 
a  strip  of  width  XOd.  In 'order  to  moke  the  ©sample  illusto&l 
the  principles  we  hate  dissuseed  heretofore,  we  must  Imagine 
nhat  the  distance  x\  of  i-*;  fro-,  one  side  of  the  strip  la 
chosen  at  random-.  As  a  partial  connection  vith  practical 
problems  which  we  shall  discus c  in  more  detail  later,  vc  c Igh 
Imagine  P;L  to  be  the  positio; 
bomber  during  area  bombing . 
t'i  coi-t  of  ar  ea  bombing  vrhl' 


i  of  .a  bomb  crater  produced  by  a 
( It  would  be  difficult  to  imagine 
!.h  would  exactly  satisfy  the  ro- 


•emerits  of  .Pj  falling  exactly  ineHIe  the  strip  and  being 


qn\ 

completely  at  random  inside  the  strip,,  but  it  would  not  be 
difficult  to  imagine  a  type  of  area,  bombing  which  would  ap¬ 
proximately  satisfy  these  requirements) ,  Inside  this  strip 
g?Ta Tef i 5s  of  six  strips  of  width  d  (railroad  tracks,  per¬ 
haps  )  which  we  a  re  interested  in  bombing.  This  is  shove  in. 
Figure  6.  The  random  variable  for  point  ig  will  then  do 
ixg/lOd)  can  Bay  that  when  the  J.ue  of  this  variable  i« 

between  0,3  and  0.4f  track  Ho ,  2  ■will  be  destroyed.  The 
probability  that  this  track  will  bo  destroyed  will  therefor* 
ie  the  iliffrerrC';  between  bheor  two  quanti ti  rs,  which  i«  equal 
to  cute  tenth. 
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X2 
10  d 


P(00)  ■  0.16 

P(on)  -  P(mo)  *  0.04 

P(mn)  =  0.01 

f (m)  =  P(n)  =  0.1 

P(m/n)  s  0.1 

m,n  =  1,2, 3, 4, 5, 6 


P  and  x,  at  random 
b  =  2d 


P(00)  *  0.27270  ,  . 

P(01)  sx  P(10)  «  P(06 )  c  P(60) 
,  0.04186 

p(ll)  •  P(22)  ■  ....  st  P(66 ) 

«  0.01626 

P(12)  a  P{21)  s  ....  s  P(56) 

-  P(65)  s  0.02007 
P(02)  =  P(20)  ss  P(13)  a  P(31) 

. . .  P(64)  =  P(05 ) 

s  P(50)  s  0.02180 


•  I  :.j  T  -1 7  j  rsV 

Figure  *  8.**ilxam.pl*e  *  bf  *  lrfctSpendenV  and  fcosuTititSafiil  [probabilities, 
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The  second  bomb  might  "be  dropped  by  a  different  plane  coming 
over  at  a  ai?ffcr<Sn8*  $.1  <3  fc*?y:4***  3rst 

plane.  In  thi«  IcfedJtSe'  dtn  Pt..Cably  sfgr  £h&t*  thfc  &»o'i£pihg  of 
the  second  bomb**is*  1  hd  *  *  *s  ilalfn k  5f*  *th  d  *  ?  rOtfoxng  *P*  «>>.«*  S?#.rst 
bomb,  and  the  second  random  variable  (xp/10d)  is  independent 

of  the  first  random  variable.  The  square  area  representing 
probabilities  will  then  be  that  shown  on  the  left  side  of 
Figure  8.  The  numbers  in  the  various  small  squares  indicate 
the  particular  strip  within  which  the  two  bombs  fall.  Since 
the  two  variables  are  completely  random,  these  probabilities 
of  occurrence  are  proportional  to  the  areas  involved.  For 
instance,  the  probability  that  the  first  bomb  fall  on  track 
No.  2  is  one  tenth*  The  probability  that  one  or  the  other 
of  theborabs  fall  on  track* No.  2  is  the  area  of  all  those 
rectangles  which  have  a  number  two  inside  them,  i.c. .  0  "  • 

The  definitions  discus  cod  earlier  in  .'this  section  cu; 
also  be  illustrated.  For  instance,  the  probability  that 
track  No.  *  will  b°  hi t  hv  the  s  ’c^nd  bomb,  if  we  know 
that  the  first  bomb  has  hit  track  No.  2.  -*iii  bo 


This  is  equal  to  the  probability  T  (5)  that  track  5  is  hit 
by  the  second  bomb  when  vre  do  not  know  what  happened  to  the 
first  bomb.  On  further  analysis  it  will  be  seen  that  this 
Simula  relationship  comes  about  due  to  the  fact  that  the 
areas  involved  in  the  present  case  are  all  rectangular,  with 
boundaries  parallel  to  the  edges  of  the  probability  square. 
This  has  occurred  because  the  two  random  variables  are  inde¬ 
pendent  of  each  other,  Equation  (8.8)  can  also  be  verified 
in  this  case,  and  again  it  is  not  difficult  to  see  that  the 
equation  is  satisfied  because  the  sub  areas  are  rectangular  . 
in  shape  .with  their  edges  parallel  to  the  min  square . 

In  contrast  let  us  consider  next  that  the  second  bomb  is 
dropped  a  given  distance  b  *  2d  away  from  the  first  bomb 
in  a  random  direction  (this  case  is  related  to  the  Buffon 
needle  problem).  This  is  perhaps  a  simplified 'picture  of 
what  happens  when  two  bombs  are  dropped  in  train.  In  the 
actual  case,  of  course,  the  distance  5s  not  exactly  deter- 
rained*  However,  this  would  tv'ii  introducing  another  random 
variable  and. so \  for  the ‘present  example,  ee  skill  as sumo 
that  the  distance  between  points  Pi  ane  Pp  id  exactly  2d. 
The.  two  random  variables  are  therefore  (sq/lOd )  and  (p/2  7f ) 
(shown  in  Fig.  8).  To  note  that  since  we  have  required, that 
P;j  fall  at  random  within  the  full  strip,  in  t  hi  g/.qxpmple  it 
sometimes  occurs* CJ^l’Yafl'p-uis^p  {K®:*trJ p: 
According  to  •oiyjgwjajimptSioipJj  5ieb?ev*^#  ;<*$#  •*#'$*«  fell  more 
than  a  distance*  •PA  t&tfoncl  the  edges. 
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Tji  ;p3;S*>a&lXi4$y~  fcqui&fe  »M"5  tills  Ssect|r]gV*|»se2  is  shown 
at  the* jKt^itS  iSu  6^#*  variables  are  not 

Independent,  we  -see  that  the  areas  corresponding  to  the 
different  tracks  being  hit  are  ret  rectangles,  and,  in  fact, 
that  a  good  many  of  them  are  missing  entirely®  For  instance, 
according  to  our  assumptions,  it 'is  impossible  for  track  *> 
to  be  hit  by  the  second  bomb" if  track  2  is  hit  by  the  first 
bomb®  The  probability  of  the  first  bomb  hitting  one  of  the 
traces  is  still  one  tenth,  and,  as  might  bo  expected,  the 
probability  of  the  second  bomb  hitting  one  of  the  tracks,  if 
we  do  not  know  what  has  happened  to  the  first  bomb,  is  also 
equal  to  one  tenth®'  The  probability  that  two  adjacent  tracks 
be  hit,  such  as  P(l,2),  is  greater  in  this  case  than:  it  was 
in  the  previous  case,  and  the  probability  that  two  tracks  a 
distance  2d  apart  be  hit  is  sonewJiat  larger  still. 

The  probability  that  the  second  bomb  will  land  on  track 
4  if  we  know  that  the  first  bomb  has  landed  on  track  2,  is  • 
given  by  the  following  equations 


p(4|2)  -A. f|S2 


=  0,2180 


We  see  .in  this  case  that  the  result  is  hot  equal  to  P(4). 

To  check  Equation  (2.8)  wo  compute  the  following  quantities. 

P(x£)  =  1-  [p(20)  +  P(21)  +PC22H  P(23)  +P(24)  tP(25) 


? (26 )  4-  P (04 )  4  P ( 14 )  -f  P  ( 34 )  ~r  P  (44 )  -t  P  ( 54  )  4P(64)j  =■  1 
P ( 24 }  -  P(34)  •*  P (44 )  -  P(-;4)  -  P(64)  -  P(20)  *- 
•  P(21)  ~  P ( 22 )  -  P (23 )~0® 82180  . 


This  is  only  natural,  since  our  assumption  regarding  the 
fixed  value  of  b  makes  independence  impossible. ,  The  fact 

that  the  position  of  the  second  bomb  is  not  independent  of 

‘  •*-  "  *  - -  - -  1 - — -  ** 
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A  number  #f  teSu$$1$-i3i<3nf? 


application  to  c*erta?.n  •pliSdtfica?.  ^obltns**4i..)l  trs&n 
might  be  Seduced  from  this  example.  For  instance, 
that  th©  probability  P(00)  is  larger  when  the  her* 


•  «  &«prG&i?‘;y'>®2 


. K _  • 


that  the  probability  P (00 ) 
dropped  in  train  than  when 


tj"  see 

is  larger  when  the  betibs  are 
they  arc  dropped  indopend eatly • 
is  natural ,  of  course,  since  if  tho  first  borab  misses, 
second  bonb  is  mors  likely  to  miss  when  it  is  in.  train 
than  when  it  is  hot.  However,  we  will  discus a  the  train 
bombing  problem  in  more  detail  later . 


This 

the 


£2BSS&£Oa&l£&  -  Suppose  wo  heye  decided  on  the  sto¬ 
chastic  variable  for  tne  problem  we  are  interested  in,  am 
suppose  our  analysis  has  ?nacle  it  possible  to  determine  the 
functional  relationship  between  -this  stochastic  variable  x 
and  the  random  variable  t-  which  has  equal  probability  cf 
being  any where  in  the  range  from- aero  to  unity.  In  addition 
to  lowing  the  relative  probabilities  for  the  occurrence  of 
different  values  of  x  ,  we  will  often  wish  to  put  our  expec¬ 
tation  of  the  results  of  a  large  number  of  trials  in  terms 
of  SXSEMSt*  *M!  values. 

In  practice  the  average  value  would  be  obtained  by 
making  a  large  number  of  trials  at  random  and  computing  the 
average  value  of  x  from  the a©  trials.  If  we  have  analysed 
our  problem  correctly,  we  should  be  able-  to  predict  the  val¬ 
ue  of  tit's  average  wivh  noro  or  less  accuracy*  The  predicted 
cr  idealised  value  of  the  average  will  be  called  the  expected 
yaln©  of  the  stochastic  variable  z  »  The  actual  average 
valtie  obtained  by  making  a  series  of  trials  would  differ  from 
this  expected  value  by  an  amount  which  we  would  .expoet  usually 
to  diminish  as  the  number  of  trials  increase.  Hors  will  be 
said  concerning  this  later. 


As  an  example  of  those  general  statements,  let  us  con¬ 
sider  the  distribution  functions  and  probability  densities 
given  in  Figure  9.  In  the  first  case,  the  probability  den¬ 
sity  is  constant,  'independent  of  x  ,  so  that  x  is  directly 
proportional  to  the  random  variable  F  «  §  *  Consequently 
x  is  equally  likely  to  have  a  value  anywhere  in  the  range 
0  to  4  .  In  a  large  number  of  trials  one  would  expect  to 
find  a  value  of  x  larger  than  two-  just  as  often  an  a  value 
of  x  smaller  than  two $  one  can  see  intuitively  that  the 
expected  value  of  x  «  which  should  correspond  closely  to 
the  average  of  a  large  number  of  tries,  would  equal  two. 


Glancing  at  the  second  figure  „  v/e  note  that  the  proba¬ 
bility  density  has  a  .upgj;  t4;«$  GAs&sr  «*•  •••>  jesjge  for 

x  ,  and  -th©3i§lBof©  •  |?**<$pos  instc  ajSrjs.li^loafeily  yHjh*  t|.e  •random 
variable  F  d  j.*  *  •K^cgtxjfclae  X*^=t  *  in.  bHi^ieafee*  to  the 

symmetry  of  tab  figure*  am  would  intuitively  see" that  the 
expected  value  of  x  is  again  two. 


A  A 
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Figure  9a.  f  =  (l/4) 


Figure  9.  Examples  of  distribution  functions  and 
probability  densities  with  equal  expected 
values  of  x.  Values  of  J  =  F  occur 
at  random. 
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What  her?#l*i  ji'jo!  4sj  the  TjeVJwloJ*  <J£.  t^eg 

two  cases?  How  could  v*I  H&bHJ  e*&?.i*ly#iAlsrS£i^aii»J>  fe&wftoft 
the  two  if  v/o  did  not  hrvo  tho  curves  for  probability  density 
in  front  of  us?  One  sees  that  in  case  (a)  the  value  of  x* 
taker,  from  an  individual  trial,  is  more  likely  to  differ 
widely  from  the  expected,  value  than  is  the  case  (b) «  in  the 
second  case  the  probability  density  is  largest  near  x  »  ?..• 


and  falls  off  to  cero  at  tho  two  ends  of  the  range*  This 
means  that  the  values  of  x  which  turn 
case  are  less  likely  to  differ  widely 
value  than  the  values  which  turn  up  in  the 


up 


from 


in  the  second 
the  expected 
first  casea 


It  would  be  a 'useful  thing  to  have  a  numerical  measure 
of  this  chance  of  large  discrepancy  of  an  individual  trial 
away  from  the  expected  value*  The  average  value  of  the 
difference  between  an  individual  trial  and  the  expected 
value  is  not  a  satisfactory  measure  because  this,  by  dofinl~ 
tion,  has  positive  values  as  often  as  negative  values,  and 
the  final  average  should  cancel  out  to  ti©ro0  If  w©  'remove 
the  algebraic  sign  of  the  difference,  however,  by  squaring., 
we  can  obtain  a  numerical  measure*  Specifically  we  compute 
tho  average  (or  rather,  the  expected  value)  of  the  square 
of  the  difference  between  the  result  of  an  individual  trial 
and  the  expected  value  of  the  result*  The  square  root  of 
this  average  square  deviation  will  be  called  tho  standard 
deviation* 

Let  us  now  try  to  state  these  concepts  in  a  little 
more  precise  manner* 

If  b>  very  largo  number  of  choices  of  a  random  vari¬ 
able  is  made,  we  feel  intuitively  that  if  the  range  of  the 
variable  is  divided  into  any  number  of  equal  intervals,  we 
will  choose  values  equally  often  in  each  of  tho  equal 
intervals.  In  fact  this  is  essentially  what  we  mean  by 
our  definition  of  a  random  variable*  This  does  not  mean 
that  this  will  be  the  actual  result  of  a  trial  -  we  shall 
have  more  to  say  on  this  later* 
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shall  call  this  the  expected 


In  particular*  if  we  may  make  N  choices 
of  a  random  variable  %  whose  range  Is  0  to  • 

1  ,  the  expected  number  of  values  in  any  infin¬ 

ite  stimal  interval  d  5  is  Nd  %  * 

If  x  is  a  stochastic  variable  deter¬ 
mined  by  j  f  the  average  value  of  x  ,  if  the 
expected  result  is  obtained,  is  called  the  \ 
expected  ^alue  of  x  ,  E(x),  This  is  ob¬ 
viously  given  by 

E(x)  -  xd  £ 

a  f x<:  (x)dx  (if  f  exists).-.  (2.9) 

*VS 


If  there  Is  only  a  discrete  set  of  values  x* 
possible  for  x  i  with  probabilities  pj  ,  this 
reduces  to 


E.(x) 


x  p 

1  i 


(2110) 


The  continuous  case  may  be  evaluated  graphically 
by  plotting  x  as  a  function  of  f  ,  E(x)  Is  < 
then  the  area*  between  the  curve  and  the  ^  axis 

It  should  be  noted  that  the  expected 
value  of  a  sum  x-t-y  is  the  sum  E(x)  -fECy)  . 
Naturally  the  expected  value  of 'ax  is  aE'x)  , 
If  a  is  a  constant. 

According  to  our  previous  discussion 
we  will  define  the  standard  deviation  Cl  of  a 
stochastic  variable  t.o  be  the  expected  value 
of  the  square  of  the  difference  between  x 
and  E(x) 


UmnOufTW 
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(x)j  ~  E  I"  r X  -  E (x)7  2  j 

=  E  fx2  -  2xE(x)  4E(x)2J 


-  E(x^)  -  2E(x)  E(x)|E(x)‘:  ^ 

=  E(x2)  -  [ E(x) ]  2 

In  the  case  shown  In  Figure  9a,  x  -  4^  , 

E  (4  ^  )  -  4  T&i  i  r  2 
2  Jo?  ? 

E(l6\2)  =  (.16  i2  )d%  -  16/3 

<*  Q  3  < 

O' 2  (4  |  )  =  16/3  ~  12/3  ~  4/3 $  <y»  1.155 


(2,11) 


>  (2,12) 


The  standard  deviation  Indicates  that  the  result 
of  a  single  trail  differs  on  the  average  by  a 
little  more  than  a  unit  on  either  side  of  the 
average  value,  2.  This  is  often  written  as 
E(x)i<r(x)  ;  in  this  case  2 -  1.16, 

For  the  case  of  Figure  9b  the  expected 
value  and  the  standard  deviation  turn  out  to 
he 


f(x)  “'7/8  sin  (7fx/4);  F(x)  s  1/2  -  l/2cos  (/^x/4) 

*>  (2.15) 

E(x)  88  '7/8  f 4  x  sin  (  jj  x/4  )dx  ~  2  '  j 
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Six2)  = 7T/8  f 4  x2  sin  ('TfxADdx  a -4  *7 57 8 
(J2  =  0/7578  ;cr  =  0,8705 


(2.13) 


We  notice  that  the  standard  deviation  <r  Is  less 
for  this  case  than  for  the  case  of  Figure  9  cl 
given  in  Equation  (2,12).,  Ihis  is  to  be  expec¬ 
ted  since  the  probability  density  of  Figure 
9b  shows  a  more  -pronounced  clustering  of  values 
around  the  expected  value  2. 

If  a  point  is  ehosefli  at  random  within 
a  circle  of  radius  a  ,  we  may  find  the  expec¬ 
ted  value  of  the  distance  from  the  point  to  the 
center.  For  in  this  case,  if  x  and  y  are 
coordinates  with  origin  at  the  center  of  the 
circle 


E(r) 


1 

,r~tr 


n 


a 


r  dxdy 


when  the  integration  is  over  the  circle, 
forming  to  polar  coordinates 

rri  "i ri*-j}lXarae 


Trans- 


-  2 


We  also  have 


E(r2) 
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With  a  trial  or  scries 
monte,  such  as  operations  of  war 
result  of  an  individual  trial  cannot 
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o.t  trials  involving  random  o.l©~ 
often  turn  out  to  be,  the 

;e  predicted  exactly  in 


be  predicted,  if  wo  can  analyse  tho  problem 
probability  of  certain  events  occurring, 


advance,  What  can 
t h or oughly ,  is  the  , - 

which  can  be  expressed  in  terns  of  t>ie  distribution  function 
©r  the  probability  density.  If  the  probability  of  a  certain 
event  occurring  is  large,  trior  we  can  reasonably  expect  that 
for  most  of  the  trials  this  event  will  occur;  unless  the 
probability  is  unity,  however,  there  is  always  the  chance 
that  wo  will  bo  unlucky  in  the  first  c .  succeeding  tries* 


When  o  large  number  of  trials  can  bo  carried  out,  a 
knowledge  of  the  distribution  function  enables  one  to  predict 
average  values  with  more  or  less  precision.  As  more  and  more 
trials  are  made,  we  can  oxpoct  the  average  va3.ue  of  the  re¬ 
sult  to  correspond  closer  and  closer  to  the  expected  value 
which  has  boon  discussed  in  the  previous  section.  Also  one 
can  compute  the  chance  that  the  average  result  of  many  trials 
will  differ  by  e  specified  amount  from  the  computed  expected 
value.  If  the  general  form  cf  the  distribution  function  3s 
known,  one  can  even  compute  the  probability  that  the  average 
results  of  a  second  scries  of  trials  will  differ  by  a  speci¬ 
fied  amount  from  the  average  result  of  a  first  series  of 
trials,. 


Such  calculations  are  extremely  important  in  studying 
operations  which  arc  repeated  many  times,  such  as  bombing" 
runs  or  subniarino  attacks.  If  the  first  fifty  anti-shipping 
strikes  result  in  ton  enemy  vessels  sunk,  it  might  bo  impor¬ 
tant  to  compute  the  probability  thal  the  next  fifty  strikes 
•would  sink  at  least  eight  enemy  ships.  This  can  bo  -done  if 
the  distribution  corresponding  to  the  attack  is  known  at 
least  approximately. 


Consequently  it  ia  .important  to  compute  the  distribution 
functions  for  a  number  of  very  goncral  statistical  situations, 
which  correspond  more  or. loss  accurately  to  actual  situations 
often  encountered.  In  o  groat  number  of  casos  this  correspond- 
,  ence  is  not  exact,  but  is  close  enough  so  that  statistical  pre¬ 
dictions  can-  be  made  with  reasonable'' success.  The  more  useful 
caoes  will  be  discus  sod  in  this  section,-  It  should  be  enpha  » 
sized  again  thal  there  are  many  situations  encountered  in  prac¬ 
tice  where  none  of  the  common  distribution  laws  apply,  so  that 
is  rot  wise  to  aoply  tho  rssults.af  so^t'-kmrr  MKndlv 
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failure,  'such  as  the  trial -of  tossing  rt  coin  to  got  heads 
or  the  firing  of  a  torpedo  at  an  enemy  vessel.  ,In  sone  of 
those'  cases  it  is  possible  to  determine  the  probability  of 
success  at  each  trial;  we  can  call  this  p  ,  The  probability 
of  failure  in  a  given  trial  is  therefore  q  a  1  ~  p  « 


A  typical  ’random  sequence  of  successes,  S  ,  and  fail¬ 
ures,  F  ,  is  shown  in  Table  2.14  where  the  case ‘of  the 
probability  of  success  Is  p  «  0.5* 


Random  Seonence  of  Successes  (S)  and  Failures  (F), 
when  the  Probability  of  Success  is 


oTT 


(2.14) 
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This  sequence  is  typicai  of  random  events  and  illustrates  a 
number  of  their  properties# 


In  the  first  place,  the  average  result  of  a  small  number 
of  trials  may  give  a  completely  erroneous  picture  of  the 
probability  of  success  of  the  rest  of  the  trials.  In  this 
case  the  first  three  trials  were  all -failures,  which  might 
discourage  one  if  it  were  not  Imovm  that  the  probability  of 
success  is  50  percent . '  be  notice  also  that  the  seventeenth 
set  of  five  trials  is  all  successes.  If  this  were  the  first 
set  of  five  trials,  it  migl,t  lead  to  over  confidence • 

In  the  twenty  sets  of  five  tries  each,  there  is  one 
with  all  five  successes,  there  are  three  with  four  successes 
and  one  failure,  six  with  throe  successes  and  two  failures, 
five  with  two  successes  and  three  failures,  five  with  one 
success  and  four  failures,  and  there  is  none  with  five  fail¬ 
ures.  It  is  often  useful  to  be  able  to  commute  the  expo c tod 
values  of  the  frequency  of  occurrence  of  such  cases.  The 
expected  value  of  the  fraction  of  tines  a  given  proportion 
of  successes  and  failures  occur  in  a  set  of  trials  is,  of 
course,  the  probability  of  occurrence  of  the  proportion, 
be  shall  compute  the  probability  of  occurrence  of  .  s  sue- 
cesses  and  n-s  failures  in  a  set  of  n  -trials,  when  the 
probability  of  success  in  a  single  trial  is  p  t. 


Fully  as  important  is  the  inverse  Problem  where  we  have 
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An  ernTn- 
not  compute 
'.te  number 


■ri-ifUT  .2*  to'—l:’  •;  hd  -  ?  deduce  from  the 

;  i  V  >  >'  .***  *«;  *  •  .*  1 

"*•  :  :  :  :  r  >  : 

'  I.'  "*  M*  M  •  **'fs  1  *'«  ^  rfi  ; 


( 


of  trials  frbaSse , . tti  fftjfl 

completely  by  ;ar;djf*$e  tflct  *tj  e*  v^irjs  jof;<p) -•  tfha !: 

wo  can  do  is  to  compute  the  rnos€  *prot?3bld* \& luo**of*T5* £k?^*  com¬ 
pute  tho  probability  that  p  has  other  values.  However,  this 
knowledge  is  sufficient  to  enable  us  to  compute  expected 
values  for  another  similar  series  of  trials.  This  problem 
will  also  bo  discussed  later  in  the  section. 


3y  tho  law  of  compound  probobllltios,  if  each  trial  is 
independent,  the  probability  of  a  glvon  soquence  of  a  suc¬ 
cesses  and  n-f  failures  in  a  riven  03’der  (such  as  FSFFF, 
for  instance,  or  else  FFFFS)  is 


pS  qn~s  s  where  q  s  1  -  p. 
Corresponding  to  any  Given  values  of  s  and  n  there  are 

_ nl  _ 

&  f(n-s  )'l 

different  orders--!-  in  which  the  s  successes  and  n-s  failures 
can  occur  (for  instance,  one  success  and  four  failures  i3 
either  SFFFF,  FSFFF  ,  FFSFF,  FFFSF,  or  FFFFS).  It  follows 
that  the  total  probability  of  obtaining  s  successes  and  n-s 
failures  in  n  trials  is 


P(s,n) 


nl 

iT(m¥JTp 


qn-s 


(2.15) 


If  we  expand  (p  q)n  by  tho  b in on i si  theorem  we  soe  that 
P(s,n)  is  just  tho  value  of  the  term  containing  p3  qn-a 
in  the  expansion.  For  this  reason  the  distribution  of  the 
probability  of  obtaining  s  successes  in  n  trials  is  ’mown 
as . the  binomial  distribution. 


The  expected  number  of  successes  is,  by  Equation  (2,16) 
E(s)  a  %  s  P(s,n) 

tBta 

SsO 


s  *1*.  .  _ p3  qn“3 
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n 


=  p  iL 


nl 


s  p  (p^.q)n 

=  np  (l^q)15”1 
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In  other  words  the  ©xpeetod  number  of  successes  Is  equal  to 
the-  number  of  trials  times  the  probability  of  success  per 
trial-  which  is  as  It  should  bo.  In  the  case  given  In  Table 
(2,  ')  the  expected  numbev  of  successes  in  five  tries  would 
bo  2*5®  In  the  sequence  of  twenty  sets  shown  in  Table  (2.14), 
all  possible  values  of  s  except  s so  occurred.  The  frac¬ 
tional  number  of  times  a  particular  value  of  s  occurred 
in  the  sequence  of  tests  is  given  in  the  next  table* 


Comparison  of  He suits  of  Table  02.14)  with  Expected  Values 

(n:25?  P  a 

o*5) 

s®5  SL¬ 

s»3 

S»2 

sal 

S«0 

Percent  success 
in  five  trials 

IC'D  30 

60 

*  40 

20 

0 

Fraction  of  times 
combination 

0*05  0*15 

0.30 

0.25 

0.25 

0 

observed 

Expected  value  of 
fraction,  P(s, 5) 

0*03  0* 16 

0*31 

0*31 

0.16 

0*03 

Observed  TTean 

Square  Deviation  (s-v 

>*5)2 

aVe 

=  1.35 

(2. 


These  fractions  are  also  compared  with  their  expected  values 
P(s,5) .  The  correspondence  is  fairly  close* 

The  observed  value  of  s,,  the  number  of  successes  in 
five  trials ?  may  differ  considerably  from  the  expected  value 
2*5*  For  instance,  in  five  cases  out  of  twenty  the  value  is 
s«l*  This  is  reflected  in  the  value  of  the  mean  square  devi¬ 
ation  computed  from  the  actual  results  given  in  Table  (2*14), 
This  comes  out  to  be  1*35}  having  a  square  root  approximately 
equal. to  1*2*  ?/e  can  express  the  observations  given  in  Table 

(2«1A)  tv  saying  that  the. number  of  successes  in  five  trials 
is  2, 5+1*2*  The  value  of  the  r oot -mean-square  deviation 
gives  a  measure  of  how  widely  an  individual  series  of  trials 
will  deviate  from  the  expected  value • 
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a  np  4r  n(n~l)n2 


Hence 


c r2(s)  **  E(s^)  -  E(s)^ 

«  nn(l-p)  (2.18) 

a  npq 


The  standard  deviation  is*  of  course,  the  expected  value 
of  the  root-mean-square  deviation.  For  Table  (2.14)  we  have 
found  that  the  root-mean-square  deviation  was  vT735«  The  standard 
deviation  for  this  case  turns  out  to  be  ^1.2^,  which  is  a 
reasonable  check.  Theoretical  calculations  would  therefore 
have  indicated  that  the  number  of  successes  in  five  trials 
would  be  2.*>  1  1.1,  which  corresponds  fairly  closely  to  the 
actual  results  of  the  sequence  given  in  Table  (2.14). 


As  an  example  for  the  reader,  it  might  be  instructive 
to  analyse  the  following  random  sequence  of  successes  and 
failures  for  the  probability  of  success  equal  to  0.3; 


FFFFF  SSFFF  FFFFF  TT8FF  SFFFF  SFFFF 
SFFSF  FFFFF  P388S  SFFSF  FFFSS  FFSFS 


SFSFS  FS5FS  SSSFF  FFFFS 
FFFFF  PSFSP  FFFFF  SFFFF 


How,  suppose  we  are  given  the  sequency  of  results  of 


Table  (2.14)  and  are  asked  to  find  the  value  of.p,  the  proba* 
bility  of  success  of  an  individual  trial.  This  question  will 
be  discussed  more  completely  in  the  section  on  sampling,  but 
It  is  instructive  to  commence  the  discussion  here.  The  most 
probable  value  of  p  would  be  obtained  by  dividing  the  num¬ 
ber  of  successes  actually  observed  by  the  total  number  of 
trials,  which  for  any  single  set  of  five  trials  may  differ 
widely  from  the  true  value.  A  crude  measure  of  how  widely 
the  true  value  nay  differ  from  the  observed  value  can  be  com14* 
puted  by  as  surging,  fch«*v*f.*Je:ftf  ••p.  «ac£  fljcljy  et£Sa»rt3lft. 
observed  value  of:  (5/ft)!£frad  «osipSit*nrf*a  ^tbanl  s^tfereS  deleft  ifcn 
from  this  assumed* vflhe* of**  A  ;  * . .  ***  . . 


59 


(2,19) 


fiOMOOiMXU^ 


i os  in  n  trials « 
For  example,  if  we  performed  only  the  first  set  of  five 
trials  in  fable  (2,14),  we  would  then  estimate  that  the  ex¬ 
pected  number  of  successes  in  five  future  trials  would'  be 
2  s.  1.1  where  the  figure  after  the  plus -~or -minus  sign  is  com¬ 
puted  from  the  expression  above. 


y2{i  -  0.4)  s  1.1 


Our  estimated  value  of  d  frori  the  first  set  of  five  trials  Is 
therefore  0.4  *  0*2 «  If  wo  wish  to  make  this  estimate  more 
accurate,  wo  must  perform  a  larger  number  of  trials  than  five. 


The  formula  given  above  for  obtaining  a  rough  estimate 
of  >$*’  breaks  down  completely  In  certain  cases.  For  instance, 
in  the  seventeenth  set  of  trials  (which  turned  o\;t  to  bo  all 
successes)  the  rough  estimate  turns  out  to  be  zero,  since 
s  -  ru  A  more  satisfactory  way  of  estimating  the  likely 
range  of  p  con  bo  obtained  from  liquation  (2.15)  e  For  an  ob¬ 
served  number  of  successes  s  in  n  trials,  wo  can  find  out  . 

over  what  rouge  of  assumed  values  of  p  the  .probability  of 
occurrence  of  this  result,  i^(a,n).  Is  greater  than  one 
chance  in  three  (or  perhaps  ono  chance  in  ton  if  one  wishes 
to  be  finicking).  If  we  have  boon  unlucky  enough  to  have  ob¬ 
tained  fivo  successes  in  five  trials  when  the  "actual"  value 
of  p  was  0.5,  wo  would  not  have  boon  able  to  obtain  a  very 

good  estimate  of  the  value  of  p  from  only  these  five  trials. 

All  v;e  could  have  said  from  this  one  sequence  of  trials  was 
that  there  was  less  than  ono  chance  in  three  that  the  true 
value  of  p  v;as  smaller  then  0,8,  and  that  the  chances  were 
less  than  one  in  ten  that  the  true  value  of  p  was  less  than 
0,5.  The  difficulties  are  inherent  in  the  situation!  fivo 
trials  are  too  f  ow  to  yield  a  dependable*  value  of  p. 


An  instructive  illustration  of  t’  ese  nonoral  statements 
lies  in  the  criticism  of ,sn  occcs  on oily-used  procedure  for 
determining  the  percentage  of  duds  in  a  batch  of  shells  (or 
torpodoes  or  grenades);  to  fire  the  shells  until  ono  dud 
appears,  end  then  to-  stop  the  test.  Suppose  n-1  shells  were 
fired  before  a  dud  appeared  and  then  the  n’th  shell  was  a 
dud.  The  predicted  fraction  of  duds,  based  on  such  o  test, 
would  be  (i/n),  arid  the  predicted  number  of  duds  in  IJ  shells 
would  be  (N/n). 
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Prom  Equation  (2,15),, 'the  probability  of  finding 
n  trials,  when  the  expected  fraction  of  dud  a  Is  q. 


P(n-l,n)  -  nq(l-q)n”^ 


which  approaches  v/hen  q  is  small.  In  this  case  wo  .do 

not  know  q,  but  wo  wish'  to  determine  the  range  of  values  of 
q  over  which  the  probability  nqe'*n^  has  reasonably  large 
values  (is  larger  than  0*1  for  instance),, 

The  maximum  vulue  of  P(n*-l,n)  is  e”1,  corresponding  to 
the  most  probable  value  for  q  of  (l/n).  In  other  words,  the 
most  probable  prediction  from  our  series  of  n  trials  is  that 
there  is  one  dud  in  evory  n  shells.  But  if  we  assume  that  q 
is  twice  tills  (2* duds  per  n  .shells),  P(n-l,n)  is  2e“^,  which 
is  still  larger  than  0*1.  In.  fact  the  range  of  values  of  q 
for  which  P(n-l,n)l3  larger  than  0.1  (i.e.,  for  which  the  re¬ 
sult  of  our  trials  would  be  reasonably  probable)  is  from 
approximately  (O.ll/n )  to  (3.5/n),  Therefore  It  is  reasonably 
probable  that  the  "most  probable"  value  of  the  fraction  of 
duds,  (l/n),  is  nine  times  larger  than  the  “ correct"  value  or 
is  toe  small  by  a  Tootcr ~ of  nearly  four.  In  other  words,  it 
is  fairly  likely  that  the  noxt  ri^a! Tolls  would  have  four  duds 
Instead  of  onej  it  is  also  likely  that  there  would  bo  only 
one  dud  in  the  next  9  n  shell's . 


The  moral  of  this  analysis  is  that  if  we  wish  to  be 
"reasonably  certain"  of  the  fraction  of  duds  in  n  lot  of  sheila 
we  must  fir©  enough  shells  so  that  more  than  one  dud  appears 
(In  practice ,  enough  trials  so  that  at  least  ten  duds  appear 
is  adequate). 

A  much  more  thoroughgoing  analysis  of  these  questions  is 
given  later  in  this  chapter. 


We  ore  frequently  Interested  in  not  the  probability  of 
obtaining  exactly  s  successes,  but  rather  u  numbs:11  of  Suc¬ 
cesses  between  two  limits.  Si  and  Sg.  V/hen  n,  e^,  and  sg  are 


large,  the  calculation  of  the  Individual  probabilities  for  all 
the  values  of  s  between  sq  and  sg  becomes  very  laborious. 


These  - oa 
formulas 
derive . 


lculations  can  be  .simplified  by  the  use  of  summation 
based  on  the  beta-function,  which  we  shall  now 
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The  derivative  of  P  ( 5rs  s n )  r/ith  respect  to  r>  (remembering 
Q  a  l~p)  is  easily  seen  to  be 


dp . 


*a£n=Ih=d&=sl.  „n-s-i 

a  1 


P“  q 


sTTn'^ITT  °s  q11"5”1 


the  other  terns  in  the  sun  all  cancel «  Hence 

P 

P(is,n)  »  -  f  1* — _»  nS('l«.r>^n’*S”1  <-1-> 

)  sTTn-s-T)  J  p  u  p;  dn 

But  if  t>  -  1  ,  obviously  T’(^<s,n)  k  os  Hence 
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Ho.7  the  incomplete  beta -function  is  defined  as 

uc 

B .  b )  «  f  r)a““  (l~p)  L'~l  rip 
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and  the  complete  beta— fraction  as 
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F-(  s  *  n )  **  P(£s,n)  8  1  - 


B«Cs4*l,n~s) 


1  -  In(s-t3,nrs) 


D-t-  -  *  v-o ~  ...  -  BCi^iJn^sr  ”  A  ~ 

where  P^Cs.n)  5s  the  binomial  distribution  function,  that 
is,  the  probability  of  obtaining  s  or  fewer  successes  in 
n  trials. 

Tables  of  the  ratio 


(2,23) 


B  (a, 10 

\0»  *  D  /  SI 

y'  B(asb) 

have  been  published  (Pearson.  Tables  of  Incomplete  Beta 
Function,  Cambridge  University  Press)  and  serve  as  the  most 
convenient  method  of  evaluating  Fjr,(s,n) .  A  short  table  of 

F^(s,n)  is  given  at  the  back  of  the  book. 

With  ,  rb(s,n)  known,  the  probability  that  the  number  of 
successes  in  n  trials  is  between  sj,  and  isg  is  easily 
found.  In  fact 


u 


,3]_  ^  s  ^  K  ^  n  I 


pi£ 


(2.2 k) 


ki  (n»k) 1 

~  P(i“  sn,n }  -  P(i-  ) 

**  Ffc(e2*n)  ”  f?b^E;l  “--5  «0 

53  lp('r>l5  n-si'i-l)  -  1^5(32 i- 1,  n~32) 

To  illustrate  those  results,  suppose  that  a  gun.  has  a 
probability  of  1/10  of  hitting  a  target  on  each  shot.  If  ICO 
rounds  are  fired,  the  expected  number  of  hits  is  1/10  x  100  s  10, 
The  standard  deviation  is  given  by 


or 


&  ^  «  100  x  3S5  x  ss  9 


cT 


*  /  «  ^  _  v  •  •  •  •  •  •  •  *  •  «  •  •  •  * 

or  F],  (s,100),  of  obtaining  s  or  fewer  hits  is  shown  in  ■ 
Figure  10a. 


63 


Mil's c  how 

rnany;  tsiffia  #«iii  ^Lven  •number  of  suc- 

ceases**  **l*'or*l;hc  probability  that  n  or  nore  trials  will  be 
needed  to  obtain  a  successes  is  exactly  the  same  as-  the 
probability  that  n-1  trials  produce  s-1  or  less  successes. 
Hence,  us  in;*  obvious  notation 


P(s,  >n)  “  P(is-l,n»l)  (2,25) 

“  P^(s“l,n~l)  si-  Ip(s,n-s-l) 

In  the  example  of  the  gun,  if  10  hits  are  required,  the 
probability  that  n  or  more  shots  are  required  is  shown  in 

Figure  10b.. 


The  II  or  rial  distribution 

When  th.e  number  of  trials  is  largo,  the  number  of  suc¬ 
cesses  in  a  series  of  repeated  trials  becomes  practically  a 
continuous,  variable .  Instead  of  s,  it  then  becomes  more  con¬ 
venient  to  use  x  s  3  as  a  nov;  variable.  The  expected  value 

n 

of  ±  is  then  p,  and  its  standard  deviation  is  given  by 

cr2U)  s  joq 
n 


The  probability 
success  Is  less 
that  the  number 


that  the  fraction  of  trials  resulting  in 
than  x  is  of  course  equal  to  the  probability 
of  successes  is  less  than  xn,  so  that 

?(<x,n)  ;  1  -  Ip  :  nx,  n(l~x)- 


if  we  neglect  terms  of  the  order  of  unity  in  comparison  with 
ru 


It  is  sometimes  convenient  to  use  still  another  variable 
y,  defined  by 


y 


p) 


wn 

1, 


030  expected  value  is  0,  and  whose  standard  deviation  is 
In  terms  of  y 


F«y,n)  =  l-L[n(pt,/ay)  n(q 


l 

•  ••  »  •  •••• 
•  ••• 


•n 


/a  y)j 


9 

an 


•  AVSn  SbetfSfec*  Ini^e^afid !  larger.!-  *■* «cS  &ul*ves  of  P(c,y»n) 
nxnst  y  approach  a  limit in^  curve f  wiucTr  xs  Generally  known 


y 

the  normal  distribution  curve 


Figure  10.  Binomial  distribution  function  Fb(fs}n)  for  n  =  100, 
p  =  0.1.  Probability  F^(s-l,n-l)  that  n  or  more  tries  are 
required  to  obtain  10  hits,  for  s  ■  10,  p  *»  0.1. 


See  T4b3te:S*:at  bafck  of  bo frk. 

•  •  •  •  •••  t  ••  •••  •••  •••  ••• 
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•  n  *  W«£.  ha  ft  thr  *  £4»s*  .  w 


Unites  ha.<5  ft br'SAs  wtmt 


••••  •  •  •  * 

s  cji  p£oi*iilSLi5;y  that  the 

f»fi* . . 


Fn(y)  =  P(<  y,  ^>)  »  -A  -- 

V  2 -if 


Fn(~y)  «  1  -  Fn(y) 


■  p  ./ 
e"u’/2du. 


(2c 26) 


«c<) 


The  curve  of  y  as  a  function  of  F  is  shown  in  Figure  11, 
and  {?„  table  of  values  is  given  in  Table  V  at  the  bach  of 
tJv'  booh.  By  its  definition,  F  is  the  random  variable 
corresponding  to  the  stochastic  variable  y  . 

The  norm!  distribution  law  is  much  used  (in  fact  too 
much  used)  as  an  approximation  to  other  distribution  lawsY 
It  is  allied,  for  example,  not  only  to  long  series  of  re¬ 
peated  trials,  but  also  to  fairly  short  series,  and  also  to 
represent  the  distribution  of  unanalyzed  errors  which  occur 
in  physical  measurements.  Its  advantage  is  that  if  x  is 
any  stochastic  variable  -’hose  expected  value  is  m  and  stan¬ 
dard  deviation  is  cr  9  we  may  define  a  variable 

y  B  ZrH  (2,27) 

_  cr 

and  assume  for  better  or  worse  that  y  follows  the  normal 
distribution  law.  We  thus  set  up  a  distribution  law  on  the 
scanty  boats  of  only  the  two  constants  in  and  «r  *  This 
prc?  c~uret  however,  is  dangerous  and  can  lead  to  very  Erron¬ 
eous  conclusions  unless  tests  are  applied  to  verify  the 
normality  of  the  distribution, 

A  number  of  features  of  the  normal  law  are  obvious  from 
Figure  11,  The  distribution  is  symmetrical  in  the  sense  that 
the  probability  that  the  value  of  y  lies  between  jj  and 

*4  72  is  the  same  as  the  probability  that  it  lies  between 
»yp  and  -y-j  ,  Small  values  of  y  are  more  likely  than 

large  values.  In  fact  there  is  a  !?0f>  probability  that  y 
lies  between  -,67  and  4-  ,67  and  a  90/’  probability  that 
y  lies  between  -1,64  and  -f-  1,64,  By  definition,  for 
a  normal  distribution 


• 

• 

• 

•  • 

•  • 

w  .  J  w  —  •  Jr  -w -■  jw  -  -  - 

•  •  ••••  •  •  •  ••  • 

••  ••••  •  •••••• 

•  •••  •  •••••• 

(2,28) 


these  5  by  use  of  tables  of  y  as  a  function  of  Fn  ,  v;e 

obtain  corresponding  value/  of  y  ,  the  stochastic  variable . 

A  constant  amount  has  been  added  to  each  group  of  values  of 
y  /so  that  the  average  value  of  y  for  each  group  is  ex¬ 
actly  .  zero#  This  \70uXd  not  be  strictly  true  for  random  val¬ 
ues  of  y  ,  but- it  makes  the  Table  more  useful  for  some  of 
the  applications  discussed  in  a  later  chapter.  Nor  is  it 
•"•rue  that  the  actual  values  of  the  mean  square  deviation, 

(y2)  for  each  group  are  equal  to  unity,  the  standard  devi¬ 
ation*  The  larger  the  sample ?  however,  the  nearer  will  this 
be  trite  {for  instance  the  mean  square  deviation  for  the  whole 


of  Table  1TI  is  1.01 


A  glance  at  Table  III  shows  that  magnitudes  of  y  smaller 
r.hun  unity  are  fairly  common 5  magnitudes  larger  than  two  are 
quite  uncommon.  This  is  typical  of  normal  distributions . 

Some  interesting  and  useful  applications  of  Table  III  will 
be  given  in  Chapter  VI. 

Deviations  from  the  joint -of -aim  of  aircraft  bombs  usually 
•follow  the  normal  distrib  ition,  with  a  standard  deviation  In 
range  (along  the  tfack  of  the  piano)  greater  than  the  stan¬ 
dard  deviation  in  deflect  Lon  (perpendicular  to  the  track  of 
the  plane).  Therefore,  s  simple  example  would  bo  the  case  of 
the  bombing  of  a  carrier,  when  the  plane  approaches  on  the 
beam.  In  this  case  the  ; ength  of  the  carrier  is  considerably 
larger  than  the  defleetic  n  error,  so  that  misses  are  over  or 
under  (i0e.s  in  range)  r«*  ther.  than  right  or  left 5  and  the 
problem  becomes  a  one.-dh  ensional  case.  If  the  standard  error 
of  the  bombardier  -f  bomb  in  range  is  <r  ,  and  if  the  width  of 
the  carrier  is  a  9  then  the  probability  of  hitting  the  car¬ 
rier  with  a  u ingle -bomb  row  is 

Fn(a/2w}~  Fn-(-  ;/?.<r)  ~  2Fn(a /?.<r)  -1 
^  (a/^r)  x  .T/Srr  »  0.40(a/<r) 

(i  OQ 

^  l  .  1  ;o  (o'/a)  ©-(a2/p<#) 

T'  O 

If  the  bombardier  .is  .noprlj;  tft&i.ned  .tl.s*.  fche.erittE 

much  larger  than  la!  i  ttstfn  hftlvittSItbe*  eraforl  irtAl  cSoUSale  :tbfe 

expected  number  yl*  ffiJCsi  **An*the*«3»tii®y« 


en  a  further 
'onal  increase 

in  the  number  of  hits.  This  is  another  illustration  of  the 
general  rule  that  it  nays  nore  to  improve  the  accuracy  of 
the  poorest  in  the  team  rather  than  to  improve  still  further 
that  of  the  best*. 

The  case  whore  more  than  one  bomb  is  dropped  is  dis¬ 
cussed  in  Chapter  VI. 


-  In  our  discussions  so  far  of 
random,  points  on  a  line,  we  have  considered  only  the  case  in 
which  the  length  of  the  line  is  finite*  If  the  line  is  al¬ 
lowed  to  increase  in  length  without  limit,  the  probability 
' that  a  given  point  falls  in  any  fixed  interval  obviously 
accroaches  zero.  If,  however ,  wc  choose  not  one,  but  a  num¬ 
ber  of  ooints,  and  lot  this  number  grow  larger  in  proportion 
to  the  length  of  the  line,  then  the  probability  of  finding 
any  given  number  of .points  in  any  fixed  interval  may  be  ex¬ 
pected  to  approach  a  finite  limit. 

Suppose  that  on  a  line  of  length  L  ,  hi  points  are  • 
chosen  on  the  line  independently  and  at  random.  This  proba¬ 
bility  that  any  one  of  these  points  lies  in  a  given  interval 
of  length  x  is 


(x/L) 

and  by  the  binomial  distribution  law,  the  probability  that 
exactly  m  of  the  IcL  points  will  be  found  in  the  interval 
x  is 


miCbL-m)  »  -  'X/Lj  u  >- 


\ 
u  / 


k  L  *  m 


as  L  approaches  infinity  it  is  easily  seen  that  this 
approaches 


ml 


The  expected  value  of 
E  -  E(m) 


-  r* 


s . 


tn 


ri 


is 


'K.-)rae“^ 


ml 


(2.29) 
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In  view  of  •tYhh'teknli  wingyWiV  t&o  rprVoj&|£fty  *«f 
obtaining  m  point's  as . *  •••  •  I... 


P(m,E)  53 


m2 


(2,30) 


The  Poisson  distribution  occurs  under  more  general  con¬ 
ditions  than  the  foregoing  derivation  would  indicate.  It  may 
be,  for  example,  that  points  are  not  distributed  uniformly 
along  a  line,  but  with  a  density  ,p  (>:)  ,  where  x  is  now 
coordinate  measured  along  the  line.  In  this  case  the  expected 
number  of  points  falling  in  the  interval 


E  o 


/>(x)dx 


With  this  value  of  E  ,  the  probability  that  m  points  fall 
in  this  interval  is  still  given  by  (2»$0).  To  show  this,  let 
us  Introduce  a  new  coordinate  y  ,  defined  by 


and  change  the  scale  along  the  line  so  that  y  is  uniform 
instead  of  x  ,  Then  on  this  distorted  line,  the  points  are 
also  distributed  uniformly,  so  that  the  expected  number  in 
the  interval  (yl9y2)  is  equal  to  y^l  *  that  is5  to  tha 

length  of  the  interval.  Hence  the  Poisson  law  holds  on  the 
distorted  line,  and  sines  the  transformation  from  x^  to  y 
is  single  valued ,  it  must  have  held  cn  thd-  original  line. 


to 


It  is  not  even  necessary  to  confine  the  Poisson  law 
the  distribution  of  joints  on  a  line.  If  noints  are  indepen¬ 
dently  distributed  ever  a  plane ,  or  through  a  volume,  in  such 
a  way  that  the  nrobabi lity  of  any  particular  point  falling  in 
any  given  region  is  small,  then  the  Poisson  distribution  holds 
in  the  form  of  Equation  (2.30).  This  result  shows  that  the 
probability  of  m  points  being  in  an  interval  depends  only 
on  the  expected  number,  and  nothing  else.  This  equation  is 
the  basis  of  the  Poisson  distribution. 
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X  ms 

HlaO 


and  the  standard  deviation  is  given  by 


(2.31) 


An  important  property  of  the  Poisson  distribution  is  expressed 
by  this  equations  the  standard  deviation  equals  the  square 
root  of  the  expected  number.  If  we  choose  nr  interval  small 
enough  so  "that  the  expected  number  E  in  the  interval  Is  one 
or  two,  samples  containing  zero  or  2E  will  be  frequent 
(i.e. ,  cr  -l) .  If  the  interval  is  large  enough  to  expect  a 
hundred,  then  the  usual  fluctuations  about  this  expected  val¬ 
ue  will  be  the  order  of  ten:  the  percentage  fluctuation  de¬ 
creasing  as  the  expected  value  increases.  ' 

As  an  example  of  the  Poisson  distribution  we  can  analyse 
Table  2-32)  on  Page  71. 

One  hundred  points  on  a  line  of  one  thousand  units  cor¬ 
responds  to  a  large  enough  sample  so  that  the  Poisson  distri¬ 
bution  should  hold  reasonably  well.  The  second  part  of  the 
table  shows  the  distribution" of  these  points  along  a  line, 
as  discussed  in  this  sut section.  We  note  the  seeming  tendency 
to  "bunching”  which  is  always  evidenced  by  random  events. 

If  vie  count  up  the  number  of  Intervals  of  ten  units 
length  (000  to  009,  0X0  to  019,  «—"«■,  990  to  999)  which  con¬ 
tain  no  point,  we  find  that  34  of  then  are  so  characterized 
(for  instance  010  to  019,  040  to  049  —• *-  contain  no  point) $ 
we  find  44  contain  one  point 5  15,  two  points?  and  so  on. 

There  are  one  hundred  points  and  one  hundred  intervals,  so 
the  expected  number  of  points  in  an  interval  is  unity.  Me 
can  therefore  compare  thr  fraction  of  intervals  having  m 
points  with  the  probability  P(m,X)  given  in-  Equation  (2,30) s 

m,  no.  points  in  interval  01234  5 

Computed  probability,  P(n,x)  0.37  0.37  0*13  0.06  0,015  0,003 

Observed  fraction  of  case  0.34  0,44  0,15  0.04  0,01  0.02 


•••  •••  •••  •  •  ••••  •••  •  •  •• 


•  •  •  •  • 

.  ,*>•  .• 


•  •  •  •  •  ••  • 
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As  an  example  of  the  Poisson 

following  tables 


dis 


tribution  w©  can  analyze  the 
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TABIE  2.32 
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Random  sequence  of  one  hundred  numbers  bet  ‘jeon  000  and  999 » 
typical  of  the  behavior  of  a  random  variable. 
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360 
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352 

423 
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737 

646 

257 

939 

736 
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6^6 
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1?0 
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089 
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983 

2*74 
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592 

760 

094 
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790 

18? 

556 

703 

346 

673 

734 

80? 
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669 

417 

13.0 

640 

436 
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170 

346 

205 

491 

21 7 
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733 
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328 

947 

028 

557 

192 
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293 
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?88 
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in 

order  of 
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to  shew  fluctuating  behavior  of  successive  differences • 
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237 
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12 
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11 
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10 
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2 
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9 
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19 
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11 
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2 
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2 
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5 
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4 

35 
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F;(rj,h)  s  J‘  P(n,E)  a 
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P(n,jr)d3c 


(2.33) 


-,vhere  PCm.R)  is  given  in  donation  (2*30) »  This  interesting 
relationship  shows  that  the  probability  that  n  points  or 
fewer  are  found  in  an  interval  with  expected  number  E  is 
equal  to  the  nrobabllity  that  m  points  are  found  in  an 
interval  equal  to  or  larger  than  one  which  would  be  expected 
to  have  E  points •  This  duality  between  n  and  R  is 
another  peculiar  property  of  the  Poisson -distribution. 

The  °cisson  distribution  will  apply  in  a  very  large 
number  of  important  situations  *  It  is  particularly  common 
when  the. variable  x  is  time*  For- example  the  number  of 
alpha  particles  emitted  by  a  radium  preparation  in  a  given 
time  interval  follows  the  noisson  law,  because  the  ^articles 
•ire  emitted  independently  and  at  .random  times.  The  number  of 
telephone  calls  received  at  a  largo  exchange  is  also  nearly 
random  over  short  intervals  of  tine,  and  the  Poisson  law  again 
applies  •  . 

This  distribution  is  also  useful  in  studying  problems  of 
acvivl  search  (see  the  volume  "Theory  of  Search  .and  Screening"). 
•  j f  .,  enemy  units  are  distributed  at  random  over  a  region  of 
the  ocean  of  area  A  ,  and  if  a  plane  can  search  over  0 
square  miles  of  oce«“'  rjp?-  hour  of  flight,  then  the  expected 
number  of  units  sighted  for  a  flight  of  T  hours  is 

E  «  (HQT/A) 

In  actual  practice  the  enemy  units,  are  not  usually  dis¬ 
tributed  at _ random,  each  independent  of  the  position  of  the 
other ,  but  in  many  cases  (such  as  for  the  search  for  subma¬ 
rines?  the  results  are  sufficiently  similar  to  those  for  the 
Poisson  distribution  to  make  a  study  of  this  distribution 
profitable. 
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2  bombs  conld r 
sir^Kflified  case 
to  .find  methods  for  handling  more  complicated  cases  which 
accord  more  closely  with  real  conditions « 


If  the  piano  carries  bombs ,  the  expected  number  of 

sightings  per  flight  is  E  -  and  the  probability 

that  the  plane  sights  n  unit  a  per  flight  is 


If  n  is  less  than  ?.ff  s  all  m  units  are  bombed t  but  if 
n  is  larger  than  n  9  only  IT  'units  are  bonbon  because 
the  plane  has  only  ??  bombs  along.  The  problem  is  to  deter¬ 
mine  the  value  of  ?T  so  that,  on  the  average,  the  greatest 
number  of  enemy  units  will  be  bombed  per  flight* 


One  could  approach  the  problem  from  a  naive  point  of 
view,  assuming  that  the  piano  ftfesayp  made  the  erpected  num¬ 
ber  of  sightings  per  flight.  In  this  case  the . number  of 
bombs  y  should  equal  the  expected  number  of  sightings  .  S(6~TJ) 
so  that  ?'*  should  be  the  nearest  integer  to  [61/  Cl  i  S)> 

This  result  turns  out  to  *b<  nearly  the  correct  one,  except 
ghen  S  is,  small*  When  the  expected  number  of  sightings 
per  6  hour  flight  is  less  than  2  (8 < 1/3)*  the  siraole  for¬ 
mula  -would  indicate  that  only  opQ  bomb  should  be  carried. 

This  naive  reasoning,  however neglects  the  fact  that  there 
is  a*  chance  that  more  than  one  unit  wil3  be  seen  during  a 
flight,  and  if  only  one  bomb  is  carried  this  extra  chance  will 
be  lost. 


To  appraise  this  possibility  in  a  quantitative  manner, 
vie  use  the  Poisson  distribution  to  compute  the  average,  or 
expected,  value  of  the  number 'of  bonbs  dropped  per  flights 
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We  see  that  the  naive  reasoning  discussed  above  is  good 
enough  for  S  s  2  or  1  9  for  the  values  of  M  giving  the 
largest  expected  value  of  B  are  4  and  3  ,  respectively* 
which  are  the  values  given  by  the  simple  formula  6s/(14*  s)'  • 
But  for  S  less  than  unity  the  effect  mentioned  above  cones 
more  strongly  into  play,  and  it  often  turns  out  that  it  is 
best  to  carry  more  bombs  than  the  simple  formula  would  re¬ 
quire,  just  to  take  advantage-  of  the  occasional  times  the 
plans  encounters  more  enemy  units  than  the  expected  number. 
For  S  ®  0(6  we  should  carry  3  bombs  instead  of  2  ,  and 

for  S  =  0.3  we  should  carry  2  bombs  instead  of  1  * 


As  a  somewhat  more c duplicated  example,  let  us  consider 
the  case  of  a  newsboy  who  is  required  to  buy  his  papers  at 
2  cents  and  sell  them  at  3  cents,  and  is  not  allowed  to  re¬ 
turn  his  unsold  papers .  He  has  found  by  experience  that  he 
has  on  the  average  10  customers  a  day.  and  that  customers 
appear  at  random.  How  many  papers  should  he  buy? 

By  !,a.t  random" ,  it  is  here  meant  that  in  the  first  place 
the  newsboy  has  .no  regular  customers,  who  can  be  counted  on 
to  appear  regularly,  and  secondly,  that  as  people  pass  him 
on  the  street,  one  person  is  as  likely  to  buy  as  the  next. 
Under  these  conditions  we  may  expect  the  Poisson  law  to  hold. 


How  suppose  that  the  newsboy  buys  k  papers,  and  that 
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rn  customers  appear 
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If  we-  imagine  the  newsboy  .buying  his  paper s  one  by  one,  then 
if  he  has  already  bought  k  papers ,  he  should  buy  the*  (k-vl)st 


only  if  Ev  n 

J  if.  ikL 


Ev  is  posit! 


The  number  he  should  buy  is 


therefore  the  lowest  number  Ic  for  which  E 


Wl 


E,  is  negative  <. 
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Table  (2,35)  shows  the  calculation  in  detail*  The  first 
column  gives  the  values  of  kj  the  second,  the  value??  of 


yy%~10 


for  m&k}  the  third,  the  values  of 


ml 
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*j 


ir*e  ;  the 


ml 


fourth,  the  values  of  K,  «*E,  j  and  the  last  column,  the 

xv  X  vfC 

values  of  Ek*  The  table  shows  clearly  that  the  newsboy  should 

buy  only  nine  papers,  and  that  his  expected  profit  is  Cc6  cents 
If  he  made  the  obvious  purchase  of  10  papers,  his  expected 
profit  would  be  G$  less*  In  this,  the  losses  ho  would  incur 
•when  fewer  than  the  expected  10  customers  buy,  more  than  off¬ 
set  his  gains  if  more  than  10  customer  cone  along*  The  two 
examples  -  show  the  possible  errors  of  -  the  "naive"  point  of 
view,  and  Indicate  how  the  distribution  function  can  be  used 
to  obtain  a  better  answer* 
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Suppose  that  a  gun  has  "been  fired  at  a  target  100  times j 
and  that  40  hits  were  obtained »  We  wish  to  make  the  "best 
estimates"  of  the  probability  p  that  another  shot  fired 
from  this  gun-  under  the  same  conditions  will  be  a  hit*  We 
cori?na«««*ri*4a4«cusai»^  t*v*  ifi* this  chapter* 


Now 
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The  crux  of  this  problem  lies  in  the  interpretation  of 

tha  express 
cause  of  the 

inn” a*  ots.”"  It ' la ” there . fore  is ip cuei'.le  fr ora  the  Given  Fe~ c ts 
to  deduce  the  exact  value  of  p.  Any  formula  which  expresses 
the  value  of  p  in  terns  of  the  number  of  hits  and  pisses  is 
subject  to  error «  All  we  con  calculate  is  the  probability 
that  p  has  some  given  value® 

In  spite  of  this  difficulty  ?;e  feel  intuitively  that  the 
value  of  p  is  "probably  somewhere  around"  0*40®  That  is  to 
say,  wo  are  quit©  sure  that  p  is  not  0.01  or  0.99  although  ws 
wouldn’t  bo  prepared  to  deny  that  the  value  is  not  0«39  or 
0,41,  In  other*  words  we  might  say  that  0.01  and  0.99  are 
"unreasonable”  values  oi  p,  while  Q.o9  ano  0*41  are  reason¬ 
able"  values.  If  we  are  asked  why  we  feel  that  0.01  is  an 
unreasonable  value  of  p,  we  might  point  out  that  the  prob¬ 
ability  of  getting  40  hits  in  100  shots  with  psO.Ol  is,  from 
Equation  (2.15): 

100  S  (801)40  ( *99)60 

wr 

which  Is  about  lO**53,  and  is  so  small  that  wo  can  "reasonably" 
assume  that  such  an  improbable  event  has  not  taken  place. 

But  even  if  we  take  pcO.40,  the  probability  of  obtaining  ex¬ 
actly  40  hits  in  100  shots  is 

wrloy  (“40)40  <*6°)60 

which  is  only  0.08.  It  is  not  immediately  obvious  that  this 
is  large  enough  to  make  0.40  a  "reasonable"  value  of  p. 


In  order  to  obtain  a  hotter  critarion  of  "reasonableness, 
or  "goodness  of  fit"  it  has  become  usual  to  adopt  a  method 
suggested  by  Pearson.  This  method  does  not  aim  at  obtaining 
a  definite  value  of  p  from  the  trials  (as  we  have  seen,  this 
Is  not  possible),  but  rather  seeks  to  determine  a  range  of 
values  of  p  within  which  it  is  "reasonable"  to,  find  its  real 
value.  To  test  an  assumed  value  of  p  wo  compute  just  the 
consequent  expected  result  of  the  experiment  (in  this  case 
the  expected  number  of  hits,  lOOJp).  The  agreement  between 
the  actual  result  and  the  expected  result  is  measured  by  the 
absolute  value  of  the  difference  between  the  two  (in  this 
case  |  40- (100, p) j ).  We  now  compute  the  probability  that  in  a 
second  experiment,  similar  to  the  original,  we  would  obtain  a 
result  which  is  as  far  or  farther  from  agreeing  with  the  ex¬ 


pected  result  as  the  actual  result  of  the  first  experiment 
differs  from  thj»s  oxp*3c<»d»*>»s«jlt  *.ot  o»n*iiwfecM?»  which 

ia  equal  to  1  If  frst;  oxi^r^epit  #fjavc»  ©jwet^y  ;o^pootod 

result,  but  otfcferMPser  iff  less  if.an'i*.  ••Shl»  numbw  *  s*  freflten  as 
a  measure  of  the  "reasonableness"  of  the  value  of  p  tested, 
end  if  it  is -too  small  (usually  less  than  .05),  the  value  is 
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’A’^i,i^3.e#S3ampia54.s«fciiy»3?y»lar^d;  •CM3  Calculation  may 
be  simplified  by  Using  the  normal  lav;  as  an  approximation  to 
the  binomial  law.  To  illustrate  the  process  lot  us  calculate 
the  "reasonableness"  of  any  value  p  in  the  case  of  the  gun. 
The  expected  number  of  hits  is  then  lop  p,  and  the  difference 
between  the  observed  and  expected  h?ts  is  jlOO  p  -  40 If 
v/e  shot  another  100  rounds,  the  agreement  with  the  expected 
number  of  hit3  would  be  as  bad  or  worse  if  the  number  of  hits 
was  equal  to  or  more  than  100pf>fl00p  -  4o|,  or  if  it  was 
equal  to  or  less  than  lOOp  -  |  XOOp  -  40' .  If  we  approximate 
the  actual  distribution  of  the  number  of  hits  ir  the  second 
100  rounds  by  a  normal  distribution  with  a  mean  lOOp  and  a 
standard  deviation 

er  =Vl00p(l-p)  (See  Eq,  2.10) 
then  the  probability  that  the  second  series  gives  a  worse 
agreement  than  the  first  series  is 

“  f°  -A-2 

!{|40~100pS/a)  %  dx  (See  Eq.  2.26) 


The  values  of  this  integral  are  easily  obtained  from  Table  V 
in  the  back  of  the  book,  or  in  "Handbook  of  Chemistry  and 
Physics"  or  Burington's  "Handbook  of  Mathematical  Tables  and 
Formulas."  In  the  general  case  where  m  successes  have  been 
obtained  in  n  trials  this  becomes 


T 
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( |  ia-np  \/(j) 


dx 


where <7"is  equal  to 


(2.35) 


Plots  of  this  "goodnoss"  of  fit  against  the  assumed  value 
of  p  for  the  cases  nslOO,  ffis40  and  nsXO,  r<s4  are  shown  in 
Fig.  12o  If  we  take  C.05  as  the  limit  of  reasonableness  then 
for  the  case  n»100,  ms40  the  values  of  p  between  0.31  and  0.50 
are  "reasonable"  values.  In  the  case  n~10,  ras4  the  values  be¬ 
tween  .16  and  .69  are  "reasonable"  values  of  p.  It  may  be 
pointed  out  here  that  for  such  a  small  sample  the  normal  law  Is 
a  poor  approximation  to  the  binomial  distribution.  Nevertheless 
in  this  case  the  range  of  "reasonable"  values  of  p  is  so  large 
that  for  most  purposes  it  would  be  necessary  to  make  further 
trials  before  acting  on  t1  is  result,  while  In  the  few  cases 
where  even  the  vague 


Reasonableness"  or  "Goodness  of  fit 


Figure  12.  Reasonableness  of  estimate  of  probability  of 
success  p  when  10  trials  have  resulted  in  4  succes¬ 
ses;  and  vtftep.  *L0p  .trials*  fcggse ’resulted: tLa  40 ;•••  ; 
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answer  to  cur  criginnl  question  is  that  tho  probability  p 
that  the  next  shot  fired  from  tho  gun  hit  the  target  is  most 
likely  equal  to  OJjjO,  but  it  could  reasonably  have  a  value 
between  Ocjl  and  0„5» 

There  is  one  serious  disadvantage  to  this  method  of 
testing  trial  values  of  a  probability:  the  method  affords 
no  way  of  taking  into  account  any  Ira ov;l edge  we  may  have  pos¬ 
sessed  before  tho  triers  which  might  have  made  one"  value  of 
p  more  likely  than  another*  If,  for  example,  wo  knew  that 
the  gun  being  fired  was  one  of  a  lot  all  manufactured  together 
in  exactly  the  sains  way,  and  that  previous  trials  on'  the  other 
guns  of  the  lot  had  all  given  values  of  p  near  0*3,  then  it 
is  obvious  that  in  the  situation  of  Figure  12  the  value  0*3 
is  more  "reasonable"  than  the  value  0*5  even  though  the 
curves  show  these  values  as  equally  reasonable*  In  most  appli 
cations,'  however,  we  have  no  such  information,  and  although 
there  exists  a  real  logical  difficulty  with  the  method  it  is 
ordinarily  safe  to  ignore  it* 

|fee  Jgj — ■(ghl-rgq^y.eAl.le.9,t  -  A  great  number  of  trials 
result  in  more  than  just  success  or  failure*  For  instance, 
a  shot  from  a  gun  my  hit  the  bull’s  eye  or  the  first  or 
second  ring  as  well  as  miss  the  target  entirely*  Similarly 
a  torpedo  may  miss  the  shin,  may  damage  it,  or  may  sink  it* 

If  we  know  the  geometry  of  the  problem  completely,  we  some* 
times  may  be  able  to  compute  the  apriori  probability  pq 

that  the  1  *th  possibility  occur  when  a.  trial  3s  made,  for 
instance,  could  be  the  probability  of  hitting  the  bull’s 

eye  whereas  P2  would  be  the  probability  of  hitting  inside 
the  first  ring,  and  so  on*  Or,  to  take  another  example, 
probability  could  be  the  probability  of  shooting  down 

an  Incoming  plane  with  a  '5!!  anti-aircraft  battery  when  the 
plane  is  between  6,000  and  4,000  yards  away  from  the  bat¬ 
tery  (the  guns  opened  up  at  6,000  yards  *  range),  p?  the 

probability  that  the  plane  is  shot  down  when  the  range  is 
between  4,000  and  2,000  yards,  and.  p,  is  the  proba¬ 
bility  of  shooting  the  plane  down  when  the  range  Is  less  than 
2,000  yards* 

To  generalise  from  these  examples,  we  can  say  that  a 
given  trial  may  result  in  a  number  of  different  specific 

,*.*  ,,,  snssh.s..'  •  *..i  ...  *  .  *.  ?  the  first  ring*  and 
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number  of  different  ways  so  that  the  value  of  the  integer 


s  will  varvJa<fc&Vi!ftg  «o  tjo  tr}.a}##anl?  the 

degree  of  detail?*  Itfc  'wfeidh. s.:V iSi<^ *  to •%%*$$  th?;;L’$^X£s«  - 

The  quantity  s  is  usually  called  the  "number . of  degrees  of 
freedom"  of  the  trials  *  In. order  to  complete  the  enumeration 
of  the  results s  me  must  always  include  the  negative  results 
in  addition  to  the  s  different  specific  results  which  may 
come  from  a  trial,  that  is,  we  may  also  obtain  nom.  of  those 
specified  results*  In  other  words*  it  is  always  possible  for 
the  bullet  to  hit  neither  the  bull's  eye  nor  any  of  the  rings, 
but  to  miss  the  target  entirely*  In  the  case  of  a  die,  not 
only  my  the  faces  1,  2,  3,  4  ,  or  5  turn  up*  but  none  of 
these  (i.e„,  the  face 'six)  may  turn  up.  In  other  words*  the 
total  number  of  possible  results  for  the  trial  turn  out  co  be 
1  plus  the  number  of  degrees  of  freedom,  that  is,  s  f  1  t 


Corresponding  to  each  possible  result  there  is  an  apridri 
probability  pls  p>>,  v] ,  — Pg^*,  where  the  sum  of  all 

these  probabilities  must  equal  unity*.  If  now  we  make  n  trials  the 
expected  number  of  trials  which  result  in  condition  No*  1  will 
be"  np-9  and  so  forth*,  The  sum  of  all  these  expected  values 

must  equal  n  * 


But  the  case  we  are  considering  at  present  is  the  reverse 
of  this*  We  have  just  made  n  trials  and  we  wish  to  find 
from  thorn  "reasonable"  values  for  the  probability  of  occurence 
of - each  of  the  different  results.  In  the  n  trials 

trials  have-,  resulted  in  occurrence  1,  have '  resulted  in 

occurrence  2,  etc.  The  sum  of  all  the  mis  must  equal  n  • 
From  this  we  wish  to  deduce  reasonable  values  of  the  proba¬ 
bilities-  p.  * 

1 


To  be  more  precise,  we  wish  to  know  whether  the  observed 
result  is  reasonable  on  the  hypothesis  that  the  probability 
that  a  single  trial  falls  into  the  i'th  group  is  ®X)» 

This  judgement  can  be  made  by  calculating  the  probability  that 
a  series  of  n  trials  with  the  given  probabilities  would  give 
a  result  which  deviates  as  much  or  more  from  the  expected  re¬ 
sult  as  does  the  observed  result.  The-  principal  difficulty 
here  is  in  the  question  of  when  one  result  deviates  more  from 
the  expected  result  than  another.  For  example,  consider  the 
following  re  suit  s  * 
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The  probability  of  getting  a- particular  set  of  numbers 
in  a  given  series  of  n  trials  is  found  from  the  multi¬ 
nomial  expansion  of  (p^  +  Pg  — -  +  P ^/) n ,  where  the  p3 
contain  the  probability  of  failure  as  wall  as  of  success: 
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(2,33) 


•where  2/ 


9  +  lo 


It  is  easily  shown  that  (treating  m-,  as  a  continuous 
variable)  this  is  a  maximum  for  =  np.,,  Putting 
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We  have  , 
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1  max 
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This  is  a  product  of  toms  of  the  form 

iSPji  pra-»p 


ra; 


Nov;  if  m  and  np  are  reasonably  largo,  we  may  put  (n 
(np)l  (£E)nP  and  ml  ~  (S.)n,  Our  typical  term  then  bo* 

3  O 

cosmos,  after  suitable  expansions  and  approximations  (for 
details  see  Pry  "Probability  and  its  Engineering’ Uses" ) 
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a  result  valid  when  a  and  np  are  not  too  small.  The 
quantity 
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is  called  the  hMzmmsl  if  t*u?:  <!&*” g£fms;rr?$s  m  :*\ 
expected  value*.. *  5?  :**:  ...• 
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where 


^  «)'Ji  4^7-  (m^-npj)2 


(2.40) 


is  the  total . dlvg.££gp.gg-0f  the  series  of  trials 


We  therefore  see  that  except;  for  the  constant  factor 
Praa3C  the  probability  of  getting  a  given  result  is  a  function 
only  of  j  and  rapidly  decreases  as  ,x2  increases.  We 

may  use  this  result  to  settle  the  question  of  which  of  two 
results  deviates  more  from  the  expected  result :  we  shall 
state  (by  definition)  that  of  two  given  re suit 3 >  the  one 
with  the  greater  value  of  -  deviates  the  more  from  the  ex¬ 
pected  results. 

The  probability  of  obtaining  a  result  which  deviates 
more  than' a  given  result  from  the  expected  result  may  now 
be  calculated  by  direct  summation.  Approximating  this  sum 
by  an  Integral  leads  to  the  answer  (see  Fry,,  loc.  cife*) 
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the  "number  of  degrees  of  freedom* 


is 
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Where  s 

"1  . 

works  on  statistics.  _ For  rough^work  it  may  be  pointed  out 

and 
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Tables  of  this  function  are  given  in-  Fry  and  other 


that  PCyT^-)  .is  small  when  is.  greater  than 
larger  (near  15  when  x~  is  much  smaller  than  s 
tour  plot  of  this  function  is  given  in  Figure  13. 
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j  A  con- 


We  can  now  return  to  Table  (2.3?)%  to  point  out  that 
the  trial  fits  the  computed  or  expected  values  best  which 
gi ves  smallest  values  of  %  2  .  In  (2.37)  we  have  s  ®2, 

np  j  «3 ,  np2"*12,  and  np^*4  «  In  trial  1,  m2®109 

and  m-i“5  .  Therefore , 
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*S  s  (5~3)2  (12-12) 2  +  J  (2**4)2  s  (7/3)  . 

Therefore  trial  1  agrees  more  closely  with  the  expected 
values  than  does  trial  2  *  In  fact,  comparing  those  results 
with  Figure  13*  we  see  that  the  chance  that  the  results  of 
trial  1  "really"  correspond  to  the  expected  ease  (the  dis¬ 
crepancy  being  simply  chance  fluctuation)  is  two  in  three? 
'whereas*  the  probability  that  trial  2  corresponds  to  the 
expected  case  is  only  half  as  great,  one  in  three. 

Usually  only  the  results  of  a  trial  are  known?  we  have 
to  assume  values  for  the  p‘s,  and  compute  the  chance  that 
the  true  state  of  things  is  no  farther  afield  than  the  as- 
sumecUstate .  The  assumption  which  gives  the  smallest  value 
of  a  is  the  most  probable  assumption. 

Some  Examples  -  In  a  rocket  firing  test  the  target  con- 
si  stjf'of  two  concentric  rings,  one-  10  feet  in  radius,  the 
other  20  feet  in  radius.  In  a  trial  25  rockets  are  fired 
Of  these  10  hit  inside  the  smaller  ring,  10  v between  the 
rings,  and  5  outside  the  rings.  We  expect  from  previous 
experience  that  the  hits  are  distributed  according  to  the 
circular  normal  law,  whose  probability  density  is 


e~p2/2c2 


•  4 


We  wish  to  test  the  validity  of  this  law,  and  to  determine 
a  value  of  cT  • 

Our  method  of  procedure  is  to  apply  the  y  test  to 
these  results  using  various  values  of  <r  .  If  PC 7«#0  is 
always  small  for  all  values  of  <5  ,  we  have  an  indication 
that  the  assumed  distribution  does  not  hold.  If  P(>yc2) 
is  large  for  some  values  of  cx  ,  we  then  know  that  the  re¬ 
sults  are  reasonable  for  those  values,  and  the  data  are  not 
inconsistent  with  the  normal  distribution. 

It  is  easily  seen  that  the  probability  of  a  shot  hitting 
inside  a  ring  of  radius  r  is  (assuming  the  probability 

density  given  above)  . 
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Figure  13,  Pearson’s  Criterion  for  goodness  of  fit 
P(>x2)  contours  of  probability  P(>x2)  that 
fit  is  gooa,  plotted  against  degrees  of  freedom 
s  and  against  squared  deviation  x2. 
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This  table  shove  that- the  most  reasonable  value  of  0  is  10,9 
foot,  hut  that  all  valuer,  between  feet  and  Id  .3  'feet 

are  reasonable 

ipC>a)>«05)„ 


Statistical  data  on  anti-submarine  flying  for  three  months 
give  the  followin'*  figures. 


Month 


Hours  Flowr- 


Contacts 


'Hours  per 
Contact 


total 


2600 

3500 

4000 


10,100 


5 


120 


667 


17 


Av «  595 


The  hoars  ner  contact  seen  to  he  rising  one  we  wish  to  know 
if  the  Increase  5s  significant. 

To  tasty  this  let  us  test  the  hypothesis  that  the  hours 
per  contact  has  remained  constant  at  the  average  value  59$* 

"Y>  nay  then  calculate  r'( >  3^')  as  in  the  following  tablet 

3Mh  Contacts  ^:n>ectsi|  £U£££SilE& 
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The  material  in  the  preceding  chapter,  and  much  that  is 
included  in  the  following  chapters,  are  in  the.  nature  of 
tools  which  the  operations'  res  arch  worker  finds  useful.  A 
familiarity  with  these  techniques  is  necessary  for  the  worker; 
but  it  Is  not  in  itself  a  guarantee  that  the  worker  will  be 
successful  in  operations  research.  Just  as  with  every  other 
field  of  applied  science,  the  improvement  of  operations  of 
war  by  the  application  of  scientific  analysis  requires  a 
certain  flair  which  comes  with  practice  but  which  is  difficult 
to  put  into  words. 

It  is  important  first  to  obtain  an  overall  quantitative 
picture  of  the  operation  under  study.  One  must  first  see 
what  is  similar  in  operations  of  a  given  kind  before  it  will 
be  worthwhile  seeing  how  they  differ  from  each  other.  In 
order  to  make  a  start  in  so  complex  a  subject,  one  must 
ruthlessly  strip  away  details  (which  can  be  taken  into  account 
later),  and  arrive  at  a  few  broad,  very  approximate  "constant 
of  the  operation”.  By  studying  the  variations  of  these 
constants,  one  can  then  perha  >s  be„In  to  see  how  to  improve 
the  operation. 

\ 

It  is  well  to  emphasize  that  these  constants  which  measure 
the  operation  are  useful  even  though  they  are  extremely  approx¬ 
imate;  it  might  almost  be  said  that  they  are  more  valuable 
because  they  are  very  approximate.  This  is  because  successful 
application  of  operations  research  usually  results  in  improve¬ 
ments  by  factors"  of  three  or  ten  or  more.  Many  operations 
are  ineffective  compared  to  their  theoretical  optimum  because 
of  a  single  faulty  co  ponent;  inadequate  training  of  crews, 
or  Incorrect  use  of  equipment,  or  inadequate  equipment. 

Usually  when  the  ’’bottleneck”  has  been  discovered  and  removed, 
the  improve  rents  in  effectiveness  are  measured  in  hundreds  or 
even  thousands  of  percent.  In  our  first  study  of  any  operation 
v;e  are  looking  for  these  large  factors  of  possible  improvement* 
They  can  be  discovered  if  the  constants  of  the  operation  are 
given  only  to  one  significant  figure,  and  any  greater  accuracy 
simply  auds  unessential  detail. 

One  might  term  this  type  of  thinking  m\emibel  thinking” 

A  tool  is  defined  as  a  unit  in  a  logarithmic  scale*  cor res- 
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in  *pi £f?ii*ois*«ero  %i***xc*3  uhf  is  i  nermbel,  10  is 
"  heiiibe .  s,  .30  is  2  henibels,  ana  10,000  is  3  homibels.  A  hemibel 
is  five  decibels,  in  appropriate  abbreviation  would  be  hb. , 
corresponding  to  db.  for  decibels. 
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Or-.iir.ri  Lly  in  the  pro.Lxrairi*5. ry  analysis  of  nn  o deration,  it  '■ 
sufficient  to  loe-te  the  value  of  the  constant  to  within  a  facto 
of  three,  He-i„iibol  thinking  is  extremely  useful  in  any.  branch 
of  science,  end  most  successful • scientists  employ  it  habitually. 
It  is  particularly  useful  in  operations  research. 


Having  obtained  the  constants  of  the  operation  under  study 
in  units  of  heraibeis  (or  to  one  significant  figure),  we  take 
our  next  step  "by  comparing  these  constants.  We  first  co  .pare 
the  value  of  the  constants  obtained  in  actual  operations  .vim 
the  optimum  theoretical  value,  if  this  can  be  computed.  If 
the  actual  value  is  .i thin  a  aemibel  (i. e.  within  a  factor  of 
three)  of  the  theoretical  value,  then  it  is  extremely  unlikely 
that  any  improvement  in  the  details  of  the  operation  will 
result  in  significant  improvement.  In  tue  usual  case,  ho. .ever, 
there  is  a  wide  gap  between  the  actual  and  theoretical  results. 
In  these  cases  a  hint  as  to  the  possible  means  of  improvement 
can  usually  be  obtained  by  *  crude  sorting  of  the  operational 
data  to  see  whether  changes  I r  personnel,  .equipment,  or  tactics 
produce  a  significant  change  in  the  constants.  In  many  cases 
a  theoretical  study  of  the  o >timum  values  of  the  constants 
will  indicate  possibilities  of  ^''rwiiiput. 

The  present  chapter  will  give  a  fev;  examples  of  the  sort  . 
of  constants  which  can  be  looked  for  and  the  sort  of  conclusions 
which  nay  be  drawn  fro.,  their  study. 


7 .  Sweep  Rates 

An  important  function  for  some  naval  forces,  psrticu  ulyl 
for  some  n-vr 1  aircraft,  is  that  of  scouting  or  patrol,  that 
is,  search  for  the  enemy.  In  submarine  v.T.iusro  search  is 
particularly  important.  The  submarine  must  find  the  enemy 
shipping  before  it  can  fire  its  torpedoes,  and  tne  anti-sub¬ 
marine  craft  must  find  the  enemy  submarine  in  ord^r  to  attack 
it  or  to  route  its  convoys  evasively. 


Patrol  or  search  is  an  operation  which  is  peculiarly 
amenable  to  operations  research.  The  action  is  simple  and 
repeated  often  enough  under  conditions  sufficiently  similar 
to  enable  satisfactory  uata  to  be  ec cumulates,  from  these 
data  nea sure s  of  effectiveness  can  be  co.Mputec:  p  riouicaily 
from  which  a  great  deal  cat  oe  deduced ,  By  conpsri ng  the 
one  rational  values  of  th?  constants  i.itn  the  theoretically 
optimum  values,  one  can  obtain  on  overall  picture  3b  to  tin 
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and 


Calculation  of  Constants,  In  the  simplest  case  a  number 
of  search  units  (e.g. ,  aircraft  or  submarine)  are  sent  into  a 
certain  area  A  of  the  ocean  to  search  for  enemy  craft.  A 
total  of  T  units  of  time  (hours  or  days)  is  spent  by  one 
or  another  of  the  search  craft  in  the  area,  and  a  number  of 
contacts  C  with  an  enemy  unit  are  reported.  It  is  obvious 
that  the  tot^l  number  of  contacts  obtained  in  a  month  is  not 
a  significant  measure  of  the  effectiveness  of  the  searching 
craft  because  this  figure  dementis  on  the  iengtn  of  time  spent 
in  searching.  A  more  useful  constant  would  be  the  average 
number  of  contacts  made  in  the  area  per  unit  of  time  spent  in 
searching.  (C  divided  by  T) , 

The  number  of  contacts  per  unit  of  searching  time  is  a 
simple  measure  which  is  useful  for  some  purposes  and  not  use¬ 
ful  for  others.  As  long  as  the  scene  of  the  search  remains 
the  same,  the  quantity  (C/T)  uepends  on  the  efficiency  of 
the  individual  searching  craft  and  also  on  the  number  M  of 
enemy  craft  which  are  in  the  area  on  the  average.  Consequently 
any  sudden  change  in  this  quantity  would  indicate  a  change  in 
enemy  concealment  tactics  or  else  a  change  in  the  number  of 
enemy  craft  present.  Since  this  quantity  depends  so  strongly 
on  the  enemy's  actions,  it  is  not  a  satisfactory  one  to  co.  pare 
against  theoretically  o  >timum  values  in  oruer  to  see  whether 
the  searching  effort  can  be  appreciably  improved  or  not.  Hor 
is  it  an  expedient  quantity  to  use  in  comparing  the  search 
efforts  in  two  different  areas. 


A  large  area  is  more  difficult  to  search  over  than  a  small 
one  since  it  takes  more  time  to  cover  the  larger  area  with  tte 
same  density  of  search.  Consequently  the  number  of  contacts 
per  unit  searching  time  should  be  multiplied  by  the  area 
searched  over  in  oruer  to  compensate  for  whis  area  effect, 
and-  s  j  that  tne  searching  effort  in  two  different  areas  can 
be  co  tea  red  rr<  »  more  or  less  equal  basis. 


Operational  Ssjasn  Ba-ta.  One  furtner  particularly  :rcfi  table 
tep  can  be  take^i,  if  other  sources  of  intelligence  allow  one 
to  estimate  (to  within  a  factor  of  three) the  average  number 
of  enemy  craft  in  the  area  while  the  search  was  going  on. 


The  quantity  which  can  the;  bo  computed  is  the  number  cf 

conP'ut; _ oijmit  .  *nrflh  time,  loiuti  alien.,  ny  the  area  searched 
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miles  per  hour,  it  is  usually  nailed  t/jf  effective,  or  opera¬ 
tional,  o V;  op  fate. 

°°  °  ’  0  “  C  I  loo  "  -  ^  ^  ^  -  J 

Operational  Sweep  Kate:  Q0}y“  (CA/KT) 

^  hour (or  day) 

C  -  No.  Contacts;  A*  Area  searcxied  over  in  (  \/) 

so.  miles; 

T  =  Total  searching  time  in  hours  (or  nays); 

K  *  Probable  No.  Fneiay  Craft  in  Area. 

This  quantity  is  a  measure  of  the  ability  of  a  single  search 
craft  to  find  a  single  enemy  unit  unuer  actual  operatVnal 
conditions.  It  equals  the  effective  area  of  oc  ,-an  swept  over 
by  a  single  search  craft  in  an  hour  (or  day) , 


Sy/pe,T?  Rate «  Sweets  rates  can  be  compared 
from  area  to  'area  and  from  tine  to  ti^e,  since  the  effects  of 
different  sizes  of  areas,  and  of  different  numbers  of  enemy 
craft  are  already  balanced  out*  Sweep  rates  can  also  be 
compared  with  the  theoretical  optimum  for  the  craft  in  question, 
.m  the  volume  "Theory  of  Search  and  Screening"  it  is  shown  t*»at 
the sreep  rate  is  equa1  to  twice  th  "effective  lateral  range 
of  detection"  of  the  search  craft  equipment,  multiplied  b” 
the  sp^ed  of  the  search  c-aft.  '  - 

Theoretical  Sweep  i>te  Qth=  fifv  tlklSS. 

hour  (or  nay) 

(3.1  ) 

R  -  Fffective  Lateral  Range  of  Dection  11. 
miles; 

V  =  Average  Speed  of  search  craft  in  miles 
per  hour  (or  day) . 

A  comparison  of  this  sweep  rate  with  the  operational  value 
will  provide  us  with  the  criterion  for  excellence  which  we 
need. 

The  ratio  between  QO0  and  Qtjg  is  a  factor  which  depends 
both  on  the  effectiveness  of  our  sine  in  using  the  search 
equip- ent  available,  and  the  effectiveness  of  the  enemy  in 
evading  detection.  For  instance,  ii  the  search  craft  is  a 
plane  equipped  with  radar,  and  if  the  radar  is  in  poor  opera¬ 
tional  condition  on  the  average,  this  ratio  will  be  corres¬ 
pondingly  diminished.  Similar!/  if  the  enemy  croft  is  a  sub¬ 
marine,  then  a  reduction  of  fci  2  average  tine  spent  on  the  sur¬ 
face  would  reduce  the  ratio  for  search  planes  using  raaer  or 
visual  sighting.-  Tir'h  vq  tiQod%S  so  f.^ulc^fpo  reduced  if  othoo area 
were  covered  by,  the-:  seegr Citing  Iff g ft, c in 3 gr  n£n~ujiil^>rs\, gnnjmpr , 
and  if  the  enemy  tnk-'fh  “W.&ec  ba 0 ctaagfe&a  t&  in, otb&sk 8y  ejgions 
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reprps|nt?i  tie  tcftaii  nitmber  c&h  verified  ¥i  lutings  of  *  surfaced 
subm  Irfd 'liT  eaKfe  a\!u  #duAng  Waonth  \.n question.  From 

these  ante  the  value  of  the  operational  svrmo  3  a  te,  Qon  can 
be  computed  and  is  expressed  also  on  a  h-  ini  ;  x.  scale.  1  From 
these  i  igures  a  number  of  in ter e;  .ing  conclusions  can  be  urawn, 
and  a  number  of  useful  suggestion  ‘  o an  oe  •/  •  ds  for  the  improv¬ 
ing  of  the  operational  results. 

v’e  first  compare  the  operational  sweep  3  ate  v;ith  the 
theoretically  o  >tlmun  rate.  The  usual  anti-si  bmarine  oatrol 
nlane  flies  at  a  speed  of  about  .150  knots.  The  average  range 
°-  visibility  of  a  surfaced  U-boat  in  flysij  e  w -atner  is 
about  10  miles.  Therefore*  if  the  submarines  were  on  the  sur¬ 
face*  all  of  the  tine  during  which  the  vianis  were  searching, 
we  should  expect  the  th  retical  se-rchrete  to  be  3,000 
square  miles  oer  hour,  according  to  Fquwtion  (3.2).  On  the 
hen i be  scale  this  is  a  value  of  7.  If  the  submarines  on 
the . average  spent  a  certain  fraction  oi  the  time  submerged, 
then  Cth  would  be  proportionally  dimini; heu.  We  see  that 
tne  average  value  of  the  sweep  rate  in  legions  B  and  C  is 
about  one  tonth  (two  lienixbels)  snaller  Uian  th.6  n^xiinuiu 
thoeretical  value  of  3,000. 

Part  of  this  discrepancy  is  undoubtedly  due  to  the  sub¬ 
mergence  tactics  of  toe  submarines*  In  la c t  the  sudden  rise 
in  th r*  sweep  rate  in  r»cion  13  fro::  April  to  May  was  later 
discovered  to  be  almost  entirexy  due  to  is  change  in  tactics 
on  the  part  of  the  submarines.  During  the  latter  month  the 
submarines  carried  on  an  all-out  attack,  coning  closei"  to 
shore  than  before  or  since,  and  staying  longer  on  the  sur¬ 
face,  in  order  to  sight  more  shipping.  This  bolder  policy 
exposed  the  submarines  to  too  many  attacks,  so  they  returned 
to  more  cautious  tactics  in  June.  The  episode  serves  to  in¬ 
dicate  that  at  least  one  half  of  toe  two  honibel  discrepancy 
between  operational  and  theoretically  maximum  sweep  rates 
is  probably  due  to  the  submergence  tactics  of  the  submarine. 

Tb e  other  factor  of  three  is  partially  attributable  to  a 
deficiency  in  operational  training  and  practice  in  anti¬ 
submarine  lookout  keeping.  Anti-submarine  patrol  is  a 
monotonous  duty.  The  average  plane  can  fly"  for  hundreds  of 
hours  (representing  an  elapsed  time  of  six  months  or  more) 
before  a  sighting  is  made.  Fxperier.ce  has  shown  that  unless 
special  competitive  practice  exercises  are  used  continously, 
performance  of  such  tasks  can  easily  fall  below  one  third 
of  their  maximum  effeetivejiess.  Data  in  similar  circumstances, 
neijii^rtedg  l^er  sLii5*t^j*s  jz° diversion  of  ten 

■>er?  c§r.tc?)f c  thb°°o  ^effort?  intoS0qg.:?ei3plly  planned 
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We  have  thus  partially  explained  the  discrepancy  between 
the  operational  sweep  rate  in  regions  B  and  C  anu  the  theoret¬ 
ically  optimum  sweep  rate;  we  have  seen  the  reason  for  tue 
sudden  increase  for  one  month  in  region  B.  We  must  now 
investigate  the  result  of- region  A  which  displays  p  consistently 
low  score  in  spite  of  (or  perhaps  b««nu **«  of)  the  large  number 
of  anti-submarine  flying  hours  in  the  region.  Search  in 
region  A  is  consistently  one  henibel  worse  (a  factor  of  three) 
than  in  the  other  two  regions.  Study  of  the  u ©tails  of  the 
attacks  indicates  that  the  submarines  were  not  more  wary  in 
this  region;  the  factor  of  taree  could  thus  not  le  explained 
by  assuming  that  the  oubnarines  spent  one-thira  rs  much  time 
on  the  surface  in  region  A.  Kor  could  training  entirely 
account  for  the  difference.  A  number  of  new  sonrurons  were 
"broken  in"  in  region  A,  but  even  the  acre  experienced  squadrons 
turned  in  the  lower  average. 


Distribution  of  Flying  P.iTort.  .  In  this  case  the  actual 
track  plans  of  the'  anti-submarine  patrols  in  region  A  were  stun¬ 
ted  in  oruer  to  see  whether  the  oatrol  oerv*ft  is  cm  centra  tea 
the  flying  effort  in  regions  where  the  submarines  were  not  likely 
to  be.  This  indeed  proved  to  be  the  case,  for  it  was  found 
that  n  disproportionately  large  fraction  03.  the  tot-1  anti¬ 
submarine  flying  in  region  A  was  too  '’lose  to  shore  to  have  a 
very  large  chance  of  finding  a  submarine  on  the  surface.  The 
data  for  the  month  of  April  (and  also  for  other  months)  was 
broken  down  according  to  the  amount  of  patrol  tine  spent  a 
given  distance  off  shore.  The  results  for  trie  one  month  are 
given  in  Table  (3.5).  In  this  analysis  it  was  not  necessary 
to  compute  the  sweep  rate  but  only  to  compare  the  number  of 
contacts  per  thousand  hours  flown  in  various  strips  at  diff¬ 
erent  distances  from  the  shore.  This  simplification  is 
possible  since,  different  strips  of  the  same  region  are  being 
compared  for  the  same  periods  of  time;  consequently  the  areas 
are  equal  and  the  average  distribution  of  submarines  is  the 
same.  The  simplification  is  desirable  since  it  is  not 
even  aonroxinately,  where  the  seven  submarines,  which  were 
present  in  the  region  in  that  month,  were  distributed  among 
the  off  shore  zones. 


known. 


A  Comparison  of  the  different  values  of  contacts  per  1000 
hours  flown  for  the  different  offshore  bands  immediately 
explains  the  ineffectiveness  of  the  searen  effort  in  region  A 
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Due  perhaps  to  the  large  an  ours  t  oj.  flying  in  the  inner  zone, 
the  submarines  did  not  come  this  close  to  shore  very  often 
and,  when  they  cane,  kept  veil  su -Merged,  In  the  outer 
zones,  however,  they  appeared  to  have  boon  as  unwary  as  in 
region  B  in  the  month  of  hay,  * 


Sightings  of  Submarines,  by  Anti-Submarine  Planes, 

Off  shore_E.ff.ee  t 


Distance  from  Shore 
Flying  time  in  sub 
region  (in  thousands  T  15.50 
of  hours) , 

Contacts  made  in  sub 
region  C  21 

Contacts  per  1000  ,C 


0  to  60  60  to  120  120  to  ISO  180  to  240 


5.70 


C.6G 


0,17 


hours  flown 
Contacts  per  1000  brs 
flown,  in  henibels 


1.3 


11 

3 

3. 


5 

8 

2 


2  0 

12 
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If  a  redistribution  of  flying  effort  would  not  have  changed 
submarine  tactics,  then  a  shift  of  two  thousand  hours  of 
flying  nor  month  from  the  inner  zone  to  the  outer  (which  would 
have  made  practic*0 ly  no  change  in  the  density  of  flying  in 
the  inner  zone  but  which  would  have  increased  the  density  of 
flying  in  the  outer  zone  by  a  factor  of  thirteen)  would  have 
approximately  doubled  the  number  r£  contacts  made  in  the 
whole  region  during  that  nontji.  Actually,  of  course,  when 
a  more  uniform  distribution  of  flying  effort  was  inaugurated 
in  this  region,  the  submarines  in  the  outer  zones  soon  became 
more  wary  and  the  number  of  contacts  p-r  thousand  hours  flown 


in  the  outer  region 


soon  dropped  to  about  four  or  five*  This 
still  represented  a  factor  of  three,  over  the  in-shore  frying 
yield,  however.  We  therefore  can  conclude  that  the  discrep¬ 
ancy  of  one  hetnibel  in  sweep  rate  between  region  A  anu  regions 
'B  and  C  is  primarily  due  to  a  maldistribution  r>f  patrol  flying 
n  region  A,  the  great  preponderance  of  flying  in  that  region 
being  in  localities  where  the  submarines  wore  not,  When 
these  facts  y;-?re  pointed  out,  a  certain  amount  of  red siri - 
butioa  of  flying_  was  made  (within  the  limitations  imposed 
cter*:*  ***.  !  tj  Qf*.iuprov  nent  was 

so  a®  7'j  ^  ",  :  !  :  l  l  l  mique 

f  *c*t  **Tt*Ys****gc*od**il.fa*stj::*-.V;lon  often  en counts 

ore'd  in  operations  research.  The  planning  officials,  aid  not 
have  the  tine  to  make  the  detailed  analysis  necessary  for  tne 
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out.  and  they  did  not  have  at  hand  the  data  go  snow  t&5v  oni.s 
was"  entirely"  Giue  to  the  fact  that  nearly  nil  the  flying  was 
close  to  shore »  The  data  on  contacts,  which  is  more  conspic¬ 
uous,  night  have  actually  persuaded  the  operations  officer 
to  increase  still  further  the  proportion  of  flying  close  to 
shore.  Only  3  detailed  analysis  of  the  amount  of  flying  tine 
in  each  zone,  resulting  in  0  tabulation  of  the  sort  given  in 
Tabl^  (3.5)  was  able  to  give  the  officer  a  true  picture  of 
the  situation,  then  this  had  been  done,  it  was  possible  for 
the  officer  to  balance  the  di scernible  gains  to 
by  increasing  the  offshore  flying  against  other  . 
detriments.  In  this  case,  as  with  most  others  encountered 
in  this  field,  other  factors  enter;  trie  usefulness  of  the 
patrol  planes  could  not  bo  measured  solely  by  tneir  collection 
of  contacts,  and  the  other  factors  favored  in-shore  flying. 

A^subaar-iiie. j&xing. An  exampl c-  o f 
the  use  of  sw  -ep  rate  for  following  tactical  changes  in  a 
phase  of  warfare  will  be  taken  from  the  RAF  Coastal  Command 
struggle  against  German  U— boats  in  tne  Bay  01  Biscay.  Alter 
the  Germans  had  captured  Fr1 nee,  the  Bay  of  Biscay  ports  were 
the  principal  operational  bases  for  U-boats.  ^ Nearly  all  cf 
the  German  Submarines  op  -.  rating  in  the  Atlantic  went  out  and 
came  back  through  the  Bay  of  Biscay.  About  the  beginning  of 
1942  when  the  RAF  began  to  have  enough  long-range  planes,  a 
number  of  then  were  assigned  to  anti-submarine  duty  in  the 
Bay  tn  h-Tass  these  transit  U-boats.  Since  the  submarines 
had  to  be  discovered  before  they  could  be  attacked, 
and  since  these  planes  were  out  only  to  attack,  submarines, 
a  measure  of  the’ success  of  th  campaign  was  the  number  of 
U-boat  sightings  made  by  the  aircraft. 


The  relevant  data  for  this  part  of  the  operation  are  shown 
in  Figure  14  for  the  years  1942  and  1943.  The  number  of  hours 
of  anti-submarine  :a trcl  flying  in  the  Bay  per  month,  the 
number  of  sightings  of  U-boats  resulting,  and  the  estimated 
aver- ge  number  of  U-boats  in  the  Bay  arer  during  the  month, 
are  -clotted  in  the  upper  part  of  the  figure.  From  these  values 
mu  from  the  area  of' the  Bay  searched  over  (130,000  square 
Tiles)  one  can  compute  the  values  of  the  oper- tlonal  sweep 
rate  which  are  shown  in  the  lower  half  of  the  figure. 


The  graph  for  Q0y  indicates  that  two  complete  cycles  of 
e<?-r+f  TArff*  or* cured  'durinn  the  two  years  shorn.  The  first 
half  of  .194 2  ?nd»*®fceC  it.sSV  &Xn<iX  'TUTWV  9*ee&tV**sp*f 
the  order  of  300*  s  r5.  •mil  2  s  pJs r 2  ,» * nil ® 2  Vo  1  it? s2ii?h' *  . 
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favorably  ith  Iwefei  rates  'iT:;eu»%n  «re«ion2  U.sncJ  Q 
in  Tabl e  (3.4) •  The  jfacVor**#?  *10*  diSTSVentr?  •t>etv»«e»*fch«6*f  values 
and  the  theoretically  maximum  value  of  3,000  square  miles  p  r 
hour  can  be  explained,  as  before,  partly  by  the  known  discrep¬ 
ancy  between  lookout  practice  in  actual  operation  and  theoret¬ 
ically  optimum  lookout  effectiveness,  and  mainly  by  submarine 
evasive  tactics.  It  v/ns  known  at  the  beginning  of  1940.  that 
the  submarines  came  to  the  surface  for  the  nose  part  at  night 
and  stayed  submerged  during  a  good  part  of  the  day.  Since 
most  of  the  anti-submarine  patrols  were  during  daylight,  these 


tactics  could  account  for  a  possible  factor  of  5,  leaving  a 
factor  of  2  to  be  accounted  (perhaps)  by  lookout  fatigue,  etc. 


During  the  early  part  of  1942,  the  air  cover  over  the  Bay 
of  Biscay  increased,  and  the  transit  submarines  began  to 
experience  a  serious  number  of  attacks.  In  the  spring  a  few 
squadrons  of  radar  planes  were  equipped  for  night  flying;  with 
search  lights  to  enable  them  to  make  attacks  at  night  on  the 
submarines.  When  these  went  into  operation,  the  effective 
search  rate  for  all  types  of  planes  increased  at  first.  The 
night  flying  planes  caught  a  large  number  of  submarines  on 
the  surface  at  night.  These  night  attacks  caused  the  sub¬ 
marines  to  submerge  more  at  night  and  surface  more  in  the  day-¬ 
time;  therefore,  the  day  flying  planes  also  found  more  sub¬ 
marines  on  the  surface. 


Hie  consequent  additional  hazard  to  the  U-boats  forced 
a  countermeasure  from  the  Germans;  for  even  thouga  the  night 
flying  was  a  small  percentage  of  the  total  air  effort  in  the 
Bay,  the  effects  of  night  attack  on  morale  were  quite  serious. 
The  Germans  started  equipping  their  submarines  witu  radar 
receive' s  capable  of  hearing  the  L-uanu  radar  set 'carried  in 
the  Bri  tish  planes.  When  these  sets  were  operating  properly, 
they  would  give  the  submarine  adequate  warning  of  the  approach 
of  a  radar  plane  so  that  it  could  submerge  before  the  plane 
could  make  a  sighting  or  attack.  Despite  difficulties  in 
getting  the  sets  to  work  effectively,*  they  became  more  and 
more  successful,  and  the  operational  sw^ep  rate  for  the  British 
planes  dropped  abruptly  in  the  late  suj;er  of  1942,  reaching 
a  value  about  one-fifth  of  that  previously  attained. 


When  this  low  value  of 'sweep  rate  continued  for  several 
months,  it  was  obviously  necessary  for  the  British  to  intro¬ 
duce  a  n©w  measure.  This  was  done  by  fitting  the1  anti-sub¬ 
marine  aircraft  with  S-bar.d  radar  which  coulu  not  bo  detected 
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•  The  obvious  German  counterm  a sure  was  to  equip  the  sub¬ 
marines  with  S-bnnd  receivers.  This,  however,  involved  a 
great  nnny  design  and  manufacturing  difficulties,  and  these 
receivers  were  not  to.  be  available  until  the  fall  of  1943. 

In  the  interim  the  Germans  sharply  reduced  the  number  of 
submarines  sent  out,  and  instructed  those  which  uid  go  out  to 
stay  submerged  as  much  as  possible  in  the  Bay  region.  This 
reduced  the  operational  sweep  rate  for  the  RAF  planes  to  some 
extent,  and  by  the  time  the  U-boats  had  been  equipped  with 
S-band  receivers  in  the  fall,  the  sweep  rate  reached  Mie 
sane  low  values  it  had  readied  in  the  previous  fall.  The 
later  cycle,  which  occurred  in  19445  involved  other  factors 
which  we  will  not  have  tine  to  discuss  here. 


This  last  example  shows  how  it  is  sometimes  possible  to 
watch  the  overall  course  of  a  part  of  warfare  by  watching  the 
fluctuations  of  a  measure  of  effectiveness.  One  can  at  the 
same  tin'-  see  the  actual  benefits  accruing  from  a  new  measure 
and  also  see  how  effective  are  the  countermeasures.  By  keep¬ 
ing  a  month- to -non th  chart  of  the  quantity,  one  c-°n  time  the 
introduction  of  new  measures  and  also  can  assess  the  danger 
of  an  enemy  measure.  /■  number  of  other  examples  of  t-iis  sort 
will  be  given  later  ir  this  chapter. 

8.  Pxchango  Rates 


A  useful  measure  of  effectiveness  for  all  forms  of  warfare 
is  the  exchange  rate,  the  ratio  between  enemy  loss  anu  your 
own  loss.  Knowledge  of  its  value  enables  one  to  estimate  the 
cost  of  any  given  operation  and  to  balance  this  cost  against 
other  benefits  accruing  from  the  operation.  Here  again  a  great 
deal  of  insight  can  be  obtained  into  the  tactical  trends  by 
comparing  exchange  rates;  in  particular  by  uetenaining  how* 
the  rate  depends  on  the  relative  strength  of  the  forces  involved. 


Then  the  engagement  is  between  similar  units  as  in  a  battle 
between  tanks  or  between  fighter  planes,  the  units  of  strength 
on  each  side  are  the  sane  and  the  problem  is  fairly  straight¬ 
forward.  Data  are  needed  on  a  large  number  of  engagements 
involving  a  range  of  si*es  of  forces  involved.  Data  on  the 
•  qtrcmg  ox*  Gfte  •^ppfcsed;#|r  ce#  aij  ji  :•  cegxmung  oi  each 
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Suppose  m  and  n  are  the  number  of  your  own  and  oner.iy 
units  involved,  and  suppose  k  and  1  to  be  tue  respective 
losses  in  the  single  engagements.  In  general  k  and  1  will 
depend  on  m  and  n  and  the  nature  of  the  depenuence  is 
determined  by  the  tactics  involved  in  the  engagement.  For 
instance  if  the  engagement  consists  of  a  sequence  of  individual 
combats  between  single  opposed  units,  then  both  k  anti  1  are 
proportional  to  either  n  or  n  (whichever  is  smaller)  and 
the  exchange  rate  (l/k)  is  independent  of  the  size  of  the 
opposing  forces.  On  the  other  harm  if  each  unii  on  ono  side 
gets  about  an  equal  chance  to  shoot  at  each  unit  on  the  other 
side,  then  the  losses  on  one  side  will  be  proportional  to  the 
number  of  opposing  units  (that  is,  k  will  be  proportional 
to  n,  and  1  will  be  proportional  to  m) .  These  matters  will 
be  discussed  in  further  detail  and  from  a  somewhat  different 
point  of  view  in  the  next  chapter. 


Air-to-air  Combat.  The  engagements  between  American  and 
Japanese  fighter' aircraft  in  the  Pacific  in  1943-44  seem'  to  have 
corresponded  more  closely  to  the  individual  cornua  t  type  of 
engagements.  The  data  which  have  been  analyzed  indicate  that 
the  exchange  r-te  for  the  U.S.  si-.e,  (l/k)  was  approximately 
independent  of  the  size  of  the  forces  in  the  engagement.  The 
oercentage  of  Japanese  fighters  lost  er  engagement  seems  to 
have  been  independent  of  the  numbers  involved  (ie.,  k  v?as 
oroo artional  to  n) ;  whereas  the  percentage  of  U.S.  fighters 
lost  oer  engagement  seemed  to  increase  with  an  increase  of 
Japanese  fighters  and  decrease  with  an  increase  of  U.S. 
fighters  (ie.,  1  was  also  proportional  to  n) . 

The  exchange  rate  for  U.S.  fighters  in  the  Pacific  during 
the  yr^ars  1943  and  1944  remained  at  the  surprisingly  high 
value  of  approximately  ten.  This  circumstance  contributed  to 
a  very  high  degree  to  the  success  of  the  U.S.  Navy  in  tne 
Pacific.  It  was,  therefore,  of  importance  to  analyze  as  far 
as  possible  the  reasons  f  r  this  higrx  exchange  rate  in  order 
to  see  the  import'' nee  of  the  various  contributing  i actors, 
such  as  training  ana  combat  experience,  the  effect  of  the 
characteristics  of  planes,  etc'.  The  problem  _s  naturally  very 
complex,  and  it  is  nossible  mere  only  to  give  on  indication  of 
the* relative  importance  of  the  contributing  factors. 

••  •  •  ••••  •  •  •••  •••  •••  •  •••  ••••  ••• 

•  •  •  •  •  •  •  •••  •  •  •  •  ••  •• 

••••••  •  •  •  ••  ••  •  •••  •  •••  •  • 

••••••  *  •••  «  •  •  ••  •• 

•  •  •  •  •••  •  ••  •••  •••  •••  •••  ••••  ••• 


101 


...  .... ... .... ...  •••,  .•*.  :  ,M. !  j  | 

j  :  ~ ?'y  •£ 0,1  -V. . hlz tfcf . im s  been  the 

longer •  jsfaltting  much  the  U.  S.  pilots  underwent  compared 
(,o  tiie  Japanese  pilots,  A  thoroughgoing  study  of  the 
results  of  training  and  of  the  proper  balance  between 
p?  -unary  framing  and  operational  practice  training  has 

'°%e2}  made ,  so  that  a  quantitative  appraisal  of  the 
©ifect-s  of  training  is  as  yet  impossible.  Later  in  this 
cnaptar  we  shall  give  an  example  which  indicates  that  it 
sometimes  is  worthwhile  even  to  withdraw  aircraft  from 
operations  for  a  short  time  in  order  to  give  them  in¬ 
creased  training,  There  is  considerable  need  for  further 
operational  research  in  such  problems.  It  is  suspected 
‘■na?t;  ;~n  general ,  the  total  effectiveness  of  many"  forces 
wouia  o©  Increased  if  somewhat  more  time  were  given 
to  refresher  training  in  the  field  and  slightly  less 
to  operations. 

.  ,  rhf  combat  experience  of  the  pilot  involved 

has  also  nact  its  part  In  the  high  exchange  rate.  The 
RAP  Fighter  Command  Operations  Research  Group  has 
studied  the  chance  of  a  pilot  being  shot  down  as  a 
£.u , c  ’  ?n  *ke  number  of  combats  the  pilot  has  been  in, 
inis  chance  decreases  by  about  a  factor  of  three  from 
».;o  the  s:t:cth  combats  A  study  made  fey  the 
Operations  Research  Group,  U.-  s.  Army  Air  Forces,  indi- 
csjOs  thac  tne  chance  of  shooting  down  the  eneiay  when 
nee  in  a -combat  increases  by  fifty  percent  or  more 
Vi/i'ii  increasing  experience, 

^  ^  ihe  exchange .rate  will  also  depend  on  the  types 

oi  planes  entering  the  engagement .  An  analysis  of 
bn  Gish-German  engagements  indicates  that  Spitfire  9 
£} ®s  an  exchange  rate  about  twice  that  of  Spitfire  *». 
the  unrerence  is  probably  mostly  due  to  the  difference 
in  speed,  about  40  knots.  There  are  indications  that 
aie  exchange  rate  for  FdF-5  is  considerably  larger 
aian  tmv  for  the  F6F-3.  Since  tha  factors  of  train-* 

■lng«  experience,  and  plans  type  all  appear  to  have  'been 
au  tne  xavor  of  the  U.  S. ,  it  is  not  surprising  that 
ijii  exchange  rats  sumed  out  to  be  as  large  as  ten. 
Nevertheless,  it  would  be  of  interest  to  carry  out" 
further  analysis  to  determine  which  of  these  factors 
is  the  most  important. 
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Convoys  ftst  *Sul>mar  ilies , 
oetween  nn-  ts  of  different  r,o 
more  complicated.  For  one  thing,  a  complete  balance 
of  gain  and  loss  can  only  be  obtained  when  it  5  s  possible 
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to  compare  the  value  of  one  unit  with  one  of  a  diff* 
type.  The  question  of  t'-e  relative  values  of  differ¬ 
ent  units  in  an  engagement  win  be  taken  up  later  in 
this  chapter.  In  some  cases  of  mixed  engagements,  how¬ 
ever,  it  is  possible  to  gain  a  considerable  insight 
into  the  dynamics  of  the  warfare  without  .having  to  go 
into  the  vexing  question  of  comparative  values. 


An  interesting  example  of  a  mixed  engagement  is 
the  attack  on  convoys  by  submarines.  Here  an  additional 
factor  enters  the  picture,  the  number  of  escort  vessels. 
Therefore  there  are  three  forces  entering  each  engage¬ 
ment,  the  number  of  merchant  vessels  in  the  convoy, 
n,  the  number  of  escort  vessels,  c ,  and  the  number  of 
TJ-boats  In  the  attacking  pack,  n«  The  two  losses 
during  the  engagement  x?hich  are  of  interest  here  are 
k,  the  number  of  merchant  vessels  sunk  per  pack  attack, 
and  1,  of  interest  here  is  (1/k),  the  number  of  sub¬ 
marines  sunk  per  merchant  vessel  sunk. 


As  an  example  we  will  consider  the  data  on  the 
attacks  on  North  Atla?itic  convoys  during  the  years 
1~'41  and  1942 <>  The  time  io  chosen  after  the  Germans 
had  introduced  their  wolf -pack  tactics,  and  before 
the  introduction  of  the  escort  carriers,  so  that  the 
period  was  one  comparative  stability.  The  first, 
and  perhaps  the  most  important  aspect  of  the  data,  .is 
that  the  number  of  merchant  vessels  sun"*  per  pack 
attack  turned  out  to  be  independent  of  the  number  of 
merchant  vessels  1  n  convoy.  This  is  shown  in  the 

table  on  the  following  page® 
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m  “  No »  r’/V  in  Convoy,  c  -  No.  Escorts \  n  =  No*  U/B  in  Pack 
v  s  H/V  sunk  per  engagement  5  1  *  U/B  sunk  per  engagonent 


Independence-  of  TVV  gunk  on  C  -rvov  Size 


Range 

n 

17-24 

27-34 

37-44 

47-74 

T?ean 

.20 

30 

39 

48  (3«6) 

‘lo,  Engagements 

8 

11 

13 

7 

k,  "ean 

7 

6 

6 

7 

c,  Uean 

7 

7 

6 

7 

n,  '"lean 

? 

5 

6 

7 

Here  the  data  are  sorted  out  according  to  size  of  convoy, 
a°d  spreads  over  a  range  of  nearly  one  hemibel.  Never¬ 
theless ''the  neon  value  of  k  for  each  value  of  m  is  inde¬ 
pendent  of  m  within  the  acc-racy  of  the  data*  The  mean 
values  of  c  and  n  are  also  given  for  the  deta  chosen,  to' 
show  that  their  ave  ages  are  fairly  constant,  and  there¬ 
fore  that  the  results  are  not  due  to  a  counter -balancing 
trend  in  these  quantities.  As  far  as  the  data  show,  no 
more  vessels  are  sunk  on  the  average  from  a  large  convoy 
than  are  sunk  from  a  small  convoy  when  attacked.  In 
other  words,  the  percentage  of  vessels  sunk  from  a  large 
convoy  is  small er~than"tEe  percentage  of  vessels  sunk 
from  a  small  convoy.  This  is  the  fundamental  fact  which 
ma>es  convoying  profitable. 

The  number  of  merchant  vessels  sunk  per  engage¬ 
ment  does  donend  uoon  the  number  of  escort  vessels  and  on 
the  number  of  U-boats  in  the  rae1*,  however.  The  depend¬ 
ence  of  on  E-boat  pack  size  is  shown  in  the  following 
table. 
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Dependence  of  TF/V  Surf-  on  TT/B  Pacj^  Size  _ 


Range 

n 

T,!ean 

1 

1 

2~5 

3.6 

6-9 

7 

io-i5 

14 

Ave- ages 
(weighted ) 

• 

Number  of 

engagements 

29 

12 

22 

5 

P8  total 

(3.71 

k,  mean 

0.9 

3 

4 

6 

- 

e.  mean 

6 

7 

<7 

8 

6.7 

( Wn) 

5.4 

5.8 

4„0 

3.4 

5.1 

Here  the  data  are  sorted  out  according  to1  m  over  a  range 
of  more  than  two  hemibels.  ■'■’he  quantity  k  Itself 
changes  by  a  .factor  of  two  hemibels  over  th*s  range, 
but  the  quantity  (k/n)  stays  constant  within  the  accur¬ 
acy  of  the  data. 

The  dependence  of  the  quantity  ic  on  the  number  of 
escort  vessels  in  the  convoy  is  shown  in  the  peact  table . 


Dependence  of  TT/V  Sunk  on  No.  Escort 


Range 

1-3 

4-6 

7-9 

10-12 

13-15 

Averages 

c 

Tfea  n 

2 

5 

8 

11 

14 

(weighted ) 

No.  Engagements 

6 

42 

25 

13 

2 

88  total  ( 

k,  *Tean 

4.5 

3.4 

3.0 

1.1 

2.0 

3.8 

n,  Tiban 
(kc/n) 

3 

4 

4 

2 

10 

3.0 

4.2 

6.0 

6.0 

2.8 

4.9 

Here  the  data  are  sorted  out  according  to  c  .over  a  range 
of  nearly  two  hemibels.  Unfortunately  a  sorting 
according  to  c  has  also  meant  a  partial  sorting 
according  to  n.  so  that  the  value  of  k  fluctuates 
rather  widely.  It  is  perhaps  allowable  to  say  that  k 
is  inversely’  proportional  to  c,  although  this  inverse 
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Consequently  we  can  say  that,,  within  the  accuracy  which  \ee 
ai^e  considering  here,  and  over  the  intermediate  ran&e  of  values 
of  escort  size  and  U-boat  size,  the  number  of  merchant  vessels 
lost  )er  pack  attack  is  proportional  to  tne  number  of  U-boats 
in  the  pack  ana  is  roughly  inversely  oroeortional  to  the  number 
of  escorts. 


Resulting  Pschange  Rn tea .  A  similar  analysis  of  the  sub¬ 
marines  sunk  during  these  pack  attacks  shows  that  1,  the  number 
Ox  U-boats  sunk  per  attack, .is  proportional  to  the  number  of 
U-boats  in  the  pack,  n,  and  also  proportional  to  the  number 
of  escorts  protecting  the  convoy,  c.  To  the  approximation 
.  considered  here  ,  then,  the  two  quantities  turn  out  to  be 
dependent  on  the  forces  involved  in  the  manner  shown  in  Equation 
(3.9) •  The  corresponding  exchange  rate  is  also  given  in  this 
equation : 

k-5(n/c)|  /-(nc/100) 

(Mc)-(c2/500)  (3*9) 


As  pointed  out  before,  the  dependence  of  k  anti  1  on  n  and  c 
does  not  exte  d  to  the  limits  of  very  small  or  very  large  values. 

Nevertheless  the  equations  seen  to  be  reasonably  valid  in  the 
ranges  of  practical  interest. 

The  important  facts  to  be  deduced  from  this  set  of  equa¬ 
tions  seem  to  be  ;  (l)  the  number  of  ships  lost  per  attack  is 
independent  of  the  size  of  the  convoy,  anu  (2)  tire  exchange 
rate  seems  to  be  proportional  to  the  square  of  the  number  of 
escort  vessels  per  convoy.  This  squared  effect  comes  about 
due  to  the  feet  that  the  number  of  merchant  vessels  lost  is 
reduced,  and  at  the  same  time  the  number  of  U-Boats  lost  per 
attack  is  increased,  when  the  escorts  are  increased,  the 
effect  coning  in  twice  in  the  exchange  rate.  The  effect  of 
pack  size  cancels  out  in  the  exchange  rate.  From  any  point 
of  view,  therefore,  the  case  for  large  convoys  is  a  ier suasive 
one. 


When  the  figures  quoted  here  were  presented  to  the  appro 
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size  the  exchange  rate  (U/3  sunk)</(i/i/V  sux.iv)  v;ss  iucreasea 
to  a  point  where  it  became  unprofitable  for  'the  Germans  to 
attack  North  Atlantic  Convoys,  ana  the  U-Bonts  -  rent  else., -here. 
This  uefeat  in  the  North  Atlantic  contributed  to  the  turning 
ooint  in  the  ’’Battle  of  the  Atlantic”. 


9.  Comparative  Effectiveness. 


In  many  cases  of  import''hce  it  is  necessary  to  compare 
the  relative  effectiveness  of  two  different  weapons  or  tactics 
in  gaining  some  strategic  end.  It  is  possible  to  destroy 
enemy  shipping,  for  instance,  by  using  submarines  or  by  using 
aircraftj  it  is  possible  to  combat  enemy  submarines  oy  attack¬ 
ing  then  on  the  high  seas  or  while  tuey  are  in  harbor,  re¬ 
fueling!  it  is  possible  to  use  aircraft  in  attacking  enemy 
front  line  troops  or  in  destroying  munitions  factories.  Such 
comparisons  are  always  difficult.  It  is  often  haru  to  find 
a  common  unit  of  measure,  and  frequently  political  anu  other 
non-cuar.tit'  tive  aspects  must  enter  into  the  decision.  Never-, 
theloss  in  these  cases  it  is  important  arm  useful  that  the 
operations  research  worker  be  able  to  make  as  objective  a no 
quantitative  a  comparison  as  possible  in  order  to  insure  that, 
emotional  and  ersonal  arguments  uo  not  carry  the  decision 
by  default. 


In  such  cases  an  important  part  of  the  robieui  lies  in  the 
choice  of  an  equitable  and  usable  unit  of  comparison.  Care 
must  be  taken  lest  the  choice  of  some  units  prejudice  the 


results  by  omitting  important  aspects  of  the  problem.  In  fact* 
it  is  sometimes  almost  impossible  to  find  a  practicable  unit  • 
of  measure  which  does  not  prejudge  trie  problem  to  some  extent. 
It  is  therefore  important  for  the  operations  research  :orker 
to  estimate  ~s  objectively  as  possible  what  aspects  of  the 
problem  must  be  measured  and  What.  can  be  irglected  without  vit¬ 
iating  the  results.  Some  important  imponderables  must  be  left 
out  be’eause  they  c'v  n  t  be  expressed  in  quantitative  terms. 
These  omissions  must  be  recognized  so  that  tney  may  be  given 
their  proper  weight  in  the  final  decision.  For  instance,  the 
effect  of  bombing  or  of  area  gun-fire  on  morale  are  matters 
which  cnr.no t  be  adequately  expressed  in  numbers.  It  is  best, 
therefore,  when  discussing  tne  effects  of  bombing  or  area  fire 
to  confine  the  numbers  to  physical  results  and  to  point  out 
that  the  resulting  numbers’  do  not  induce  the  efiect  on  morale. 
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gny  Mfe t*Th&*^ion-qWnfitp<ivo  aspects  of  the  decision  would 
often  be  able  to  counterbalance  differences  0.1  factors  01 
two  or  less,  but  should  not  outweigh  or.aer  ox'  negnitua© 
differences. 


Effectiveness  of  Anti-shfo  weapons.  In  many  naval  problems 
it  is  important  to  be  aide  to-  assess  the  relative  importance 
of  ship  damage  to  ship  sinking .  In  such  cases  a  > r of i table 
measure  of  comparison  is  the  amount  of  time  a  dockyard  will 
take  to  make  up  s  loss.  A  damaged,  ship  requires  so  much  cock- 
yard  time  for  repair,  and  a  snip  sunk  requires  so  much  time 
to  build  a  repir  cement.  Until  this  time  is  mace  up,  the  ship 
•ill  not  ns  back  in  service,  and  no  amount  of  money  or  trained 
p  rsonnol  cm  provide  its-  equivalent  meanwhile.  A  comparison 
of  the  various'  methods  of  attacking  shipping  cm  therefore 
be  given  in  terms  of  the  number  of  ship-months  lost  by.  the 
enemy,  and  a  comparison  o.  different  defensive  methods  can  be 
given  in  terms  of  the  number  -  of  ship-months  gained  by  our 
sice. 

An  in teres tin  example  of  this  type  of  comparison  is  given 
by  a  study  of  the  Director  of  N"vnl  Operations  Research, 
Admiralty,  on  the  relative  importance  of  different  types  of 
orotectivo  armor  on  British  cruisots.  In  World  War  II  England 
had  3  number  of  her  cruisers  'uama0ea  or  lost  by  various  causes: 
shells  from  enemy  naval  vessels,  bo. ,bs,  mines,  end  torpedoes. 
Tire  purpose  of  the  study  was  to  assess  the  relative  importance 
of  tiie  damage  due  to  these  four  causes  and  ti.ereb,  to  show  what 
it  was  most  important  to  defend  against. 

In  this  study  of  effects  of  the  damage  were  measured  by 
giving  the  number  of  months  the  cruiser  was  out  of  service  for 
repars.  The  equivalent  value  of  a  cruiser  sunk  was  taken  to 
be  36  cruiser-months  since  it  takes  about  this  time  to  bulla  a 
nev;  cruiser.  In  addition  to  giving  an  indication  of  the  cost 
of  repairing  or  r  placing  the  casualties,  tne  cruiser-month 
loss  measure  refl  ets  tm.-  degree  to  which  tj  e  Ka  y  was  immobil¬ 
ized  as  3  result  of  the  attack. 


The  data  in  the  table  No.  3-10  show  a  number  of  interesting 
•oints.  In  the  first  ?l*co,  the  number  of  cruiser  casualties 
(sunk  and  damaged)  as  a  result  of  bombing  attacks  '  ore  more  than 
fifty  percent  of  all  casualties,  but  the  number  of  cruiser-  cr.th 
lost  oer  casualty  due  to  bombing  attack  was  loss  than  for  the 
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of  the  cruiser-nontos  lost  by  bombing,' "we’re  sunk 
effect  of  underwater  carnage  caused  by  near  misses, 
threat  deal  more  than  naif  o.>  the  total  cruiser- 
to  enei  y  action  has  co.  e  iron  unuerw-ter  uruage 
to  the  ship’s  structure.  The  most  ox  toe  rest  of  toe  cruiser- 


montx'is  lost  cue  t\  bon  bint 
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■■re  the  result  of 


.res  started  by 


Casualiti  s  to 

Cruisers 

by  Enemy  Action 

Cause 

Snell 

Bomb 

vii  lie 

Torpedo 

Total 

Ships  sunk 

3 

9 

1 

11 

14 

Ships  damaged 

18 

56 

9 

19 

102 

Total  Casualties 

21 

65 

10 

30 

126  > 

O?' 

Cruiser-  by  sinking 

110 

32G 

40 

400 

870 

Months  b;  damage 

30  - 

90 

60 

180 

360 

Lost  Total 

140 

410 

100 

580 

1,23C 

Pereent 

11 

34 

8 

47  - 

100 

Cruiser-months 

7 

6 

10 

19 

10 

mr  Casualty 
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table  are 
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icult 
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should  be 

given 

to  fire  control  ec. 
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ment  and  training,  and  new  cruisers  should  be  designed  with 
better  und-’rvn  ter  protection,  oven  if  it  means  the  sacrifice  of 
some  above  water  armor. 


Bombing  U-Boat  ?eno  vs,  Escorting  Convoys.  A  similar,  though 
more  complicated,  analysis  can~  be  useu  in  studying  the  question 
of  the  relative  v'-lue  of  using  aircraft  to  escort  convoys,  to 
bomb  submarine  base  facilities,  or  to  hunt  uovm  the  submarines 
in  the  Bay  of  Biscay.  In  this  case  the  unit  of  effort  is  sortie, 
an  individual  flight  by  a.  plane.  The  unit  of  gain  is,  of  course, 
the  reduction  in  the  number  of  ships  sunk.  The  time  chosen  for 
the  exrmpi'‘  is  the  last  six  months  of  194''  >  PliU  the  pi  ce  is 
the  waters  within  aerial  range  of  Great  Britain. 


During  this  time  convoys  from  England  were  attacked  or 
threatened  with  attack  about  one  tenth  of  the  time.  Some. of 
the  three. tei  ed  convoys  were  given  air  escort  protection,  anu 
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tha^jej.ity./iur  died*  ser^i**?  ilc5'.lf*tcf  *protoct  threatened  convoys 
saved  a  )ou.t  tnirty  ships  fron  being  sunk.  Consequently  if  the 
aircraft  were  used  only  to  protect  threatened  convoys,  their 
anti-submarine  (or  » ship jSLng-pro tec tive")  efficiency. v/as  extreme 
high,  for  they  saved  about  thirty  ships  aer  hundred  sorties  flow 
If,  ho  'ever,  all  convoys  have  to  be  protected  all  the  tine  in 
oraer  tj  insure,  protection  when  the  convoy  is  threatened,  then 
the  pi  me*  s  effectiveness  is  uiluteo,  nu  only  about  three 
snips  are  saved  per  hunured  sorties  of  ordinary  escort  i lying. 

Turning  nov;  to  the  use  of  aircraft  in  bombing  the  U-boat 
repair  and  refitting  bases  in  uie  Bay  oi  Biscay,  we  must  rely 
on  the  assessments  of  nonage  obt  ined  from  fndtographic  reconn¬ 
aissance  after  each  bonding  raid.  No  submarines  were  sunk  in 
port,  but  there  was  enough  damage  to  the  bases  to  slow  uov.n  the 
refitting  of  the  submarines  ana  therefore  to  keep  tnen  off  the 
hign  o e s a .  ^  Xt  was  estimated  that  about  fifteen  U— boat  months 
were  lost  due  to  .the  damaging  effect  of  tue  rains.  At  that 
tine  each  submarine  on  the  ,-versge  sank  about  o.3  ships  per 
month  on  patr  ol.  Consequently  a  loss  of  fifteen  U— boats 
months  di.t  i  to  ...arm  go  oi  re  .1?  ix-  facilities  l’epresented  a  f  a  in  to 
our  side  of  about  thrive  ships  which  were  not  sunk.  This  was 
accomplished  by  a  series  of  rains  which  totalled  about  1'iQO 
sorties.  Consequently  the  gain  to  our  side  -was  about  one  ship 
saved  per  hundred  sorties  of  effort  against  the  U-boat  bases. 
Tnis  e  loro  is  not  as  oifective  as  escorting  convoy  ana  is  xa. r 
loss  effective  than  protecting  convoys  which  are  threatened 
with  attack. 

The  use  of  aircraft  for  anti-submarine  patrol  in  the  Bay 
of  Biscay  is  an  example  of  the  use  of  offensive  tactics  for  a 
defensive  strategical  task.  The  immediate  result  of  the  patrols 
is  a  number  of  submarines  sunk  xlus  a  number  more  delayed  in 
passage  through  the  Bay.  The  final  result,  however,  is  in  ' 
saving  our  ships  from  being  sunk.  The  average  life  of  a  sub¬ 
marine  on  patrol  at  that  time  was  about  ten  months.  If  it  were 
on  patrol  in  the  North  Atlantic  convoy  region  at  the  time,  it 
sank  about  eight  slips  before  it  was  sunk.  From  this  -joint  of 
view,  therefore,  each  submarine  sunk  in  the  Bay  of  Biscay 
represented  a  net  saving  ox  about  eight  ships.  From  another 
point  of  view 


,  however,  it  is  perhaps  better  tj  estimate  the 


equivalent  ^ mount  of  time  lost. by  the  Germans  in  replacing  the 
sunk  submarines.  In  194'°  there  were  enough  submarines  being 
constructed  so  that  the  bottleneck  was  in  the  trains  g 
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In  the  last  half  of  1942  aircraft  patrol 
Biscay  sighted  about  six  U-boats  par  hunured 
about  one-half  a  U-boat  per  hundred  sorties, 
is  estimated  that  a  hundred  sorties  orouuceu 
effect  on  th¬ 


in  the  Bay  of 
sorties  and  sank 
In  addition,  it 
a  nut  o  -laying 

submarines  in  transit  of  about  one  U-boat  month, 
corresponding  to'  one  shiD  saved.  Therefore  the  not  effect  of 
offensive  patrol  in  the  Bay  of  Biscay  area  corresponded  to 
between,  four  and  five-  ships  saved  per  liundreu  sorties,  an 
effect i v<=r>o co  '••1~ich  is  somewhat  larger  than  continuous  escort 


of  convoy,  which  is  considerably 
of  bombing  the  U-boat  bases,  but  which  is 


than  the  effectiveness  of  protecting 
these  relative  effectiveness  values 
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The  above  co  iparative  figures  are  not  the  whole  basis  upon 
w.uich  p  decision  as  to  employment  of  aircraft  Should  be  reached. 
Keverth^less  they  are  a  part  of  tue  material  which  must  be 
considered,  and  the  decision  would  be  less  likely  to  be  correct 
if  these  figures  mere  not  ova liable.  Presumably  if  there. were 
a  very  small  amount  of  flying  effort  which  coula  be  expended  in 
anti-submarine  work,  then  the  pianos  should  be  assigned  to  the 
protection  of  threatened  convoys.  With  a  somewhat  greater 
number  of  planes  available,  it  probably  would  be  advisable  to 
spend-  part  of  that  effort  in  the  Bay  of  Biscay.  Another 
consideration  also  enters  into  the  problem;  the  fact  that  it 
might  be  possible  to  divert  bombers  from  other  missions  to 
bomb  the  U-boat  bases  fro,.;  tine  to  time,  whereas  it-  woulu.  not 
be  possible  to  use  these  same  bonders  to  escort  convoys  .or 
patrol  the  Bay  of  Biscay. 


Submarine  vs.  Aircraft  gs  Anti-Shi 0  Weapons.  A  comparison 
between  submarines  and  a ire  aft  in  sinking  enemy  shipping  is 
another  question  of  considerable  interest,  but  one  which  raises 
still  more  non-quar.tita tivo  considerations.  Y'e  can  attempt  to 


compute,  however,  the  expected  number  of  enemy  ships  sunk  by  the 
average  operational  submarine  ~nu  compare  it  with  the  number  of 
ships  sunk  by  an  aircraft  used  as  efficiently  as  possib  e  in  the 
sane  region.  The  problem  in  both  cases  uivides  itself  into  two 
qu^sti  ns:  the  number  of  snips  sighted  per  operational  mo  th, 
and  the  average  number  of  ships  sunk  per  sighting.  The  first 
question  involves  the  values  of  sweep  rate  which  have  been 

discussed  in  Section  7.  For  instance,  the  average  co.  missioned 
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square  wiles  per  cay)  unless  the  .n uny  anti- submarine  effort  is 
too  severe.  In  TJ.S.  -submarine  attacks  against  Japanese  merchant 
vessels  5  one  ship  out  of  eight  sign  tea  v.as  sunk.  ‘  Therefore 
in  an  area  vritn  ar.  average  density  of  shipping  of  one  merchant 
vessel  per  thousand  square  .riles,  an  operational  sub¬ 
marine  vrouli  sink  about  eight  ships ?  on  the  average  per 
operational  month,. 


Long  range  aircraft  suit auie  for  anti-shipping  work  average 
-about  eighty  hours  in  the  air  per  month.  If  the  oatrol  c  uirses 
were  well  laid  out,  it  would  be  possible  to  spent**  a  half  of 
this  air  borne  time  in  the  shipping  area,  so  that  each  plane 
wight  be  expected  to  spend  about  forty  hours  :-er  month  search¬ 
ing  for  ships.  According  to  Table  (3.4)  a  reasonable  sweep 
rate  for  merchant  vessels  night  be  400  square  nil oer  hour 
since  merchant  vessels  are  more  easily  sighted  than  submarines 
so  that  each  plane  couiu  search  over  about  20,000  square  miles 
each  month  of  operation.  In  an  area  where  there  wore  on  the 
average  one  ship  >-r  thousand  square  r.il-s  this  plane  would 
sight  20  shi os  per  month  on  the  average.  Data  from  Coastal 
Command  anti-shipping  planes  indicate  tnat,  witn  oueque te 
equipment  and  tr- in: ng  a.  plane  sinks  about  one  ship  out  of  every 
forty  sighted  (using  bombs  or  rockets.)  Therefore'  in  the 
°rea  under  question  esc.  plane  v;  ulu  sink  about  a  half  r 
ship  a  month.  Comparing  the  two  one  sees  tnat  a  single'  submarine 
is  equivalent  as  far  as  sinking  enemy  shipping  goes,  to  a 
sque-  ron  of  long  range  anti-shipping  planes . 

.  A  groat  deal  more  than  this  numerical  comparison  must  be 
tone  into  before  it  is  possible  to  decide  whetner  to  use  planes 
or  submarines  against  enemy  shipping  in  any  given  area.  In 
addition  to  the  question  of  cost  of  outfitting  a  submarine  as 
eon pared  to  the  cost  of  outfitting  a  squadron  of  planes,  there 
is  also  the  point  th-t  the  plane  can  be  used  for  otner  purposes 
besides  sinkin,.  ships.  The  exchange  rate  for  the  two  types  of 
effort  must  also  be  taken  into  account. 


Air ti-phip_  vs  Anti -Cl ty  Bombing. .  The  quantitative  analysis 
of  th-  relative  effectiveness  of  aircraft  in  bombing  the  enemy 4 s 
factories  or  in  sinking  his  ships,  takes  one  still  further  into 
questions  of  economics,  A  pos  ible  unit  of  measure  would  be 
the  monetary  value  of  the  destruction  caused.  There  is  some 
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could  >)<?  the?  i/.'.-sb^r  .--•.  i'ig  n-.  j  li  cho  requireu  ic  re  ’1pc<?  the 
munitions,  rebuild  the  factories,  jr  r*  bail  a  tu  '•  ships  s5ui.se. 

If  this  c  'U let  be  r; ;:; t L:m ted,  then  it  would  be  possible  to  compere 
quantitatively  an  anti-si\ipplns  sortie  aim  :•  bozsfoirig  sort!-- 
over  an  enemy  city,  for  the  relative  effectiveness  -In  mein-  imtks 
cost  to  the  on eray* 

Work  on  this  general  strategic  level  can  only  be  cion 
adequately  if  the  operations  research  worker  has  access  to  a 
great  variety  of  records  and  intelligence  reports.  In  fact  it 
is  often  impossible  to  obt:  in  adequate  cats  on  ell  the  important 
factors  from  the  records  of  ono  service  alone.  Unless  the  worker 
is  operating  at  a  high  command  level,  it  is  usually  futile  to 
attempt  such  broad  scale  quantitative  comparisons. 

lCn_  ^valuation  of  Equipment  P  rf  or  nance .. 

It  has  often  been  said  that  modern  wars  are  technical  cars. 

If  this  statement  has  any  meaning  at  all  it  indicates  that 
new,  specialized  rea  --ons  are  developed  and  introduced  into  oper¬ 
ations  during  the  war;  that  we  end  the  war  fighting  with  diff¬ 
erent  weapons  than  we  started  with.  Indeed,  in  the  last  war 

there  v/ere  many  cases  where  the  fighting  forces  irci  not  yet 
learned  to  use  effectively  the  new  weapon  before  that  ea  ;bn 
became  obsolete.  This  does  not  mean  that  an  effort  should 

have  been  made  to  slow  down  the  intro  notion  of  new  weapons. 

It  mean's  that  technical  thought  in  learning  how  and  where  a  new 
weapon  should  be  used,  and  in  teaching'  the  Armed  Forces  the 


best  use  of  new  equipment,  is 


as  important 


is  technical 


fort 


in  the  design  and  production  of  the  n  :n  ••-.cap  ms.  Here  again 
the  quantitative  appr  ach  of  operations  rose;  rch  can  speed  up 
the  overall  learning  time  and  make  it  possible  to  use  the  new 
weapons  effectively  before  they  become  obsolete. 

First,  Use  of  Hew  Eoni  orient.  A  great  deal  of  thought  must 
usually  be  soent  on  the  possible  tactical  use  of  now  equipment 
before  this  e< uipraont  gets  Into  operation.  Someone  with 
technical  knowledge,  either  in  the  armed  forces  or  in  an 
operations  research  group  or  in  the  laboratory,  sees  the  tacticai 
need  for  a  nev;  v/eaoon  and  sees  the  technical  means  by  which 
this  need  can  be  satisfied.  If  tnis  analysis  ao.  -ars  to  be 
reasonable,  a  laboratory  commences  development  work,  production 
designs  are  gradually  * orkod  out,  and,  eventually,  production 
commences.  Unfortunately,  there  are  many  slips  between  the 
initial  idea  and  i*s  •£&,  l5|,ttle.#S*T&g#ilfj?fca-l 

tactical  analysistracSy;  •  ik»ig.^y ,.*Jr 
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operation.  It 

resec.  rat  workers ;  who  ore  in  touch  v/itu  fcne  changing 
situation,  t^ke  on  'Mitive  port  in  evaluating  each  stage  in  tne 
development  and  production  and  use  of  new  equipment.  It  is 
oarticularly  important  that  the  first  few  operational,  results 
with  the  new  gear  be  5  c  rutin  iked,  closely  to  see  whether  it  is 
necessary  to  improve  on  the  original  iuen  for  use  of  the  gear. 
Detailed  analysis  of  the  working  of  the  equiouont  must  be  mane 
so  as  to  tie  ise  v.-uate  measures  of  effectiveness  for  furture 
force  requirements,  ana  special  action  reports  must  be  laid  out 
so  as  to  have  the  operating  forces  pro vine  date  with  which  to 
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Devising  Or  rational  Practice  Training.  It  usually  turns 
out  that  the  op  .rational  forces  at  first  have  not  the  necessary 
training  or  understanding  in  the  use  of  the  rr  ..enpon.  The 
operations  research  worker  nurt  therefore,  devise  methods 
whereby  the  fighting  forces  can  learn  to  use  the  new  weapon  chile 
they  are  fighting  with  it.  Practice  on  the  battle  field  is  usual 
not  the  nost  efficient  way  of  learning  to  use  a  new  piece' of 
gear.  For  rapidity  in  1  arcing,  it  is  necessary  that  the  pupil 
be  scored  8S  rapidly  as  he  performs  the  operation,  otherwise  he 
will  not  remember  what  he  has  none  wrong  if  his  score  turns  out 
to  be  low.  Such  scoring  car;  seldom  be  proviueti  on  the  field  of 
battle,  here  usually  the  operator  cannot  see  the  results  of  his 
actions.  Consequently,  a  practice  routine  must  be  set  with 
means  of  scoring.  .These  scores,  of  course,  are  measures  of 
effectiveness  which  cjn  be  used  t’>  check  equipment  performance 
as  well  as  rapidity  of  learning. 


Ecu! oner  t  ?y  a  rue  tion .  At  each  stage  in.  the  development  of 
the  new  w  r.  oon *"f roil" the  first  idea  to  its  final  operational  em¬ 
bodiment,  the  op'  rations  research  worker  must  evaluate  its  over¬ 
all  usefulness  in  terms  of  the  following  general  questions: 
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(c)  Is  the  new  equipment  easy  to  Maintain  in  operation? 

Are  the  maintenance  ere vs  properly  trained  anu  are  there 
understandable  maintenance  manuals?  Y/hat  simple  operational 
tests  can  be  devised  to  insure  that  the  equipment  is  being 
kept  in  good  repair? 


(d)  How  much  training  is  needed  in  orner  that  tne  new 
weapon  be  more  effective  than  the  old  one?  Car.  the  results 
obtained  by  the  weapon  be  notice*-  easily  in  battle  or  must 
operational  training,  properly  score**,  .,e  carried  on  con¬ 
tinuously  to  insure  effective  use  of  the  gear?  Y/hat  pro¬ 
portion  of  operational  time  must  be  spent  in  tuis  prrtice 
and  how  long* wil  it' take  before  tne  figuting  forces  can 
use  the  new  weapon  more  effectively  than  they  uid  the  old 
one? 


Such  evaluation  ,is  often  extremely  uiffieultj  particularly  if 
the  new  v ’eapon  involves  radically  new  principles.  Experience 
gathered  close  behind  the  front  lines  is  extremely  valuable  in 
making  such  evaluations.  In  many  cases  the  evaluation  cm.no t 
be  complete  without  supplementing  the  operational  data  by  data 
collected  from  operational  experiments  performed  under  controlled 
condi ti  -ns.  This  aspect  of  the  problem  will  be  discussed  in 
Chapter  VII. 


In  the  i resent  section  ve  will  give  a  number  of  examples  of 
the  evaluation  of  new  equipment  coming  into  operation,  showing 
how  some  of  the  questions  raised  above  can  be  ans-  ored. 


Anti-Aircraft  Gums  for  merchant  Vessels.  At  the  beginning 
of  the  war,  a,  great  number  of  Britisn  Her  chant  vessels  .ere  ser¬ 
iously  damaged  by  aircraft  attack  in  to  Mediterranean.  The 
obvious  answer  was  to  equip  tne  vessel  s  with  anti-aircraft  guns 
and-  grews,  and  this  was  *  one  for  so  ,e  .  lips.  The  program  was  a 
somewhat  expensive  one,  however,  since  anti-aircraft  guns  .ere 
needed  in  many  other  places  also.  Moreover,  experience  soon 
showed  that  single  guns  and  crews  with  the  little  training  which 
could  be  spared  for  merchant  vessels,  land  very  littl®  chance  of 
shooting  down  an  attacking  plane.  The  argument  for  and  against 
installation  had  been  going  on  for  nearly  a  year  with  no  apparent 
conclusions  reached.  The  guns  were  so  ineffective  that  they 
hardly  seemed  worth  the  expense  of  installation;  on  the  other 
hand,  they  node  the  merchant  vessel  crews  feel  somewhat  more  safe 
In  the  meantime,  op^a^ioiirfl.  ciaAa.rKiu.i^etJ'pcsfiijg  in:^5**i?o:**ke 
experience  of  ships  'SiihSsSid  tfithiirfc  gva  J>?otfc1!lbii,; rAS*  it  *as 


dr  t£t*S&  fcii.cjttSmapt  to  settle 

thf^h3.‘r  l:  ": .:.  •"••  :••:  ...:  —:  :  '••’ 

It  was  soon  found  that  in  only  about  four  percent  of  the 
attacks  was  the  enemy  plane  shot  clown,  i'uis  was  indeed  a  poor 
showing,  and  seemed  to  indicate  that  tue  guns  wore  noo  wortn  trie 
02  ice  of  installation.  On  second  thougut,  however,  it  became 
no oa rent  tlia t  the  percentage  of  enemy  planes  shot  down  ’./as  not 
the  correct  measure  of  effectiveness  of  the  gun.  The  gun  was 
put  on  to  protect  the  snip,  and  the  proper  measure  should  be 
whether  the  ship  was  less  damaged  ii  it  mad  a  gun  and  used  it, 
then  if  it  had  no  gun  or  did  not  use  it.  The  important  question 
was  whether  the  anti-aircraft  fire  affects  the  accuracy  of  the 
plane*  s  attack  enough  to  reuuce  the  chance  of  the  shi  *s  being 
It.  Figures  for  this  were  collected  ana  the  results  are  shown 
in  the  following  table. 


"Bombina  Attacks,  tlow 


Bombs  dropped 
Bombs  ’which  Kil 
Percent  Hits 
Ships  attacked 
Ships  Sunk 
Percent  Sunk 
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t  from  this  table  tnat  for  low  level  horizontal 
acy  of  the  plane’s  attack  was  considerably 
aircraft  guns  '•■■ere  firing,  and  the  chance  of 
was  considerably  better  vuen  anti-aircraft 
same  results  were  obtained  for  enemy  uive 
It  was  obvious  thei'gh’ore  that  tue  rstaliw  tion 
guns  on  merchant  vessels  was  something  which 
increase  the  ship’s  chance  of  survival,  even 
did  not  sho  t  down  the  -  attacking  planer,  very 


This  numerical  analysis  finally  settled  tne  question,  lor 
the  anti-aircraft  guns  rSorc  than  paid  for  themselves  if  they 
reduced  the  ctai.ce  of  the  ship  being  sunk  by  a  factor  of  more . 
than  two..  Attacks  were  coming  often  enough,  and  ships  were  being 
•unk  fast  enough  by  ^nomy  planes  so  chat  reducing ^tne  number 
o£.  2tt*n'i,$unk.  b..  this  factor  would  more  than  pay  for¬ 
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This  appears  to  bo  s  strong  argument  in 
nor chant  vessels  74 th  no ts »  But  the  cost  w 
the  not s  slowed  dot'll  the  ships,  making  an  auuitionra  cost  .tor.  fuel 
and  tine  lost.  Against  some  oposition,  about  600  ships  v.ere  fitt¬ 
ed  with  nets .  before  enough  Operational  experience  t.it  been  obtain¬ 
ed  to  make  a  reqp  >raisa.l  possible.  'It, 4 s  reappraisal  was  quite 
broad  in  sco  >e,  as  it  involved:  1)  a  cost  in  uollars  as  atea.-.nst  the 
cost  of  ships  saved  by  the  net,  2)  cost  in  tin:  anu  in  cargo  space 
3  cost  in  manpower  to  build  anu  maintain  tne  nets,  -‘-ne  r  -searcu 
on  the  cost  in  dollars  founa  that  tne  -net  program  aid  not  pay  for 


itself.  Tne  operational  ante  on  the  25  ships  which  were  torpeuocc 


>nd  which  v/^re  fittea  with  nets  showed  the  following5 


12  ships,  nets  not  in  use  at  tine 
of  attack. 

10  ships,  nets  in  use 
3  ships,  use  of  nets  unknown 


Sunk 
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Undar  .aged 
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If  the  10  ships  with  nets  streamed  had  not  had  their  n  ts  in  use, 
re  should  expect  7}  to  have  been  sunk  and  2 damaged.  The  nets 
had  thus  s^ved  the  equivalent  of  3}  ships  ana  cargoes,  or  fp5,600^aoC 
Eut  a  total  of  590  ships  had  been  fitteu  witn  nets  at  a  cost  of 
£11,800,000  -  not  to  mention  costs  of  maintenance,  etc.  Thus  the 
program  ha  a  not  paid  for  itself,  and.  the  report  of  tne  i'ii.uin,  s 
recommended  that  no  further  ships  be  equip  pec,  with  nets. 


The  previous  two  examples  were  cases  where  the  answer  was 
a  simple  ,fyos”  or  "no";  the  anti-aircraft  guns  were  worth  the 
cost  ->f  .Installation  but  the  anti- torpedo  nets  were  not  worth 
the  cost.  In  many  other  cases  the  answer  is  not  so  simple.  It 
na1'  turn  out  that  the  new  v/eanon  nas  not  as  general  a  usefulness 


as  was  at  first  thought,  but  that  it  is  oxt renal v  useful,  in 
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re  so  arc-,  i  on  the  measures  of 


effectiveness  of  the  weapon  can  produce  a  two-fold  benefit 5 
general  efficiency  is  increased  because  the  new  weapon  is  not 
used  in  places  where  it  is  not  efficient,  and  the  effectiveness 
of  special  operatidns  is  increased  considerably  by  using  the 
new  weapon  in  places  where  it  has  a%  decided  &d4vpnta&e... 
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Airborne 


t. 


-o  dr- tec  t  sub.  or  tied  submarines  iron 
being  the  only  airborne  means  for 
discovering  unuert/o ter  sub  jorir.es,  HAD  offers  the  advantage  of 
not  revealing  the  presence  of  tho  r  irer  it.  Although  these 
qualities  w  m?  u  seen  ideal  for  a nti -submarine  search,  closer 
examination  r eve-  Is  ebrt  in  fe-  turns  limiting  the  op  rational 
-»ffec  tiveness. 


The 
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'•'n'rt  for  visual 


or  radar  search  lies 


jl.Lgh  S  ) 


oi  aircxvii 

ed  )lus  the  broad  sweep-width  (rougnly  twice 
a  , a. Vast  surfaced  su amarines  (up  to  several 
For  HAD  equipped  aircraft  the  sm  ep  rate  is  so  r  muced 

j s  100  yards  for  n  irer- ft. 

;  Ci 


the  detection  range) 
nil'~'S) 


by  the  low  MAD  detection  range  th  ra 
at  250  ft.  nltxtuae  and  xubnarine  at  ,;$G  ft.  ue  •  th) ,  that  the 
expectation  of  finding  a  .submerged  submarine  becomes  virtually 
non-existent,  at  eat  f : r  random  seorcu  over  open  ocean  are's. 


t  is 


parable  to  the  efforts  of  a  blind  man 


pencil-line  through  a  :  ingle  uot  on  a  large  floor. 


tip  mg  to  ursw 


cne.r 

they 


tenstics  place  c.  definite  limitation 
io  not  eliminate  -’.AD  as  a  submarine 
coat; ary,  a  full  appreciation  of  the 
"  of  y.AD,  anu  its  peculiarities,  point 
casks  for  which  it  is  most  effective. 

One  such  op  rtunifcy  we s  exploited  during  tue  Italian  campaign 
in  helping  close  off  th;  Gibraltar  Straits  to  Nani  U-boats 
er. route  to  tub  I.iecliterr  usf-n. 


•  Although  these 
on  its  usefulness, 
detection  device,.  To  the 
"measures  of  eifectivenes 
the  v:oy  to  specialised.  ?as;< 


U-Boats  had  been  mating  cub. .  rgeo  pass:  ge  by  daylight, 
utilising  undorvr  ter  currents  for  propulsiwi.  to  reduce  noise. 

In  the  meantime,  thousands  of  hours  of  fruitles.  HAD  search 
had  be^n  invested  in  the  North  Atlantic,  while  on  the  other 
hand,  radar  search  within  the  0 traits  was  ineffective  due  to 
tho  submerged  nature  of  the  pas  sag  s.-  Finally  it  -mas  recognized 
that  h  >ro  was  a  special  case  where  HAD  could  rcueen  its  record. 
Within  the  first  two  u  .nths  of  operating  the  MAD  barrier  'cross 
the  channel,  two  contacts  resulting  in  U-Boat  sinkings  wore 
obtained,  enu  a  third  one  c*no  soon  later.  The  result  so 
discouraged  the  U-Boats  t<»«t  no  more  atte.  pted  the  passage  for 


ore 
>  <- 


s  only  between 


than  six  months.  Thus  even  tr.ough  HAL  h; 

1  /50th  and  1/lGOth  the  search  rate  of  r'  <lr.r,  it  - a.,  , quite  capable 

.-.■f-cwm  i.-~  >u  .fp  nue'  across  r  restricted  area, 

; n\ to . ing .  as  v;  mold  ' surface  craft. 


of  providing  an  affective  bJ 
r: nd  one  which  did  not  :n 
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Subtle rine  T<3r  ng-do+iPgalnyi  Unr^vg  ftvS.varjtqjo^d 

Hu.  marine  force  TfitfoifuchM  w*  <?ioe*r£c.&3iy:*t*>,  tS?  U'&  |&f  Pre¬ 
vious  t">  this,  the  torpedoes,  used  v;ere  the  ilk  14  onu  the  Ilk  23, 
both  steam  propelled.  The  ste»m  torpedoes  both  ran  at  46  knots 
in  their  high  power  setting.  Thus  they  and  the  advantage  of 
high’  speed,  but  they  ?  eft  a  clearly  uiscernabie  •v'.ke,  The 
electric  torpedo  r^n  a  shorter  distance  and  at  a  i.»uch  slower 
speed,  29  knots;  however,  it  has  the  advantage  of  being  vi awcross. 
It  v;es  considered  that  this  property  of  invisible  trrve.  more 
than  made  up  for  the  slower  speed,  for  the  ship  attacked  would 
have  no  previous  wa  hing  and  tne  enemy  escort  vessels  would 
have  no  tor  od  track  to  follow  in  commencing  their  counter-art  c' 
After  the  new  torpedo  had  be  n  used  for  some  m  a.ths,  at  evr-i- 


uatioh  was  made  to  see  wnetner 
be  discontinued,  entirely. 


me  oter 


toroouoe^  should  not 


In  order  to  answer  these  questions  'a  uniform  body  of  data 
v/as  chosen:  attacks  in  a  four 'months  period,  by  submarines  under 
a  single  command.  In  oruor  not  t  >  give  the  Mk  id  torpedo  an 
undue  advantage  (since  attacks  with  it  vere  ma.ue  at  closer  range 
than  attacks  with  the  Mk  14  anu  3)  no  attacks  made  at  ranges 
over  4,000  yards  were  c  nsiuered.  With  these  limits. ti  -as,  the 
■analysis  of  the  d~t--  resulted  in  the  following  conclusions. 

(a)  The'  proportion  of  successful  salvo’s  under  equal  conditions 
fir  ml  against  all  types  of  enemy  vessels  (except  large  combe  ten 
units)  ’  is  greater  for  the  *.ark  14  and  23  (Steam)  torpedoes 
than  for  the  hark  18  (Electric) f 

(b)  In  attacks  on  merchant  vessels  the  proportion  of  success! u 
salvos  is  greater  with  the  Marks  24  and  23  by  a  factor  of 

1.14* 

(c)  In  attacks  on  large  combatant  units  the  proportion  of 
successful  salvos  appears  to  be  greater  with  the  Mark  18  by 
a  factor  of  about  1.2. 

(d)  In  att  cks  'on  destr  yens,  escort  vessels,  and  patrol 

cr'-ft  the  >ro portion  of  successful  salvos  is  greater  with 
the  Marks  1.4  and. 23  by  a  factor  of  1.4  in  the  case  of 
destroyers,  to  2.5  in  the  case  of  escort  vessels  and  patrol 
craft.  * 

(a)  The  occurre.  ce  and  accuracy  of  deliberate  counter-attacks 
by  enemy  escorts  shows  no  correlation  v.-ita  t me  mark  number 
of  the  torpedoes  fired,  in  attacks  on  merchant  convoys.  Tills 
holds  true  for  both  day  and  night  attacks. 

(f)  In  the  case  of  attacks  on  warships  the  proportion  of 
•  ‘  enemy  counterattacks  is,  however,  somewhat  smaller  with 
the  Mark  13.  .(it;  .v£.%«Jig,y*sJte*  ^igWrliffW 

due  to  a  better: iSoolr-Jout:  sy sSfel;  cm  tac  l&rtf?  c-^abTCailt  ! 
ships.)  :  :  :•  :  ...  :  *■*  —  •* . 
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2(g)  .It  i-B s *€f  t|.io£t*5d,*i?ha&.if  at  ll.  V.  t sSib* - rine  s  in  1944  had 

•cK*rc*itu*£uil«  >wds,#of,,&a!h  *l8*T;<5!‘*pe&o£s  *llie  enemy  w  ula  have 
lost  -bout  10(!  fewer  merchant  ships  than  ii  lull  loads  of 
Marks  14  and  ?3  had  b  'en  carried.  At  the  some  time  it  was 
considered  probable  that  the  exclusive  use  of  -*ark  18*  s 
xvould  not  have  prevented  a  single  U.S.  submarine  casualty. 

It  was  therefore  recommend ''d  that  submarines  use  tne  marks 
14  and  23  torpedoes 'against  merchant  vessels,  ana  that  they 
use  Mark  18  toroedoes  against  large  coab' rant  units. 


In  this  case  it  turned  out  that  tne  danger  against  wnicu  the 
electric  torpedoes  were  provided  (tne  cnance  tuat  tne  enemy 
would  see  the  wake  of  the  stem  torpedoes)  v/ss  not  as  great  as 
had  been  apprehended.  Tnis  of  course  could  not  have  been 
predicted  until  a  wakeless  torpedo  had  been  trieu  in  actual 
operation.  It  turned  out  in  most  cases  that  the  reduction  in 
danger  to  the  submarine  v/ss  negligible,  but  that  the  loss  in 
accuracy  of  firing  torpedoes,  due  to  the  slow  speeu  of  the 
electric  tor oedo,  was  apprecialbe.  Luckily  the  specialized 
advantage  of  the  Marl:  18  against  large  enemy  naval  vessels 
was  important  enough  to  save  the  waole  development  program  from 
being  a  complete  waste  of  effort. 

Aircraft  Anti-Submarine  Depth  Bombs .  Sometimes  an  examination 
of  the  operational  results  of  the  first  use  of  new  equipment 
indicates  clearly  that  a  slight  modification  of  the  equipment 
will  make  it  very  much  more  effective.  This  sort  of  situation 
has  turned  up  several  times  in  connection  wita  tne  development 
of  the  use  of  aircraft  as  an  a n ti - submarine  weapon.  The  Germans 
underestimated  the  value  of  aircraft  against  submarines:  in 
the  end  aircraft  played  a  very  important  part  in  the  defeat  of 
the  U/boat  in  the  Atlantic, 


Early  in  the  war  the  British  Coastal  Command  used  ordinary 
bombs  in  their  attacks  against  submarines.  These  were  obvious 
not  effective,  since  they  exploded  on  the  surface  of  the  water, 
and  if  they  aid  strike  the  deck  of  the  submarine,  they  seldom 
oenet'  a  ted  the  pressure  hull.  Depth  charges  were  therefore 
adapted  for  aircraft  dropping.  These  insured  an  unuer  .  ter 
explosion  which  *ould  be  considers  o’ y  more  destructive  to 
the  submarine  hull .  At  this  point  arose  the  argument  as  to 
what'  should  be  the  depth-setting  for  the  bomb " s  explosion 
underwater.  It  was  not  possible  to  change  tnis  depth  setting  ■; 
•in  the  plane  just  prior  to  the  .attacking  run,  so  that  an 
estimate  had  to  be  made  as  to  the  best  average"  set  -lug  for  ail 
....  ...  ’  -  ••  —  the  tine. 
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n  .end  this  setting  had  to  be  used  an 

. .  •••  •••*  •••*  ;  ...»  |  j 
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A  number  of  Sqsajirjujs,  $o  a?^|t  *i'  -ela.ng:  tflwt  sj  sWaiefrite 
wps  most  likely  To  *be*  sUifrer^f  d,  •  g»t  «iei»#<i4ptii.aaofcbs  3jq* 
exolode  st  150  fc  >t.  The  absurdity  ox'  this  setting  soon  be¬ 
came  apparent,  however,  for  submarines  at  150  fe*t  no 3th  c  uld 
not  be  seen  (and  therefore  not  attacked) ,  and  submarines 
near  the  surface  which  could  be  seer  would  only  be  soreevhs t 
shaken  by  an  explosion  at  150  feet  depth.  The  depth  settinc 
was  next  reduced  to  50  f^ct,  as  a  compromise  between  tnc  ’aeeo 
setters"  and  the  "shallow  setters".  After  a  y  ar  of  argument 
a  numeric-!  analysis  was  i  nae  which  oettlea  the  argument. 

The  fundamental  question  was  the  state  of  suomerger.ee  of 
the  submarine  at  the  instant  the  attacking  plane  dropped  i.ts 
ci^  )th  charge.  If  a  great  number  of  attacks  were  made"  v/aen  the 
submarine  was  on  the  surface,  then  the  50  foot  depth  set  ing 
was  to  a  aeeo,  for  an  explosion  at  suen  a  depth  was  too  far  sway 
from  the  pressure  hull  of  a  surfaced  submarine  to  have  a  rest 
chance  of  producing  lethal  damage.  On  the  other  hand  if  the 
submarine  -as  in  the  'ct  of  divine  or  had  just  dived  at  trie 
instant  of  attack,  then  perhaps  the  50  feet  setting  would  be 
satisfactory. 

However,  attaexs  after  the  submarine  has  dived  are  much  less 
likely  to  be  accurate  than  attacks  on  surfaced  submarines.  There— 
fore,  even  if  the  majority  of  attacks  were  none  on  submarines 
which  had  submerged  a  minute  or  more  before  the  depth  charge 
was  dropped,  it  was  not  sensible  to  make  the  Sitting  best  for' 
these  cas^s.  because  the  chance  of  success  for  such  -tt' c  :s 
was  very  low  anyway.  The  uopth  setting  shoulu  be  determined 
by  the  type  of  attack  which  had  the  best  chance  ox  success , 
which  was  the  attack  on  the  sur.eceu  submarine  (unless  it 
turned  out  that  tills  type  of  attack  was  a  negxibibxo  xraction 

of  the  tot^l) .  ~  ... 

> 

An  examination  of  the  operational  results  indicated  that  in 
forty  percent  of  the  cases  the  attack  was  made  on  a  surfaced 
submarine  and  in  another  ten  percent  of  the  cases  a  part  of  the 
submarine  .was  visible  when  the  depth,  charge  was  cropped.  There¬ 
fore  in  half  of  the  cases  (the  half  for  which  the  attack  as 
-ost  accurate)  the  50  fo  t  uepth  setting  was  too  deep.  In 
the  other  half  of  the  cases  (when  the  accuracy  was  consider  jbly 
less)  the  50  fo  it  depth  setting  might  be  more  satisfactory. 

A  numerical  analysis  of  the  chances  of  success  of  the  attac  as 
a  function  of  th>  degree* of  submergence  ox  the  submarine  inuicatec 
that  a  change  in  the  depth  sett  ng  from  50  fe  t  to  25  f' et  would 
at  least 

In  < 
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fn--  **or*ths~**i  ter  this  change  in  doctrine  on t  into 
the  " e  tus.l  effeetiv  nos  of  aircraft  anti-subisa nine 
increased  by  a  factor  of  more  than  two. 


submarine 
Within  a 
effect, 
attacks  • 


The  Tvoon?^.ance  of  if- in  benanca.  -  Maintenance  is  a  continual’ 
problem  with  modem” weapons  of  war.  The  performance  of  even 
the  usual  weapons  must  be  checkeu  from  time  to  time  to  make  sure 
that  imcoraplete  c  re  does  not  seriously  reuuce  their  eiVectiv- 
ness.  As  a  simple  example,  we  can  quote  fro.,  an  analysis  made 
of  the  mechanical  resu  ts  from  bombs  dropped  by  17  squadrons  in 
the  Pacific. 


Type  of 
Aircraft 


PV~1 

P.BY-5A 

PBM 

PB4Y 

Total 


Bomb  H^le.ajjg._EnJU,ur e s 


lumber  of 
Incidents 


Bombs  Failed  Failed  to 

to  Release  Pxploue 


40 

9 

33 

177 

759 


1 

0 

0 

0 

1 


(0.4/0 


Evidently  the  bomb  fusing  nocuonisra  v;a.  satisfactory,  for  only 
one  failed  to  explode.  The  bomb  rel«»re  mechanism,  however, 
was  not  satisfactory,  for  in  ^-ch  16  attacks  there  was  one 
attack;  which  failed  because  the  boi.tbs  hunu  up.  It  was  soon 
found  that  tM  a  was  due  to  an  inadequate-  checking  of  the  bomb 
sUsc’^ss.  This  was  soon  remedied  and  the  percentage  of  bomb 

release  failures  dropped  markedly. 

$ 

Height-binding  Radar  -  curing  the  last  year  of  the  war  in 
the  Pacific  ItT  ueeaiicT  extremely  important  to  keep  enemy  suicide 
bombers  a -cay  from  our  task  forces.  Anti— aircr*  ft  equipment  on 
the  ships  was  quits  effective,  but  this  should,  of  course,  be 
only  used  as  a  last  resort.  The  primary  defense  -gainst  suicioe 
bombers  is  the  combat  air  patrol  (CAP).  Hhen  enemy  plan  s  are 
detected  by  the  search  ra  er  a  CAP  unit  is  vectoreu  to  intercept 
them.  This  interception  is  extremely  difficult  unless  the  unit 
is  given  a  fairly  accurate  measure  of  the  elevation  of  the 
incoming  enemy  planes.  Consequently ,  an  accurate  determination 
of  height  by  tie  ship’s  radar  system  is  an  inpoi tsnt  link  in  the 
defense  of  the  task  force  against  enemy  ,,onbcrs. 
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•ps  clue  to  inaccurate  height  finding  was  strengthened  Dy 
th "  t  in  a  number  of  casss  mere  severe X  neigh t-finuing  radars 
were  in  use  in  the  sans  task  force  they  gave  discern  - nt  results. 
Experts  were  sent  out  to  several  ships  having  neigh t-xXnuing 
riders  installed,  and  chey  found  a  consi*m~-rab  e  amount  of 
inaccuracy  in  their  readings.  In  .a. r.nw^r  of  these  cases  it  ws 
found  that  the  alignment  of  trie  antenn'  was  out  ox"  adjustment, 
and  in  a  number  of  other  cases  the  operators  were  not  -aequately 
trained,,  In  a  number  of  cases  the  readings  /ere  more  than  1,000 
feet  in  error  in  elevation,  which  c <uid  easily  explain  the  lac : 
of  interception  of  the  enemy. 


Here  was  difficulty  which  was  a  combination  of  poor  mainte¬ 
nance  and  insufficient  training.  The  fundamental  error  was  in 
not  providing  a  simple  and  scorabxe  test  to  check  maintenance 
and  training  at  frequent  intervals.  By  consulting  with  the 
experts  and  with  fleet  officers  a  standard  calibration  test  was 
devised  which  all  ships  could  conduct  in  about  three  hours  with 
the  use  of  utility  aircraft  (or  one  of  the  snip*  s  own  aircraft) 
as  a  target.  These  tests  were  authorized  by  .the  type  comwnaer 
of  the  theater  and  made  it  possible  for  the  task  force  commander 
to  test  periodically  the  adequacy  of  his  height  finding  equip¬ 
ment  and  operators. 


Radar  Bomb  Sights  -  Occasionally  new  equipment  gets  cent  id to 
the  field  ahead  of  manuals  or  trained  personnel,  so  thft.the_ 
theater  has  lettle  conception  of  the  limitations  or  possibilities 
of  the  gear.  The  op  rations  research  worker  in  trie  field  can 
be  of  consid  rabie  help  in  such  cases.  An  example  of  this 
occurred  when  electronic  bombing  equipment  was  first  installed 
in  navy  patrol  pl"nes  in  the  Pacixic.  Anti-snipping  strikes 
with  r'-’d~r  bombing  equipment  (A?u~5)  in  the  Paciiic  areas  had 
not  ben  as  successful  with  Kavy  patrol  pianos  as  it  had  been 
with  several  Amy  squadrons  (as  of  1  June  1945.)  These  facts 
were  disclosed  by  a  statistical  survey  of  the  attacks  ag'inst 
enemy  shipping. 


A  study  was  m-de  to  discover  the  cause  of  failure  by 
examining  the  equipment  performance,  the  training  program,  and 
the  tactic*!  use  of  the  equipment  in  comb- t  areas.  Hew  facts 
c*me  to  light  in  all  three  categories  which  promised  to  solve 
the  difficulty.  So  far  as  equipment  was  concerned,  it  was  loarnec 
that  calibration  of  the  gear  needed  constant  attention,  to  a 
degree  «a+  appreciated  by  patrol .  ilane.nomu*  tfwUi&iipn 

there  was  cons 


appreciated  by  patrol>#p<lajiq#po2St^'ny^r5.  Jj*  Adhitio 
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.p«-o::  Q$toi*pe^ivljft  ^e.«utSj*£i  1  f;  (\5hj.cA  %§•  connected  directly 
to  Ifr#  ftsiyX  bor&it*g >?ui-?6dht5  '^li 'other  planes  ;iisre  the 
pilot  followed  the  Pilor  Direction  Indicator.  Thus,  ecu.- pi  lent 
performance  accounted  for  the  rnther  goou  results  of  Army  (mid 
Kavy)  Liber-tor  type  bonders  (PB4Y-1)  as  against  the  poor  showiru 
of  Kavy  Pbi!  type  aircraft. 


In  the  line  of  training,  the  performance  of  student  crews 
’*;as  inve  ligated.  T'a ch  crew  was  given  instruction  on  r  ground 
trainer  for  four  hours  and  then  matte  a  flight  in  s  school  plane. 

On  tills  flight  the  student  crew  wn tcheu  the  instructors  drop  on 
the  target,  and  then  took  over  snd  made  3  or  4  urops.  The  instruc¬ 
tors,  who  were  an  average  patrol  plane  crew  singled  out  for  the 
job,. were  averaging  70  percent  hits,  afte.  having  wane  100 
bombing  runs,  whereas  the  students  were  consistently  aver  ging 
35  percent  hits  with  their  3  or  4  urops.  Clearly  the  students 
were  only  beginning  to  learn,  and  the  training  period  was  far 
too  short.  A  better  return  on  the  investment  would  have  resulted 
if  a  few  crews  had  been  really  well  trained  and  sent  forward  to 
cor.bat  areas  as  specialists. 

Finally,  tactics  were  ex -.mined.  By  i  July  1945  the  Japanese 
shipping  was  moving  through  open  waters  only  at  night,  and* dur¬ 
ing  the  day  was  anchored  in  protected  harbors  close  against 
land.  Our  own  Navy  submarines  were  prowling  in  enemy  waters 
end  were  surfaced  at  night  so  that  doctrine  required  our  aircraft 
to  identify  positively  any  vessel  atf  cnou  as  non-sub.  Here 
were  also  areas  (su  marine  sanctuaries)  where  aircraft  -..ere  not 
allowed  to  b  :b,  snd  still  other  areas  where  any  target  could 
be  bombed.  It  was  a  matter  of  simple  „ogic  to  propose  that 
the  r-dar  bombing  equipment  be  used  only  nt  night  and  only  In 
the  non-re stric ted  areas. 


The  rff.ee  t  of  Supervised  Practice  -  A  striking  example  of 
the  far- reaching  effects  of  continual,  well  supervised  or^ctice 
on  the  effectiveness  of  operations  can  be  tek®n  from  the  exper¬ 
ience  with  very  long  r-nge  (VLB)  strategic  bombing  of  Japan! 

A’  object  of  strategic  bombing  is  to  destroy  the  enemy's  facil¬ 
ities  for  producing  war  goods,  with  special  emphasis  on  those 
plants  engaged  in  producing  equipment  which  is  hnruest  to  replace. 
Many  such  plants  are  small  targets,  and  to  knock  them  out  usually 
requires  accurate  bombing.  Therefore,  the  value  of  a  unit  of 
a  strategic  air  force  oeoends  upon  how  many  such  enemy  targets 
it  cvi  destroy  in  a  given  time.  This  rate  ...eponds  on  many 
•'actors:  the  number  of  air-craft  available,  their  maintenance, 

>or  plane,  the  accuracy  with  wuich  tney  c-m  crop 
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It  is  also  true  that  more  experience  can  be  grihvo.  in  sot.  »• 
practice  over  a  trial  target  than  in  a  ten  hour  operational,, 
mission . 
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In  order  to  determine  how  much  value  operational  practice 
training  can  be,  the  data  for  >ne  VJ..  R  coirnaud  was  stuuieu  for 
a 'period  of  six  months.  For  the  first  h'-lf  of  this  period  pract:  ce 
bombing  was  not  emphasized  in  tnis  command.  During  +he  socodd 
three-month  p  rioa  somewhat  more  than  ten  percent  ox  one  operat¬ 
ional  time  of  the  crews  was  spent  in  practice.  The  curves 
of  Figure  15  show  the  comparative  results. 


The  top-most  of  the  four  curves  shoos  the  .-verngo  number  of 
hours  a  VLF,  plane  of  this  command  spent  in  the  air  per  month. 

The  dotted  curve  gives  the  total  average  hours  --no  the-  solid 
curve  gives  the  number  of  hours  spent  on  missions  bombing  Japan; 
the  difference  betv-en  the  curves  giving  the  average  number  of 
hours  per  month  p  r  plane  spent  on  practice.  One  notices  a 
continual  increase  in  the  average  operational  hours  p  r  month 
per  plane,  indicating  that  by  Kovenber  each  plane  was  corking 
a  aproxina  teiy  70  p  'rcer.fc  more  time  than  the  same  p.„ane  ha  a  in 
June.  This  improvement  is  only  to  v  small  part  due  to  the 
training  of  air  crews;  the  principal  contributions  having  been 
due  to  in  r  •jnsccl  experience  of  the  nciLtenM.ce  oofs  unci,  to 
modifications  in  the  a  in  craft  find  to  coal  r  v.  ’Atuer*  One 
sees  that  during  aiid  September  a  c  hsiluernbly 

amount  of  time  was  s >ent  in  practice. 


The  second 
capacity  of 


curve  shows  tue  improvement 
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A  large  portion  oi  the  paMioncnsl  rise 
during  September  and  October  was  due  to  the  standardization  of 
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{  !iChe»*ftiiiJrQ  •nferye  ^*ho';!s*  aj^ssuj’e  ojfSt  Selbfn  Lng  accuracy  of 
,*.5ikbte irMd  #rt>n#  tfcfSo 3 sM$?;1? *61  * ,v?o to^r  a  as  of  nm-i^ge. 
that  is  plotted  is  the  average  percent  of  the  bombs  uroppod  which 
cane  within  one  thousand  feet  of  the  target.  It  is  to  be  noted 
that  the  upward  trend  in  the  bombing  accuracy  begins  shortly 
« f ter  the  increase  in  flying  training  shown  in  the  top  curve. 
Other  factors  affecting  the  accuracy  were  changes  in  formation,, 
permitting  the  bombings  to  be  controlled  by  a  snail  number  of 
lead  crews,  which  are  given  Additional  training.  Improved 
weather,  with  resulting  better  physical  conuitions  for  the 
crews,  probably  «lso  had  its  effect;  though  if  this  was  an  im¬ 
portant  factor  tiie  rise  should  have  occureu  in  September  and 
early  October  rather  than  later.  One  can  conclude  that  tne  rise 
in  accuracy  is  au'  in  no  small  part  to  increase  in  training. 


The  produ.-t  of  these  three  factors  (hours  per  month  per 
plr-ne,  bonb-loau.  carried,  .and  accuracy)  c-  ulu  be  used  as  ar. 
ov  r~r>13  measure  of  effectiveness  of  an  individual  Vi.R  plane  and 
crew  for  the  strategic  bombing  of  small  targets.  This  prouuct 
is  plotted  in  the  lower  curve  of  Figure  15.  The  number  of  hours 
per  rrnnth  is,  of  course1*  the  number  of  hours  of  actual  bombing 
(i.e.  the  total  number  of  hours  per  month  minus  the  numb  r  of 
hours  used  in  bombing  practice) .  Tnis  is  the  solid  curve, 
called  True  Effectiveness.  We  notice  very  little  change  in 
this  measure  throughout  the  first  three  months.  From  the  time 
the  additional  training  was  instituted  to  the  end  of  the  three 
months*  period,  there  is,  however,  a  phenomenal  rise.  In  fact, 
ench  'Plane,  by  the  end  of  November,  is  sp  r  oxime  tel  y  ten  rimes 
as  effective  a s  the  s-  me  ,m1  'U'.e  ana  crew  was  the  first  of 
September. 


£ s  has  been  indicated,  some  ox  the  rise  is  due  to  weather 
and  other  causes,  but  the  most’  important  cause  seems  to  have 
been  the  additional  practice- training.  As  a  conservative 
estimate  of  the  cost  of  this  training,  we  cn  use  the  tot "l 
hours  per  month,  p-’r  plan  -  instead  of  tne1  actual  bombing,  hours. 
This  gives  ris  ■>  to  the  dotted  curve  of  the  lower  0x ” ph,  which 
is  the  measure  of  effectiveness  which  a  pinna  would  iv  ve  ii  it 
had  scent  all  its  operational  hours  in  bomuing  targets,  ahd  if 
the  other  improvements  (of  bonb--.toad  cr  riec.  ana  of  accuracy) 
had  occurred  v.-ithout  the  training..  Vie  see  that  tne  loss  o 
effectiveness  due  to  the  additional  time  t- ken  out  in  tr  xning 
i  s  a  very  small  amount  compared  to  trie  extra  Quinary  rise  in 
bomb-load  anu  heenra cy,  which  the  tr;  irirg  in  part  prouuced. 
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thair*?!da»«fc  #g¥ou.fs •^*er^**ln**Atfgusf,  though  the  unnes  were 
essentially  the  sene.  These  figures  show  the  futility  of  num¬ 
bers  compared  to  quality  of  performance*  The  results  achieved 
by  increased  efficiency  (by  further  tr-ining)  obviously  far 
exceeded  those  which  eoulu  have  been  reached,  simply  by  increas¬ 
ing  the  number  of  aircraft  or  the  number  of  nisei  -ns  flown  or 
by  adding  more  nev  gadgets.  This  fact  is  often  overlooked  in 
an  attempt  to  win  by  numbers,  with  everything  being  sacrificed 
simply  for  more  numbers,  more  air-craft,  more  sorties,  more 
bombs  dropped.  The  curve  shows  how  little  more  quantity  can 
count  compared  to  improved • quality.  Furthermore,  the  bigg-st 
improvements,  those  of  plane-loading  and  accuracy,  ase  largely 
due  to  training  and  c  -ntinual  practice. 


In  other  aspects  of  wo.rf are  the  effect  of  practice  and  train¬ 
ing  may  not  be  so  decisive,  but  in  all  cases  heretofore  analyzed, 
they  have  turned  out  to  be  exceedingly  important.  It  would  be 
worth  while  analyzing  other  cases  in  ciet-il,  so  that  in  the  future 
one  might  be  able  to  estimate  whetuer  the  audition  of  new  equip¬ 
ment,  or  the  further  training  of  personnel  in  the  use  of  the 
old  equipment,  would,  be  more  effective  in  a  given  case. 


Evaluating  the  Enemy* s  Counte 
equipment  i 


■measures  -  In  a  few  cases 
misused  or  discarded  because  of  an  exaggerated 


fear  of  the  vulnerability  of  the  gear  to  enemy  countermeasures. 
Such  a  possibility  must  always  be  prepared  for,  but  it  was 
the  experience  in  the  last  war  that  our  forces  usually  credited 
the  enemy  with  an  effective  countermen  sure  long  before  it 
actually  occurred.  This  subject  has  air or ay  been  mentioned, 
and  will  be  discussed  in  some  detail  in  Chapter  V.  An  example 
will  be  given  here  how  a  calculation  of  average  effectiveness  ■ 
can  s  rve  to  answer  the  fears  of  enemy  countermeasures,  ana  to 
rolong  the  use  of  an  effective  piece  of  equipment.  ’  The  example 
concerns  the  use  of  aircraft  warning  radar  by  U.S.  submarines. 
The  advantage  of  such  equipment  is  that  it  will  detect  the 
aircraft  at  greater  range  than  will  visual  lookouts,  ana  thus 
will  give  the  submarines  a  bettor  chance  of  diving  before  the 
attack  is  made.  The  first  early-warning  set  installed  on  U.S. 
submarines  had  an  average  range  of  detection  for  Japanese  planes 
only  1.4.  times  the  average  ran<_,e  of  visual  detection  for  these 
planes;  nevertheless  this  added  modicum  of  warning  proved  of 
considerable  value  in  a  number  of  cases.  In  fact,  our  submarine 
were  caught  on  the  surface  by  Jap  planes  in  less  than  3  percent 
of  the  attacks,  as  compared  to  t ho  50  p  rcent  chance  of  surface 
attack  enjoyed  by  our  planes  against  the  U-Boat,  as  mentioned 
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bhr)t  if  JrnBii^so  olftnes  h&ti  such  3,  rcui.^r  receiver  on  bnoci,  U10 
i*p Xig*fa  of  detection,  of  suonnrin os  using  r.^d^r,  by  such  planes, 
would  be  greatly  increased,  end  that  the  submarines  .radar,  inst*  • 
of  being  an  asset,  would  be  cone  a  liability.  ±/ia  ny  subf.io.rin'" 
slippers  became  convinced  that  tills  hau  occurred,  for  they  seemed 
to  find  that  more  Japanese  planes  came  into  view  when  their  earl 
warning  racier  was  turned  on  that  when  it  was  oil.  The  operat¬ 
ional  data  were  analyzed  to  see  if  this  vie  re  so.  The  results 
are  given  in  Table  (3 .14) 

Aircraft.  Con  tret  s  bv  U.S.  Submarines., 
no r  100 “ Da  vs" sT.a  v  of  dubmarin  -  in, Area 


Area  A  Are?" 

Radar  Early  Warning  in  Use  86  67 

Radar  Early  Warning  not  in  Use  61  51 

Ratio  1-4  1*3 


B 


(yd 


These  results  indicate  that  submarines  with  tneir  radar  in 
use  saw  more  planes  per  hundred  days  than  those  submarines  with 
radar  not  in  use.  At  first  sight,  there:?  re,  it  would  seen  to 
indicate  that  the  radar-using  submarines  were  attracting  planes. 
On  second  thought,  however,  one  sees  that  this  is  not  so.  The 
radar-using  submarine  should  see  more  pianos  because  its  rauius 
of  detection  is  greater  than  for  submarines  where  visual , sighting 
is  relied  upon.  In  fact  the  ratio  in  radius  of  bet  ction  which, 
as  we  have  seen  above,  is  just  the  ..actor  1’. 4«  Consequently 
the  op  rational  data  indicate  that  the  rruel -using  submarines. 

In  other  words  no  more  Japan  se  aircraft  congregated  over  radar- 
using  submarines  than  congregated  over  non-radar  using  sub¬ 
marines;  and  if  the  Japanese  had  a  radar  receiver,  it  was  not 
doing  them  any  good.  This  analysis  helped  to  kill  opposition 
to  the  use  of  radar  in  U.-  S.  submarines.  Since  the  end  of  the 
war,  it  has  been  .earned  that  the  Japane  -e  had  considered  instat¬ 
ing  r'dar  receivers  on  their  planes,  but  the  propos'd-  had  been 
vetoed  b;  the  higher  command. 
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In  Chapter  III  we  shored  that  in  a  grert  number  of  cases 
the  approximate  constants  or  v;n rf  are  are  useful  without  further 
mathematical  analysis,  once  they  have  been  obtained  by  theoret¬ 
ical  or  statistic"!  Methods.  In  Section  7  wo  g~ve  an  example 
from  the  anti- submarine  war  in  the  few-  of  Biscay,  which  snowed 
that  some tines  the  comparison  of  the  value  of  the  constants 
obtained  fro.:!  operational  data  wifcn  tne  tneore  tic  ally  possible  > 
value  ;ill  indicate,  ’without  further  analysis,  the  nouifa cation 
in  tactics  neces.  ary  to  obtain  improvement.  Similarly,  we  snail 
see  in  Section  16  that  a  simple  statistical  analysis  of  the  con¬ 
stants  entering  into  the  effectiveness  of  suicide  bombers  against 
maneuvering  surface  craft  is  all  that  is  necessary  to  indicate 
the  best  t'eties  to  be  used  in  avoiding  ’'Kamikazes”.  Once  in  a 
while,  a  simple  comparison  of  two  measures  ox  effectiveness  will 
suffice  to  answer  a  strategical  .question,  such  as  the  case  dis¬ 
cussed  in  Section  9  concerning  the  relative  .~dv.ci.tRge  of  aircraft 
and  submarines  in  sinking  enemy  sui.  ping.  Measures  of  effective¬ 
ness,  statistically  or  anal-  tically  uetermineu,  can  oe  of  consid¬ 
erable  aid  to  the  strategic-  planner  in  working  out  force  require¬ 
ments  for  various  tasks. 


11 .  Force  Requirements  -  Two  examples  from  tue  anti-sub¬ 
marine  -nr  in  the  Atlantic  rill  suffice  to  indicate  how  these 
c  instants  car:  '"id  in  determining  force  requirements.  Tue  first 
shows  tne  method  of  c 'leu.'  a  ting  the  number  of  anti-submarine 
patrol  planes  needed  in  a  sea  frontier,  in  oruer  euoquately  to 
escort  the  snipping  in  the  fr  ntier.  At  one  poriou  in  the  war, 
a  certain  frontier  had  the  following  density  of  snipping  off 
its  coast. 

Miles  Average  dumber  of  Units  Present 
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Base  .Convoys  Inae  indents  Uaval  Vessels  Tugs 
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turns  out  t  ■  b-  on  :  - t«r  i th* *o f V "  if 3  V3J*,  Vf  t!M  •■  ve  rsg@f4.R« 
zoh  '  between  400  °nd  500  miles  from  an  r ir  base  (or,  rather, 
there  Ls  a  convoy  in  tills  region  one  tenth  of  the  tine.) 

The  region  petrolled  by  the  sea  froi  tier  ilar.es  is  divided 
in  this  way  because  it  takes  more  et fort  to  atrol  at  large 
dista/  ces  from  a  base  than  it  does  at  short  distances.  Or  to 
nit  it  another  way,  it  takes  more  planes  to  give  a  convoy 
adequate  cov-'u.  age  wnen  the  convoy  is  far  from  the  air  base  tuan 
when  it  is  close.  Tne  next  part  of  the  problem  wherefore,  is 
to  determine  how  many  -lanes  of  a  given  type  are  u-eded  to  cover 
a  single  unit  continuously  in  a  given  zone.  Each  plane  cm  fly 
so  many  h  mrs  a  month;  the  rest  of  the  time  it  must  be  at  the 
b«se  in  order  to  rest  its  crew,  and  to  undergo  ov  mauling. 
Suppose  the  average  number  of  hours  a  month  a  certain  plane  can 
be  operational  is  N.  Each  plane  has  a  maximum  number  of  hours 
T  during  which  it  c':n  stay  aloft;  tuis  can  e  called  the  length 
of  mission,  hot  all  of  this  .Length  of  ...Ission  is  available  for 
escorting  vessels,  however:  the  plane  must  fly  from  the  base 
out  to  the  position  of  the  unit  before  it  c  n  be  of  use,  and  it 
must  fly  back  again  to  be  of  use  next  time.  .  This  transit  time 
is  equal  to  twice  the  distance  to  the  center  of  tne  zone  in 
question,  divided  by  the  speed  of  the  plane: 

L  =  Transit  time  =  (l/V)  (100t2D) , 

There  V  is  equal  to  the  speed  of  plane  in  knots,  end  D  is  the 
distance  from  the  base  to  the  inner  edge  of  tne  zone  in 
question. 


Requirements  for  Air  Escort-  The  length  of  tine  which  a 
ol«ne  c*n  devote  to  convoying  on  each  mission  is  therefore 
T-L.  Therefore  the  fraction  (T--L)j/T  is  tne  portion  of  each 
mission  which  is  actually  sp«nt  in  convoying;  ana  I*  times 
this  fraction  is  the  total  number  of  hours  a  month  a  single 
plane  cun  spend  in  actual  escort  of  a  unit  in  the  zone  in 
cues  Lion.  Therefore  the  number-  of  planes  of  a  given  type 
required  to  be  kept  or  hand  at  a  b-^se  in  ord  r  to  provine  con¬ 
tinuous  escort  of  a  sing  e  unit  in  a  given  zone  is  determined 
by  the  equation  (assuming  30  days  per  month): 

Number  of  planes  required  at  base  -  720T/K (T-L) 
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v/e  see  fro  this  table  that  the  Kingfishers  (0S2U)  cm  only  be 
used  for  cover  in  the  first  zone,  anu  the  Liberators  are  the  only 
planes  mentioned  in  this  table  which  can  cover  the  outer  2  ne, 

V'e  also  s»e  that  it  takes  nearly  twice  as  many  Liberators  to 
cover  a  unit  in  the  outermost  than  it  does  for  j_d  be)  a  tors  -go 
cover  a  unit  •  in  the  inn -most  zone. 


T^ese  two  tables  can  be  combined  to  give  the  total  force 
requirements  for  co  piete  cover  go  of  the  different  sorts  of 
units  preset  in  the  s-un  frontier  in  question,  one  multiplies 
che  number  of  planes  required  per  unit  in  a  given  zone  by  the 
number  of  units  present  in  that  zone.  This  gives  tue  number  of 
'lanes  or  blimps  of  each  kind  vmich  wou.lu  be  required  to  be 
on  hand  at  bases  in  order  to  cover  p_l  oi  t^e  units  present  in 
the  frontier  a  1  of  tue  time. 


Aircraft  Fee,  u.1  renftnt s  for  n/S  Escort 
For  Pop  Fr  •o.tior. 


;  3KE 


Day  and.  Li 
Av.  No.  Units 
to  be  covered 


pit  Cover 
BlLips 

7.0 


for  Convoys 
King sf ism 
0S2U 


rs  Liberators 
PB4Y 


0-100 

4.3 

100-200 

2.1 

200-300 

0.6 

300-400 

0.3 

/on-ane 

0.1 

...  ....  ... 

•  •  •  » 

•  •  •  •  •  • 

*  •  •  • 

•  •  •  ••••  ••• 

•  •  ft  ft 

ft  ft  ft 

•  •  ft  • 

ft  ft 

•••ft  •••  ft 

1  PsP, 


•  •  • 
•  ft 
•  •  • 


•  • 

•  •  •  • 
•  • 

•  ft 

•  • 


9.7 

6.3 

2.7 
2.7 


53.6 
Cannot 
sov  r 
these 
zones. 


•  •  •  • 

•  •  •  • 

•  •  ♦  •  * 

•  ••  •  • 

•  •  •  • 


3  2 . 6 
17.3 
5  •  3 

3.3 

1.3 


:*Drf/j<FuSd, 

*i*  1  ;_?i  t  Qb\e  i  •  i/ie  ■*  .** 

•  1  «  ... 

Av. 

KoJ.JfnjVt j  • 

J  A  \  ^  • 

» ••  • 

•15ii?gfi5n^3p«  . 

iterator: 

Zone 

to 

be  covered 

•••  ••Mh'  • 

. os;>i5*  • 

•  «.  .7a»:»:»  * 

0- 

100 

2.0 

4-5 

25 

^5 

100- 

200 

0.9 

2.7 

Cannot 

7.6 

200- 

■300 

0.7 

3.1 

cover 

6. 3 

300- 

400 

0.1 

- 

these 

1.1 

$00- 

•500 

0.1 

zones. 

1  "2 

X  .  V 

Day  and  tight  Cover 

for  Independents 

and  fugs 

Zone 

Av. 

1-3 o.  Units 

Liberator 

to 

be  covered 

Blimps 

Kingfishers 

.  ZP 

0S2U 

PB4Y 

0- 

■100 

13.8 

42 

to 

* 

v„o 

4s- 

14; 

100- 

■200 

2.6 

7.3 

Cannot 

4  a, 

2C0- 

•300 

1.3 

8.1 

cover 

17 

300- 

■400 

0.3 

2.7 

these 

3.3 

I 

O 

o 

-4- 

•500 

0.1 

- 

zones. 

1.3 

Fro-'!  this  set  of  teb~.es  of  force  requirements,  one  cor* 
calculate  the  total  number  of  planes  required  as  soon  ns  one 
knows  the  particular  plane  which  is  to  cover  a  given  zone  and  as 
soon  as  one  decides  what  percentage  of  coverage  each  unit  is 
to  be  given.  For  instance,  if  one  wishes  to  give  all  convoys 
complete  coverage,  naval  vessels  fifty -percent  coverage,  and 
independents  and  tugs  10  percent  coverage;-  and  if  one  is  w  u»« 

zone 


,d  if  one  is  to  use 

Liberators  for  the  outer  two  zones,  blimps  for  the  next  two 
and  for  half  the  coverage  in  the  inner  zone,  anu  Kingfishers 
for  the  other  half  of  the  coverage  of  trie  inner  zone;  then  one 
sees  that  one  needs  about  6  Liberators,  about  22  blimps,  and 
about  45  Kingfishers  on  base  in  oraor  to  satisfy  tuese  require¬ 
ments  for  close  coverage  against ' submarines .  More  than  this 
number  would  need  to  be  on  hand  in  oruer  to  proviue  against 
simultaneous  breakdown;  but  this  is  another  problem,  already 
touched  on  in  Section  5.  Other  similar  requirements  must  be 
made  up  for  other  anti-submarine  duties,  such  as  for  g-  r.eral 
patrol  arid  to  take  part  in  submarine  hunt  after  a  conta.cz  urs 
been  made. 


It  should  be  poi  ted  out  that  a  certain  jereeut  of  non¬ 
flying  mother  simply  lowers* , the  number  of  hours  per  plane  per 
month,  but  does  not  affect  the  aircia.it  assignment  sue  in  the 
tables  above.  Hours  lost  due  to  bad  wee  trier  are  hours  lost,  and 
the  requisite  number,  of 
of  the  good  weather!.  •  •  ••  • 
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depth  charges  ana  ahead- tnrown  charges  used  per  month  in  the 
Atlantic  in  anti-submarine  warfare  in  1944-  -'Airing  this  time 
there  were  •’  >  roximately  30  enemy-  sua rriue-s  on  patrol  in  the 
Atlantic,  and  there  were  about  500  auti-subm-rine  snips  at  sea 
in  the  Atlantic,  uich  used  614  depth  charges  anu  700  ah« ad- 
thrown  chaiges  per  north  tc  sink,  on  the  average,  1,25  sub¬ 
marines  a  month .  It  seems  to  have  turned  out  that  cue  number  of 
depth  c,  arges  nnu  ahead- thrown  charges  used  per  month  is  propor¬ 
tional  to  the  number  of  enemy  submarines  present  at  any  tine. 

For  the  year  1944,  therefore,  about  twenty  ueptu  charges  and 
twenty- thr - e  ahead  thrown  charges  were  us  cu  per  1.10 ntn  per  enemy 
submarine  present.  This  figure  was  used  to  prouiet  tne  number 
of  weapons’  needed  in  subsequent  nontiis  once  it  was  possible  to 
estimate  the  number  of  enemy  submarines  which  were  likely  to  be 
on  patrol.  This  result  was  used  in  uetermining  the  production 
orders  for  the  successive  year. 


It  is  possible,  on  the  other  hand,  that  tne  number  of  depth 
charges  used  was  proportional  to  the  number  of  submarines  sur.kj 
this  figure  for  1944  v/as  about  490  depth  charges  and  560  ahead- 
thrown'  charges  per  German  U/Boat  sunk.  From  Intelligence  reports, 
one  can  estimate  the  number  of  submarines  tart  will  be  in  the 
Atlantic  at  some  future  tine,  and  find  the  number  of  submarines 
expected  to  be  sunk.  This  again  con  give  an  alternate  estimate 
of  requirements,  which  turned  out  to  ogre  :  with  tne  other  estimate 
a ppr >ximately. 

12.  Larches ter* s  Equations  -  The  previous  section  gave  a  few 
eirble  examples”  of  the  use  of  measures  of  effectiveness  to  deter¬ 
mine  force  requirements.  As  usual,  the  constants  of  warfare  are 
not  very  constant,  and  only  approximate  forecasts  con  be  obtained. 
In  rioat  cases  such  constants  are  not  known  sufficiently  accurately 
to  warrant  their  being  used  in  natnenaticr.l  equations  of  any 
complexity. 


Occasionally,  however,  it  is  useful  to  insert  these  constants 
into  differential -equations,  to  see  what  would  happen  in  tne  long 
run  if  conditions  were  to  remain  the  sane,  as  far  as  the  constants 
go.  These  differential  equations,  in  oruer  to  be  soluble,  will 
have,  to  represent  ••-'xtreneiy simplified  forms  of  warfare;  and  there¬ 
fore’  their" range  of  applicability  will  be  small,  be  shall  point 
out  later  in  this  chapter  otner  serious  limitations  of  such  equatio 
Fcvertheless,  it  sometimes  happens  that*  cohslnerabl *  lnsigut  can 
■aitslP-esl  into  th<  interrel a  tf  otariLp  between  measures  o£  eff-  et- 
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general  sort  cr  ,  ,  _  „  ^ 

tactic*1 ''  or  strategical  situation,  anu  only  a  few  oi  tnea  navxng 
More  than  marginal  interest*  A  few  of  tire  more  —uteres  oing 
examples  v/ill  be  given  in  the  present  chapter. 

Description  of  Combat  -  Some  of  the  _  simples t  _  and  juost 
interesting  differential  equ-  fcions  relating  opposing  forces 
wer-"-  studied  by  Lanchester  during  World  War  I.*  fne  material 
in  quotations  is  taken  from  nis  work. 

"One  of  tire  great  cuestions  at  the  root'  of  all  strategy  is 
that  of  concentration:  the  concentration  of  the  whole  resources 
of  a  belligerent  on  a  single  purpose  or  object,  and.  concurrently 
the  c one or.tr a ti  n  of  tire  main  strength  of  hih  lorces,  wnethcr 
naval  or  military, 'at  one  point  in  the  field  of  operations,  but 
the  principle  of  concentration  is  not  in  j.tse..i  a  strategic 
'Tinciolej  it  ap  lies  with  equal  eiiect>  to  purely  tactical 
operations;  it  Is  on  its  material  side  based  on  facts  of  purely 
scientific  character. 

"There  is  an  important  difference  between  the  methods  of 
defence  of  primitive  tines  and  those  of  the  present  day  whicn 
may  be  used  to  illustrate  the  point  at  issue.  In  olden  times, 
when  weapon  directly  answered  weapon,  the  act  of  defence  was 
oo'itive  and  direct,,  the  blow  of  sword  or  bnttieaxe  was  parried 
by  sword  and  shield;  under  modern  conditions  gun  answers  gun,  the 
defence  from  rifle-fire  is  rif. e-fire,  and  the  defence  from  ar¬ 
tillery.  hut  the  defence  of  motioren  arms  is  indirect:  tersely, 
the  enemy  is  prevented  from  killing  you'  by  your  Killing  him  first, 
and  the  fighting  is  essentially  collective.  As  a  consequence  of 
this  difference,  the  importance  of  concentration  in  history  has 
been  by  no  means  a  constant  quantity.  Under  the  old  conditions 
it~  vas'not  possible  by  any  strategic  plan  or  t  cticrl  maneuver 
to  bring  other  than  approximately  equal  numbers  of  men  into  the 
actual  fighting  line f  one  nan  would  ordinarily  find  himself  . 
Deposed  to  one  man.  Fven  were  a  General  to  concentrate  tv, 'ice 
the  number  of  non  on  any  given  portion  of  the  field  to  .that  of 
the  enemy,  the  number  of  men  actually  wielding  their  weapons  at 
any  given  instant  (so  long  ns  the  fighting  line  was  unbroken) 
was.  roughly  speaking,  the  sane  on  both  sides.  Under  present- 
day"  conditions  "11  this  is  changed.  With  modern  long-range  wea¬ 
pons  -  fire-arms,  in  brief  -  the  concentration  of  superior 
numbers  gives  an  immediate  superiority  in  the  active  combatant 
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rnnks^.rp.fj,  ^  f^lnds  Itself  under  a 

jjnr;  hgj?v:i£r  Eiah  >Vr.ijc|n,  $hsn;.i;t  H$  *bie  to  return.  The 

i*4pPSfcitccH  of  5 tiSi s* i*Sec'«*n>?p* *1*5  •Ve^tQ*r  than  might  casually 
be  supposed,  and  since  it  contains  tue  kernel  of  the  whole 
question,  it  will  be  examined  in  uefcnil. 

5fIn  thus  contrasting  the  ancient  conditions  with  the  modern, 
it  is  not  intended  to  suggest  that  the  advantages  of  concentra¬ 
tion  did  not,  to  so;.e  extent,  exist  under  the  old  order  of  things, 
For  example,  when  an  army  broke  and  fled,  unuoubtealy  any  numer¬ 
ical  superiority  of  the  victor  could  be  used  with  telling  effect, 
and,  before  this,  pressure,  as  distinct  from  blows,  would 
exercise'  great  influence.  Also  the  bow  and  arrow  and  the  cross-' 
bow  v-^re  v/eanons  that  possessed  in  a  lesser  degree  the :  properties 
of  fire-arris,  inasmuch  as  they  enabled  numbers  (within  limits) 
to  concentrate  their  attack  on  the  few.  As  here  discussed,  the 
conditions  are  contrasted  in  their  most  accentuated  form  as 
extremes  for  the  purpose  of  illustration. 

"Taking,  first,  the  ancient  conditions  where  nan  is  oop/sed 
to  ran,  then,  assuming  the  combatants  to  be  of  equal  fighting 
value,  and  other  conditions  equal,  clearly,  on  an  average,  as 
many  of  the  "duels”  that  go  to  make  up  the  whole  fight  will  go 
one  way  as  the  other,  and  there  wi  1  bo  about  equal  numbers 
killed  of  the  forces  engaged;  so  that  if  1,000  nen.  meet  1,000 
.men,  it  is  of  little  or  no  importance  whether  a  "Blue”  force  of 
1,000  men  meets  a  "Red”  force  of  1,000  men  in  a  single  pitched 
cattle,  or  whether  the  whole  "Blue”  force  concentrates  on  500 
of  the  "Red"  force,  and,  having  annihilated  then,  turps  its  atten¬ 
tion  to  the  other  half;  there  will,  presuming  the  ”Reus,!  stand 
their  ground  to  the  last,  be  half  the  "Blue”  force  wiped  out  in 
the  annihilation  of  the  Rod  force*  in  the  first  battle,  and  the 
second  battle  w  11  start  on  terms  of  equality  -  i.e. ,  500  nlue 
against  500  Redy 

The,  Linear  Law  -  To  set  the  discussion  into  a  mathematical 
equation,  "re  will  let  m  be  the  number  of  combatants  in  the  Red 
-  force  at  any  instant  and  n  be  the  corresponding  number  in  the 
Blue  force.  The  tine  variable  in  the  equations  requires  a  little 
explanation,  since,  it.  is  very  seldom,  that  warfare  goes  on  con  tin- 
ously.  In  the  simplified  picture  02'  earlier  warfare,  each 
engagement  (or  charge  or  battle f  was  made  up  of  a  large  number 
of^inuiviuuai  combats  (or  duels).  Vie  can  Irble  each  engagement 
in  sequence  and  use  the  indicia!  number  as  the  "tine”  variable  t, 
by  the  usual  extension  fr  .  discrete  to  continuous  variable.  Or 
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V/e  will  only  consider  those  combats  which  result  in  the  elim¬ 
ination  of  one  or  the  other  combatant.  To  make  the  discussion 
general,  v/e  can  alloy/  one  side  or  the  other  a  certain  superiority 
in  weapons  or  in  training  which  can  be  represented  in  terms  of 
an  exchange  r>';.te.  As  explained  before,  this  is  the  ratio  E  betv/een 
the  average  number  of  Blue  combatants  lost  to  the  average  number 
of  Red  combatants  lost.  The  number  of  the  Red  forces  lost  per 
combat  is  equal  on  the  average  to  the  ratio  of  the  losses  inflicted 
by  the  Blue  forces  on  the  Red  and  the  total  number  of  combats 
(which  is  equal  to  the  total  number  of  losses),  and  similarly  for 
the  Blue  losses.  Therefore  the  differential  equations  for  the 
changes  in  m  and  n  per  combat  are 


dm  1  ,  dn  —  E  J 

cTf  -  ~  T:zE  WZ  ~  FRI 


m  =s  ra0 


(4.1) 


where 

zzi  L  #  n  q  •**  n  E  ( ) , 

Since  the  solutions  are  linear  in  T  and  since  the  relationship 
between  m  and  n  is  linear,  tils  sot  of  equations  is  sometimes 
called  Ranches  tor's  Linear  Lav/. 


To  express  the  equations  in  terras  of  t,  v/e  can  assume  that 
in  the  T'th  engagement  there  are  F(n,n,t)  combats.  The  equations 
in  terms  of  the  "engagement  variable"  t  are  therefore 


dm 

eft  ~ 


F  (m,n, t ) , 


F  (ra,n,t ) 


(4.2) 


Dividing  one  of  these  equations  by  the  other,  v/e  obtain  again 
(dn/dnOs-jE,  as  before. 


The  solutions  of  these  tv/o  equations  ‘  represent  average  or 
expect  values  in  the  sense  of  probability  theory.  The  actual 
results  of  any  series  of  engagements  will  deviate  from  this 
average  according  to  the  probability  analysis  given  in  the  next 
section. 


V/e  see ^ that  Ism  -i*s* 

the  situation  disc1  is  4  1  * j  S v  ■:  V,- 

forces  are  equally  I  ..!  >* 
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nunb&i.s*Y5  *&qua*lj  t"<j*  tijp*  ejj^fhtn&o  rite  S2£**s?s;hi5 
abolei  Wieih  is j c.q pEfQtyidciilJf *rio. .* Jj ve«ijag^  it? 


forces  o 


\s  been  mentioned 
concentration  of 


When  we  turn  to  the  modern  case  with  extended  fire  power, 
we  find  that  we  cannot  break  up  the  Individual  engagements  into 
unit  combats.  For  each  participant  In  an  engagement  can  fire 
at  every  opponent  (at  least  in  the  ideal  case).  The  time 
variable  must  therefore  be  the  indicial  number  t  of  the  engagement. 
We  will  assume  that  in  the  t’th  engagement,  a  single  Bed  combat¬ 
ant  can  put  out  of  action  (E/l  E)G(t'  Blue  combatants,  on  the 
average,  and  an  individual  Blue  combatant  can  put  out  of  action 
(l/l+E )G(t )  Red  combatants  on  the  average.  The  corresponding 
differential  equations  for  this  modern  case  are  therefore 


dm 

a 

n 

,  - 

C-(t), 

dn 

as 

dm 

n  . 

n2 

l2  - 

3n  = 

Ho*" 

G(t); 
E  (m|>.m2  ‘ « 


(4.3) 


whore  E  is  again  the  exchange  rate.  Since  the  solution  of  this 
equation  comes  out  as  a  relationship  between  the  squares  of  the 
numbers  of  the  combatants,  this  equation  is  sometimes  referred 
to  as  Lanchester’s  Square  Law. 


Lanchester’s  equations  made  it  difficult  to  explain  the 
advantages  of  having  reserves.  There  are  two  possible  approaches 
to  in  trodueing  a  troatn'ent  of  reserves.  One  is  to  have  a  decay 
of  effectiveness  of  personnel  or  weapons  as  the  result  of  use  in 
combat.  This  is  not  enough  (mathematically ) ,  Another  factor  is 
that  personnel  not  exposed  are  not  killed,  i,e.,  doubling 
effective  personnel  will  not  only  double  the  rate  of  destruction 
of  the  enemy  but  also  one’s  own  rato  of  destruction  by  exposure 
to  fire. 


The  advantages  of  concentration  are  apparent  in  the  solution 
of  Equation  (4,3),  for  it  is  apparent  that  the  .effective  strength 
of  one  side  is  proportional  to  the  first  power  of  its  efficiency 
and  proportional  to  the  square  of  the  number  of  combatants  enter¬ 
ing  the  engagement;  Two  opposing  forces  are  equally  matched  when 
the  exchange  rate  is  equal  to  the  square  of  the  ratio  of  the 
number  of  combatants.  Consequently  IF  Ts  more  profitable  to 
increase  (by  the  same  amount)  the  number  of  participants  in  an 
engagement  than  It  is  to  increase  the  exchange  rate  (by  increas¬ 
ing  the  effectiveness  of  the  individual  weapons).  This  is  not 
an  dgjihiBt  increased  weapon  efficiency;  it  is  simply 

a  Istfctsrftjiit  of  concentration 

mfly**-- ,  #v!  ''.tshf J&bsr  ,nVi  t rite  { d v ap  S§t*je ;  iq  waqpon  ef f ic  iency . 
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'To  bring  this>  fact  -ut nore  eleayjyj^e  v;iU  return  to  the 
engagement  mentioned  earlier  betv.?ee|iQlo,OOft  nen  on  the  )£iUe°  siue 
one  1,000  nen  on  the  Red  si-dey-eoeix  with*  ssd&iSon.s  of  lequal*  fire¬ 
power  (E=l)«  If  each  side  throws  in  all  its* Manpower  "into' each 
engagement,  the  series  of  battles  will  end  in  a  drew.  If,  hov/ev  r, 
the  Red  general  maneuvers  so  as  to  bring  his  thousand  nen  into 
engagement  with  half  of  the  Blue  force,  it  will  be  seen  that  tne 
Blue  force  is  wiped  out  of  existence  with  a  .loss  of  only  about 
134  men  of  the  Red  force,  leaving  866  to  Meet  the  remaining 
500  of  tho  Blue  force  with  en  easy  and  uecis.  ve  victory.  *he 
second  engagement  between  866  Red  participants  and  500  Blue  will 
result  in  the  annihilation  oi  the  second  Blue  contingent  with 
the  loss  of  about  159  Reds,  leaving  707  survivors. 


Fitting  Strength  ~  These  equations  ana  their  solutions  have 
a  gr»*at  r~nge  of  approximate  application  and  suggest  a  number  of 
useful  investigations.  Indeed  an  important  problem  in  operariox;s 
research  for  any  type  of  warfare  is  the  investigation,  both 
theoretical  and  statistical,  as  to  how  nearly  Lcnchester* s  lavs 
apaly.  If  it  turns  out  that  Lancnester^s  Square  Law  applies, 
the  possibilities  of  a  concentration  of  forces  should  at  _u.ee 
be  studied.  An  obvious  application  is  in  serial  warfare.  It 
has  already  been  mentioned  that  an  important  fact  r  in  the  large 
r-tio  of  effectiveness  between  U.3.  fighting  pianos  and  Japanese 
fighting  planes  lies  in  the  fact  that  the  IT. 3,  planes  fight  in 
groups  of  two  or  three,  whereas  the  Japanese  planes  usually  fight 
singly. 


Another  quotation  from  Ranches ter  is  of  interest  here: 

"It  is  easy  to  show  that,  this  solution  may  be  interpreted 
more  generally;  the  'fighting  strength'  of  a  force  may  be* 
broadly  defined  as  proportional  to  the  square  -of  its  numerical 
strength  multiplied  by  tne  fighting  value  of  its  individual  units. 

"As  an  example  of  tne  above,  let  us  assume  an  army  of  50,000 
giving  battle  in  turn  to  two  armies  of  40,000  ana  30,000  res¬ 
pectively,  equally  well  arped;  then  the  strengths  are  equal, 
since  (50,000)'-  =  (40,000)^  (30,000)  .  If,  or.  tlxe  other  hand, 

the  two  smaller  armies  are  given  time  to  effect  a  junction,  then 
tiie  »rmy  of  50,000  will  be  overwhelmed,  for  the  ligating  strength 
of  the  opposing  force,  70,000  is  no  longer  equal,  but  is  in  fact 
nearly  twice  as  great  -  namely,  in  the  relation  of  49  to  25*, 
Superior  morale  or  better  tactics  or  a  hundred  and  one  other  ext- 
traneous  coses  may  ii  tervene  in  practice  to  modify  the  issue 
but  tills  does  not  invalidate  the  mathematical  statement. 


"Let  us  now  t-ahe  an  exqnple  in  whicn  av difference  ih  thud 
fighting  v^lue  of  the  uni  %  is  a  factor,  ¥.£-  will  gassuue.  Chat,  =  n& 
a  matter  of  experiment,  ?  ohehm'an  employing  a  mnaeuino-ghh  febn  '>ur.ish 
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gex iont  are  subject  to 


The  Linear  Law  -  For  instance,  for  the  linear  equations,  we 
can  say  that  at  each  combat*,  on  the  average  (E/E-l)  Red  uni ts  is 
lost,  and  on  the  Average  (l/E-kl)  Blue  units  is  lost.  Then  after 
T  combats  (if  T  is  snaller  than  nQ  or  n  ) ,  the  hiu_ tinouial  uis- 
tributi  'n  shows  that  the  probability  that  there  will  be  ;-i.Reu 
units  lost  end  p  -  T  -  d.  Blue  units  lost  is 

?(*.,*)  =  „1[  ;  T=a.-t^§ta0,n0  U.6) 
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•Then  the  index  T  gets  large  enough,  nowever,  there  is  a 
chance  that  ''-11  of  one  force  is  annihilated.-  For  instance, 
when  !  -  nQ,  there  is  r  certain  probability  ?(0,nQ) =(l^F) w^o 
that  all  of  the  Blue  units  will  have  been  annihilated,  and  none 
of  the  Red.  units.  If  tills  shou.  d  have  c.  curred,  the  battle 
would  end  then  and  there.  There  is  also  a  possibility  that  the 
baitie  will  ana  witu  one  Red  unit  lost  and  all  of  the  lilux  units 
lost.  The  probability  of  tills  occurring  is  ?(l,u  ). 


It  is  not  difficult  to 
and  ?(n0,.^)  are  not  obtained 
..©tailed  analysis  shows  tar. t 
so'-cial  cases  are: 


see  that  tiie  probe?  -  ill  ties  P(or,n0) 
fron  the  formula  (4.6).  lurtacr 
tiie  00.  recr  formulas  for  these 
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_ 

P(m0-l>r-0)  ?(n0,m0)  j 


(4.8) 


The  heavy  dashed  lines  a,  .  b,  and  c  correspond  to  the  situation 
«t  different  "times"  T.  For  instance,  -for  the  line  &,  T=  2; 
for  the  line  b,  T  =  r;  +•!.  In  case  b  the  cells  crossed  by  the 
horizontal  and  vertical  portion  of  tne  uaskod  line  represent 
finished  battles;  those  crossed  by  the  diagonal  portion  of  the 
line  represent  battles  not  yet  f ini sued.  Line  c  represents 
7T>  mQi-n  after  all  possible  battles  have  finished.  The  sum 
’of  all  $he  P's  along  any  one  of  the  dashed  lines  equals  unity 
(as  of  course  they  must). 

It  will  be  apparent  that  for  times  corresponding  to  the 
lines  b  or  c,  the  average  number  of  combatants  lost  wil^  not 
correspond  to  equations  (4. l)  for  the  Lanchester  Law.  In 
particular,  a  study  of  the  case  represented  by  line  c  shows 
that  when  the  battle  is  c  i.tinued  to  its  finish,  the  result 
wil  be  either  a  number  of  Blue  units  left  or  a  number  of  Red 
units  'eft.  For  any  particular  values  of  m  or  nQ  or  S,  the 
average  number  of  survivors  can  be  computed* or  these  alterna¬ 
tive  possiblities. 


As  an  example  a  tab.  e  of  the  form  shown  in  Equation  (4.8) 
can  be  computed  for  the  case  where  there  are  initially  five 
Red  units  and  three  Blue  units,  and  where  the  exchange  rate  is 
unity.  From  this  tabular  form  one  can  compute  the  average 
number  of  combatants  surviving  on  each  side  after  T  combats. 
The  results  of  these  calculations  are  tabula tea  under  "Prob. " 
in  the  following; 
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see  that  lor  tnis  c«e  tneie  . ri  +he  had  forces  anranilst- 
four  the t  the  bottle  vail  ere «tu  all  the  hea  left. 

ed,  end  on  tne  aver age,’ 3Prr< t  roxi-.a tely)  the  Blue 
In  the  other  three  ca^es  out  o.,  1  f  three  hed  units 

forces  will  be  annihilated  and  an  £^^steris  Equations  in 
will  be  left,  ha  1  tie  are  obvious.  Of  course,  it  shoulu 

hf  prin^rouf  thft  for  Isrge  niters',  the  Percent  ueviotxons 
from  I.anchester1  s  Laws  will  be  sunli-.r . 

•The  Sauare  Law  -  In  order  to  make  a  probability  analysis 
Of  thl  Lnlest-i^-square  Law,  we  shell  ^ 

m€?r5t  rf3 dbrat ion11  so^ a tStfcef  losses3 on°each  side  cause  no  apprec¬ 
iable  diminution  in  fire  power  during  the  engagement.  Suppose 
iable  diminution  in  xxi  e  r  en-.or9nlX)t  there  are  ra  Red  units 

that  at  the  be^inni  S  -  during  the  engagement  each 

“5  Shoots  ;  certain  fraction  of  the  Blue  units  and  vice 

ver^a*  To' correspond  with  the  notation  of  i  t  unit"*  or 

should  have  the  fraction  of  the  Blue  unit  s^°^y  «  R®d  unit,  on 
S?  average,  is  IT /EM)  and  the  fraction  of  tne  Red  unit 
which  is  shot  by  the  Blue  unit,  on  the  average  Is  (T/m  \ff ) > 

7-1  •  »‘o  duration  of  the  ens.G~.nt  in  the  new  unit  of  tit... 

defined  by  Eq.  (4.4). 
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(1- r£i)n(“-P)  Si-(i-J3H)V. 
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;  (4.10) 


XP 
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From  these  expressions  one  can  find  'tae  average  number  of  Red 
and  Blue  units  hit  during  the  engagement.  These  expressions 
-re 


(4.11) 


This  expression  does  not  correspond  to  the  solution  of  Lanehes- 
ter?s  Equations  except  in  the  limit  of  small  values  of 7" • 

Iffis  not  particularly  small,  but  if  tae  number  of  combat¬ 
ants  on  both  sidns  is  quite  large,  the  equation  may  be  reducdd 
to  somewha  t  y.ore  simple  fora 


m ,n;  Od  =  m  jl~e- (n/mVE)l 
py,  =  n  |i-e"  (mfsTn) 


(4.12) 


which  still  do  not  correspond  with  the  solution  of  Lanchester's 
Equations.  If,  however,  the  quantities  in  the  exponential  are 
quite  small,  as  they  would  be  if  the  engagement  is  considered 
to  last  a  very  short  duration At>  then  tae  number  of  Reu.  units 
lost  (which  ecuals  -dm)  is  ecval  to  -  (aK?%  which  checks  couplet 

'  >). 


ely  with  Equation  (4»5, 


w 


By  going  back  to  Equation  (4. 10),  however,  we  can  extend 
the  differential  technique  to  the  the  probabilities  themselves. 


For  instance,  if  v/e  define  P(n,n,t)  as  the  chance  tnat  at  tae 
time  t.  there  are  n  Red  units  ana  n  Blue  units  still  unhit,  ther; 

f  the  elementary  engagement  lasting  f  time 
probability .fjuic £isi> . tae.«66Ai»v^l!ng 

?•*.  :  : 

:  •  K*:  ..  *•••  •••  •••  . . 


a  detailed  study  of  the  elementary  engagement  lasting  a  time 
dt  shows  tar  t  the 
recursion  relation^' 
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dt 


°  (n,  o ,  t)  =  (nfE)  P  (in,  I ,  t) 


\ 

f 


(4-13) 


4.  P(o,n,t)  =  (n/|f  F)?(l,n,t) 


J 


These  equations  can  be  solved  subject  to  Uie  initial  condition 


that  o(n0  'n0  t)  equals  unity  and  all  other  P’s  equal  zero  at 
tr-0„  The  calculations  are  tedious  for  oarge  numbers  but  are 


straightforward . 


An  ExstacP  e-  Detailed  study  of  the  solutions  of  Equation 
(2|, o  1 3)  shows  that  the  average  values  of  u  and  n,  as  functions 
of  time,  are  fairly  accurately  equal  to  those  predicted  by  the 
solution  of  benches  ter’ s  Equations  (4«5)  for  tire  early  stages 
of  the  battle.  During  tire  later  stages,  however,  deviations 
occur  from  the  Lanchester  solution  of  a  nature  analogous  to 
those  displayed  in  Equations  (4*9).  An  example  will  pernaps 
illustrate  the  nature  of  the  piiei;u..ieron»  he  choose  the  same 
initial  number  of  combatants  as  in at  chosen  for  Equations 
(4.9)  in  order  to  compare  .the  probability  calculations  for  the 
linear  and  the  square  lav;  cases.  The  following  table  gives 
values  of  the  probability  functions  except  for  m~0,  or  xf*0o 
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the  quantities  along  each  dashed  line  is  equal  to  unity.  In 
the  present  case  the  eventual  result  is  obtained  by  letting 
t  go  to  infinity.  VEhen  this  is  done,  only  the  lowest  row 
(for  m=0)  and  the  right  hand  column  (for  n=0)  will  differ  from 
zero,  indicating  that  the  battle  has  come  to  an  end  with  some 
of  one  siue  or  some  of  the  other  side  surviving.  Tne  limiting 
values  of  the  non-zero  probabilities  give  the  chances  of  tne 
various  outcomes.  In  the  example  given  in  Ecuation  (4-14), 
the  probabilities  of  the  eventual  results  are 


mo~  5,  nQ=  3,  E=  1;  Limiting  Values  of  ?(n,o, t)  and  P(o,n, t). 
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Prob.  Beds  'fin. 
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with  3.994  survivors 
ex  iected 


n-  3,  ?(o,n,oo)  =  ,0362 
2  .0469 

1  .0295 


(I4.0I5) 


Prob.  Blues  V,'in=.1126 

vita  2.059  survivors  expected 


Therefore  in  the  long  run  the  chances  aie  about  9  to  1  that  .tne! 
Feds  will  win.  If  they  do  win,  they  wil3  have  a  >proxii lately 
four  conb« tnnts  surviving.  The  Blues -will  nave  one  chance  in 
nine  of  winning,  and  if  they  win,  they  will  have  approximately 
two  combatants  surviving. 

The  difference  between  these  results  and  those  given  in 
Equations  (4.9)  for  the  Linear  Law  are  quite  interesting.  For 
the  Lineai1  case  the  chance  of  the  Blues  surviving  was  one  in 
four,  approximately;  whereas  for  the  Square  Law  the  chance  of 
survival  is  one  in  nine,  approximately.  This  corresponds  to 
the  increased  importance  of  outnumbering  the  opponent  in  the 
Square  Law  case.  The  other  striding  difference  is  in  the 
number  of  survivors.  In  the  linear  case,  if  red  wins  the 
exoecteo  number  of  surviving  victors  is  three,  wuereas  in  the 
square  case  four  arc  expected  to  remain. • ■ The  exoected  numbers, 
assu  ing  a  blue  victory,  are  1.6  and  2,  respectively.  In 
general,  therefore,  one  can"  expect  a  larger  number  of  surviving 
victors  for  the  square  law  case;  a  result  diich  again  illustrate: 
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the  quantitative  aspect*  h  Vftr saw  *o ••  •  t?ie  c4snIit.«ilJii!*e, 

and  we  c~n  begin  to  think  of  a  number  which  is  tne  measure  of 
the  total  fighting  strength  of  a  nation  at  some  instant. 

This  strengtii  is  continually  changing  with  time.  In  the 
first  '•lace,  both  sides  are  busy  producing  more  strength; 
training  men,  building  planes,  etc.  Tne  rate  of  production 
(in  the  same  units  as  rn  or  n  are  measured)  for  the  red  side  is 
P,  and  that  for  the  blue  side  is  0.  These  will  vrry  with  time, 
but  for  our  first  analysis  v?e  wi_.<.  assume  they  are  constant. 


Loss  Rates-  In  addition  the  strengths  will  be  decreasing, 
due  to  the  fighting.  This  rate  of  destruction  must  depend  on 
the  strengths  of  the  two  sides,  and  it  is  not  certain  what 
form  of. function  most  nearly  represents  the  behavior  of  actual 
wars.  Certainly  a  Lanchester  term  ox  the  form  (-  an)  for  the 
rate  of  change  of  m  is  a  reasonable  one,  since  the  rate  of 
loss  of  red  units  must  increase  as  the  blue  stiength  increases. 
But  there  is  also  a  term  proportional  to  m  needed  in  the  rate 
of  loss  of  rn,  to  represent  operational  attrition.  Tne  result¬ 
ing  expression  for  the  red  operational  loss-rate,  (-an- cm) , 
is  the  simplest  expres^i  *>n  which  can  represent  the  over-all 
behavior  of  war.  Then  the  rod  strength  is  considerably  larger 
than  the  blue  strength,  then  the  red  side  will  determine  the 
rate  of  fighting,  and  will  work  out  replacement  scneuules  for 
forces  in  action,  so  that  it  is  not  unreasonable  to  expect  that 
the  percentage  losses  for  the  reds  will  be  constant  (i.e.,  the 
red  loss-rate  will  be  proportional  to  in)  and  tnat  tne  blue 
loss-rate  will  also  be  proportional  to  in.  If  the  opposed 
strengths  are  .about  equal,  v/e  would  expect  that  the  loss  rates 
of  both  sides  would  be  proportional  to  tne  opposed  strengths. 
Consequently,  only  linear  terms  in  in  and  n  should  be  included. 
These  requirements  are  all  met  by  the  expression  (-an- cm) . 


The  generalised  Lanchester  Equations  are  therefore 
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(4.16) 


where,  in  general,  a  and  b  are  larger  than  c  or 
we  will  consider  the  production  rates,  P  and  C, 
Differential,  equations  of  this  sort  have  been  di 
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equip  in  a  year,  and  so  on. 


The  solutions  for  equations  (4. 16)  are 
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Since  ab  is  larger  than  ed  in  general,  v:e  have  that  U  is  grester 
than  A*  Therefore,  the  exponential  in  the  second  terra  of  the 
equations  for  1®  and  n  continually  increases,  whereas  the  expon¬ 
ential.  In  the  third  tern  continually  cl irainish© 3 «  Consequently  if 
E  is  positive,  the  blue  forces  (n)  ar-e  eventually  annihilated, 
and  if  E  is  negative,  the  rod  forces  Cm)  oventually  go  to  zero0 


c» 


then  the  opposed  units  are  equally  effective,  a=  b  and 
d.  In  this  case  the  equations  take  on  a  simpler  forta 
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Here  again  t'na  sign  of  the  factor  E  determines  which  of  the 
forces  goe*-  to  aero  E*- -.  r  1  nr  this  factor,  we  sea  that,  the  total 
strength  o:''  one  side  1 1  equal  to  ^  ts  Initial  fl  ghting  -xyength, 
nlu$  the  product? 'fe  rate  divided  V.  the  quantity  Ca-e)«  -he 
s*  &n  of  E  f] a nand s  on  which  t.f  these  strengths  ?s  the  largest □ 
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Typical  Solutions  --  As  in  exa^nle  of  the  behavior  of  the 
solutions  of  lanchcsteF'T” generalized  equations.  Fig.  16  shows 
the  results  for  eight  different  cases  of  initial  strci 
attrition  rates  have  been  chosen  as  follows ;  a  “  2, 
top  set  of  four  curves  corresponds  to  the  cane  when  the  initial 
fighting  strength  of  the  opposed  forces  ace  equal?  the  lower 
four  curves  corresponds  to  the  case  where  the  initial  fighting 
strength  of  the  red  forces  is  twice  that  of  the  blue  forces  * 

The  first  tv/o  curves  on  the  ton  row  present  cases  ’.here  Initial 
forces  and  productive  strenths  are  equally  matched,  so  that 
the  battle  ends  in  a  draw.  In  the  other  oases  either  the  initial 
forces,  the  productive  strengths,  or  both,  differ,  so  that  one 
side  or  the  other  Is  eventually  wiped  out. 

The  last  curve  on  the  bottom  row  is  the  particular  inters  si¬ 
lt  represents  a  case  where  the  eventual  winner  started  out 
with  a  two  to  one  handicap  in  ihitial  fighting  strength.  This 
initial  d i sad  a vantage  was  wore  than 
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Figure  16.  Solutions  of  the  generalized  Lanohester  equations 
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The 

forces  are  the  '•fighting  forces"  ;mu  their 
fore,  correspond  to  the  generalised  L an cues ter 1 s 
discussed  above  (at  least  to  the-  rough  degree  of 
which  c  ->n corns  us  here) » 


tr_txon  raves, 
or’ s  equation 

>  u  oxii  ;a  ti  on 


The  effect  of  tho  strategic  forces  is  s.*own  in  a  uoui f  i- 
cation  of  the  enemy* s  productive  rate.  It  takes  ?  certain 
amount  of  strategic  force  to  keep  a  certain  amount  of  tuc  enemy's 
factories  cut  of  comission.  Tuerefor- 


on e  lu  ga t  oxpe  c  1 . 


to 


the  first  op  -roxi; inti  on,  that  the  diminution  in  the  enemy's 
production  is  >roportionol  to  the  strength  of  one  *  s  strategic 
force.  The  e  'fectiveness  of  this  force,  no  :cv  -r,  aver  s  on 
the  strength  of  ti *o  enemy*  s  tactical  foice,  able a  in  part  u.efen 
his  productive  capacity.  To  a  very-  crime  approxi.  .r  tioi,  one 
might  expect  -  that  this  factor  of  efi.ee  ti  vanes..:  for  diminution 
of  the  enemy*  s  1  irouuctive  eg  if  city,  •.-ouxd  bo  pro  >or  tiovil  to 


the  ratio 
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.ir: 
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these  formula  s  are  crude  a. pproximr. tions  to  tne  behavior  v:e 
have  been  discussing.  V'e  have  nacie  a  further  simplifying 
as  unption  in  making  the  coefficients  in  the  parentheses 
both  equal  to  f»  .  Our  nly  excuse  for  thus  limiting  ourselves 
to  cas^s  v;here  tie  opposing  strategic  for  ces  are  equally 
effective  is  that  this  assumption  is  not  unreasonable,  anu 
any  further  complications  introduced  now  will  render  the  final 
solution  to  >  co  ..plicated  for  easy  understanding.  The  more 
complicated  case  can  be  worked  out  by  the  resuer,  if  this 
is  uesir-bie. 

Our  equations  for  the  increase  end  decrease  of  the  op  ssing 
forces,  therefore,  turn  out  to  be: 


(4.19) 


invalidate  one  general  behavior  of  the  solutions,  anu  it  simpli¬ 
fies  the  formulas  considerably.  Once  the  behavior  of  the  simpli 
find  ecu  a  ti  oh  is  discussed,  further  compile  tions  cm  be  odea 


as  desired 


hav-'  not  as  yet  laid  down  my  rules  as  to  the  relative  strengths 


of  tactical  anu  strategic  forces 
the  two  sides  must  decide  these 
of  course,  will  be  based  on  a  g: 
details  of  production,  effieien 
Oresvnebly  -,r'0u  sice  should  ais 
tactical  anu  strategic  ares,  in 
loss  rate  as  small  as  jossibie, 
large  as  oossible.  In  terns  of 
cojf 
s  tS: 


gic  forces.  The  commanding  Generals  of 
cide  these  distributions.  Their  decisions, 
sod  on  a  great  many  things;  po.  itics, 

,  efficiency  of  intelligence  service,  etc. 
should  distribute  its  forces,  between  the 


s  forces,  between  the 
y  as  to  make  ones  own 
enemy* s  loss  rate  as 
race!  we  are  here 


In  terns  of  the  crude 


2  arms,  in  such  a  way  as  to  make  ones  own 
possible,  and  ones  enemy* s  loss  rate  as 
.  terns  of  the  crude  roue’  we  are  here 


**t 


C  XlirlitL  =  L(mt~nb) 

21a. 


This  "n  example  of  the  "Minimax  Principle1'  which  is 
discussed  in  more  detail  in  Chapter  V.  In  actual  practice, 
each  General  .ust  make  his  decision  on  inadequate  knowledge 
of. "hat  the  other  General  has  decided.  The  "safest"  uecision 
for  each  General  is  to  assume  that  the  other  General 
the  best  possible  choice  (for  his  sice) .  Tuis  n  ans 
the  Rod  General  must  assume  that  tne  Blue  G  nernl  is 
to  minimize  L,  and  the  Blue  General  must  assume  that 
General  is  trying  to  maximize  L.  These  simultaneous 
ments  car.  be  made  by  requiring: 


has  made 
that 
trying 
the  Red 
0 U jUSt- 


21  - 
<?mt  ” 


0; 


\0 ; 


0: 


<feb2 


(4.20) 


If  the  Red  General  makes  his  choice  according  to  these  equations, 
then  his  situation  will  be  as  good  ns  possible  if  the  Blue 
General  rrrf  as  the  corresponding  cnolce  for  n,  .  Ii‘  the  Blue 
General  does  not  make  this  choice  for  the  relative  distribut¬ 
ion  of  strength  between  tactical  and  strategic  forces,  then 
the  Rod  General  can  always  improve  his  situation  by  appropriate 
modification  of  his  bsl?~nce  between  tactical  and  strategic 
forces.  Consequently,  the  distribution  above,  forms  the 
safest  solution  of  the  problem  with  the  forces  at  hand,  and 
will  be  called  the  "Basic  Solution" .  It  is  the  best  solution 
possible,  nan  the  two  opponents  have  equal  intelligence;  if 
one  side  departs  from  this  solution,  the  ot^er  sice  can  ob¬ 
tain  still  better  results. 


The  Mininax  Principle-  Applying  the  ninimax  principle 
to  the  ap  roxlnate  expression  for  L,  ve  find  that: 

r*> 

P  nt(n~nt) '  =  2Q  n|(m-m  ) 


2P  n^(n~nt)  =  C  in t ^ 

"t  =  (f  AP  (n-nt) ;  nt=  (l/2p) 
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ep-nus  linearly  on  the  ration  between  the  red 
e  total  fores)  -  It  also  depeiius  on  tne  ratio 
initial  productive  forces  of  the  two  sides,  througn 
yP  ,  although  the  dependence  on  this  ratio  is 
••r,e- third  power.  ”'c  notice  t:rt  these  formulas 
re  the  value  of  in,  to  be  sometimes  negative,  when 
of  the  too  forces 'become  consider-  bly  unbalanced, 
course  due  to  th.e  crudity  of  cur  initial  equations, 
ve  to  be  vtcnvw.  t  prevent  suen 
absurdities  from  arising.  Aside  from  tuose  cruelties,  the 
solution  does  correspond  to  what  ve  mi gj.it  expect.  If  the  enemy 
strength  increases,  v/e  put  more  of 
am.  If  -our  production  is  large, 
defensive  strength  (tactical  fore- 
our  own  Ti, piling  forces  are 

afford  to  put  no re  of  our  strength  in  the  strategic  arm,  ana 
so  on. 
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If  we  now  assume  that  the  Generals  on  both  sines  continually 
id  just  t:.eir  forces,  so  as  to  correspond  to  the  “Basic  Solution"*, 
then  it  turns  out  that  equations  (4*23.)  inserted  in  equations 
(f .19)  c  •>  respond  to  the  generally- -a  Lai.Cu-sster ?  s  Equations  (4. 16), 
with  the  follow  iv.  constants: 
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Figure  17*  Contour  plots  of  assumed  production  rates 
and  total  losses  as  function  of  own  tactical  force 
and  enemy  tactical  and  strategic  force. 
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nearly  to  sero. 
due  to  fighting, 

icre?x©/?  linearly  with  increase  in  either 
Co  tne  general  Lauchestex*  torn.  The  red 
lore  strongly  on  the  size  or  tne  clue 


are  aero,  and  it  inc 
force ,  a  ceoruin  g 
loss  rate  n operas 
tactic-1  force,  n 


If  tue 
tical  force 

ate  has  its  full  value.  If 
rsedj  the  production  rate  falls 
The  lower  contour  is  the  total  reu  loss  rate 
•Phis  loss  rate;  is  aero  if  both  tactic:-!  forces 


4.  ?  then  on  as  mentioned  earlio: 


These  curves  cnn  be  coiabined  in  various  ways  to  obtain 
the  rod  or  blue  net  gain  as  a  function  of  (ra+,  r\  )  for  various 
values  of  m  and  m  This  has  been  acne  for  several  different 
relative  total  strengths  in  Fig .  13.  The  upper  throe  sets 
of  contours  display  values  of  the  net  rate  of  increase  for  red 
iorces,  cud  tne  oiciue  ro  snows  values  of  tne  corresponding 
mere" se  for  the  blue  forces,  negative  values  ue:  n  net  loss 
rate,  and  positive,  values  osar  not  gain  ier  unit  of  tine.  The 
bo t ton  row  of  contours  shops  valt  es  01  tne  function  L,  the 
d.tf ieronde ^ between  red  and  blue  gain,  ice  .ruing  to  Equation 
;,4.20)  a  mini wax  point  is  to  be  fauna  or.  these  surfaces. 


Two  inirnLr.f’X  points  are  narked  on  the  contours  by  ii. 

Examining  the  center  plot  of  the  bottom  row.,  for  m=  1.5, 
n  ”  1.0,  v?e  see  aha t  the  mininax  paint  corresponds  op  -roxini?, tely 
to  a-t  0.65  and  ~  o. 55.  If  the  Rea  General  changes  his 
relative  distribution  of  tec  tic  and  strategic  forces,  making 
hjt  or  sal  to  1.0,  for  instcr.ee,  then  the  Blue  General,  by 
correspondingly  i.vra  sing •  the  Hue  tactic*- 1  forces,  e?u.  reduce 
the  blue-  net  loss  amt  increase  the  reu  net  loss.  Consequently 
it  is  safest  for  the  Rot  General  to  distribute  r.iis  forces 
corresponding  to  the  uir.iua x  point,  at  Imst  until  he  can  determine 
whether  the  Blue  General  is  uoing  likewise.  If  the  Slue 
General  has  not  cone  so,  then  the  Rev  General  cm.  ujust  mt 
to  improve  the  situation,  as  car.  be  seen  froii  the  contour. 

The  differential  equations  corresponding  to  these  loss 
rates  car,  be  ^solved  numecicaily*  £  contour  plot  for  L  has  to 
be  uravm  for  each  instant  of  the  warj  tne  proper  distribution 
of  tactic?*!  :,r.d  strategic  forces  can  thou  be  determined  and 
the  cor  rasp  .Tiding  loss  rates  for  Lo  two.  sines  can  be  computed. 

This  is  then  insert  .£  tore.-:  into  ti  e  ecuati  ns  for  the  rate 
of  change  of  (ja,n)  to  obt~in  a  final  solution. 
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Figure  18*  Contour  plots  of  Red  and  Blue  total  loss  rate,  and  of  differential 
•  •tate,  for  different  values  of  total  forces,  for  production  and  losses  as  give#..* 
in  Figure  17.  Points  marked  M  on  the  differential  loss  rate  plots  are  the 
minimax  points,  corresponding  to  safe  operation. 
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be 

the : 

problem  of  rir  offensive  action  against  the  German  submarine. 
It  assumes  that  s  certain  amount  of  a  ire  r-"  it  mo.  number  of 
crev/s  are  available  for  action  against  the  submarine,  over  end 
above  the  number  of  aircraft  and  ere  .vs  needed  for  protection 
of  convoys.  It  discusses  ciie  question  '  s  so  how  tnis  offen¬ 
sive  etion  should  be  distributed  in  order  most  effectively 
to  reduce  the  total  number  of  submarines  in  the  Atlantic  at 
•ny  time. 


Three  distinct  ty  >es  of  offensive  action  against  enemy 
submarines  can  be  taken: 

1.  bubuarir.es  can  be  hunteu  out  in  tiie  a tlnntic  and  can 
be  sunk  or  damaged  ’there. 

2.  The  submarine  repair  bases  along  the  coast  of  f’rmce 
car;  be  bombed,  so  the  t  I'e  .<rs  submarines  per  monte  can 
be  reserviced  and  put  to  sea  again. 

3.  The  factories  in  Germany  vitiCi  produce  submarines  can 
be  bombed,  so  no  to  reduce  tae.  production  rate. 


Uadi  of  these  offensive  actions  n  s  its  effect  in  reduc-  . 
ir.gthe  number  of  submarines  in  tae  Atlantic,  either  l-aaeciir* tely 
or  at  some  future  date.  An  important  strategic  question,  which 
must  be  decided  from  time  to  time,  is  nr  tae  available  offensive 
air  strength  is  to  be  distributed  among  these  three  activities 
in  order  to  -produce  the  glee  test  reu  etion.  in  submarines  in  the 
Atlantic  at  the  time  when  it  is  most  i  ceded,  before  deciding 


on  the  relative  ao  vortionneut  of  strength. 


e  great  number  of 


different  factors  must  be  taken  into  consi*  oration.  Along  with 
other  factors,  it  is  possible  that  a  purely  theoretical  study 
of  the  effects  on  the  submarine  distributin'),  oi  changes  in 
production,  sinking,  or  repair  may  be  orth  consiuera tion.  It 
is  certain  that  the  analysis  summarized  in  the  following  pages 
is  entirely  too  simplified  to  represent  the  actual  case  in  all 
its  complications,  novorthoiess  it  is  felt  that  the  results 
of  this  sira  >le  theoretical  analysis  should  prove  suggestive 
-'S  to  actual  pos  : abilities. 

Circulation  of  U-Boats-  In  order  to  study  theoretically 
the  relative  effect  of  damaging  the  factories  or  the  repair 
bases  or  in  attacking  the  submarine  directly  in  the  Atlantic, 
*vo  must  study  the  activities  of  the  avert  submarine.  Sub¬ 
marines  are  produced  at  an  aver  go  rote  P  per  nontn  and  are 
being  sunk  at  an  avor-ge  rate  3  p  .r  month...  Therefore,  the  net 


incr.'sa.'L-;  ir.  their  number  rjr  month  is  b  -  S  which  is  celled 
"(S  liioi'.J  tb;- 1  .i;>e  $»3<§t***li**t«.  :.Je  I  '•••.submarine  stayed 

!  !**!  £  jhs.  After  this 

time  the  submarine  '.vent  back  to  ore  of  tue  bas  *s  along  the 
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French 

Therefi  _  . . .  . 

marines  in  the  Atlantic  "'re  turned  to  their  brse~each  month*. 


The  length  of  time  the  submarine  remained  at  the  repair 
base  defended  on  the  amount  of  repair  work  which  mad  to  be 
carried  out,  and  on  the  degree  of  efficiency  of  the  base  it¬ 
self.  The  aver'  ge  amount  of  repair  worn  recuireu  depended  on 
the  average  number  of  U/Boats  which  ./ere  damaged  each  month, 
and  the  efficiency  of  the  has  s  depended  on  Wo  amount  of 
damage  the  base  had  received  that  mouth.  The  details  of  this 
inter-relation  will  be  discussed  more  fully  later  on.  At 
this  point  it  is  only  necessary  to  notice  that  tue  repair  bases 
had  a  maximum  capacity  for  refitting  submarines,  which  capacity 
could  be  diminished  eithei  by  bombing  the  bases  or  by  increas¬ 
ing  the  average  amount  of  damage  to  a  submarine  on  patrol. 

Thus  the  return  flow  of  submarines  from  the  repair  bases  to 
the  Atlantic  constituted  a  bottleneck,  whose  size  naci.  an 
important  effect  on  the  total  number  of  submarines  in  -the 
Atlantic  at  any  one  time. 


In  fact  it  is  possible  to  see 
the  flow  rate  L  of  submarines  from 
produce  an  effect  on  the  number  01 
in  a  relatively  short  time.  This  i 
U/Boats  remained  in  the  Atlantic  no 
months,  so  that  after  a  that  after 
the  submarines  which  wer  1  originrll 
replaced  by  submarines  which  came  f 
in  the  two  months  time. 


that  a  markeu  reduction  in 
bases  to  Atlantic  would 
submarines  in  the  Atlantic 
s  due  to  the  fact  -that  the 
longer  than  about  two 
a  period  of  two  months  all 
y  in  the  Atlantic  hau  been 
rom  the  repair  b-  ses  with¬ 


in  order  to  obtain  results  of  a  more  quantitative  nature, 
we  must  make  certain  reasonable  assumptions  about  the  inter- 
re  ati on ships  between  the  various  rates  and  numbers? 

Fe  define  the  following -quantities: 

A  *  Average  number  of  U/B  in  At  antic 
B  -  Average  number  of  U/B  in  Bases 
P  =  Production  of  U/B  oer  month:  c  -nstnnt 
S  -  Number  of  U/B  sunk’  per  montu 

I  *  Met  increase  in  number-  of  UA>  jer  month 
t  «  Time  in  months 

L  =  lumber  U/B  leaving  bases  oer  month 
L  =  M(l-e-cB/M)  ~ 

-  laximun  p ■' p#  U/B  sad  *jeT  waring 

to  ;  :*•; 

•s-r.te.oj.  *re,*,a.i,. •!.->•£  U/*i  w!«y •  vi H.*e  u*  •»  a s e , 

t  C  Is  usually  1, 

1/x  -  Lie  n  .length  of  stay  of  U/B  in  Atlantic  =  2  wont. 
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iS  rate  of  leaving,  L,  is 
B ,  in  the  bases,  nben 
10 s  present  in  te  bases, 
b;'S:.s  a  no  tin?  av  rage 
damage  to  the  submarines  begins  to  uake  it  sell  felt,  be 
assume .  that  there  is  a  fixed  maximum  vs  no  of  repairing  sub™ 
marines  at  any  given  tine,  which  number  .is  indicated  by  LI  on 
the  plot.  It  is  assumed  that-  at  the  title  considered,  no  more 
than  thi-s  number*  M,  can  be  put  into  operation  each  u  s.th, 
r.o  matter  hov_nany  submarines  are  orssaut  n  the  bases  await¬ 
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indicates  the  state  of  efficiency  of  tns  b-'Sc  Any  increase 
in  d  at 'age  to  the  bases,  by  bombing  the©,  or  any  increase  in 
average  carnage  suffered  by  submarines  in  the  Atlantic,  will 
decrease  the  value  of  IX  temporarily.  The  question  of  the 
relative  effect  of  damaging  the  factories  era  damaging  the  bases, 
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Solutions  of  the  so  equations,  for  the  range  0<u<3L0,  and 
for  the  valu'S: 

P  -  Qy  1/4,  1/f,  1 

k  =  0,  1/2,  1 


were  run  off  on  the  Differential  Analyser  at  li.l.T.  for  the 
initial  conditions 


xq  ^  0,  1,  2;  y0  =  0,  1,  2. 

Graphs  have  been  obtained  from  these  solutions. 

For  small  values  of  u,  th«  following  series  expansions 
bold j  _  1 

x  =  x  *1 p-kx  -rl~e^°  m  +  ...... 

o  <—  O  -j 

y  "  yQ  •^rkx0--l-rey°  Ju  +  ...... 


For  largo  values  of  y  (except  for  the  cases  k  -  0  or  p  a*  0) 
x(p-l)/kJ  r*o-yc~  (j'-l)  A  f  pu. 

Typical  Solutions -A  few  typical  solutions  ore  given  in 
Figs,,  ±9 »  ^Curves”  are *"g Ivon  for  the  average  number  of  U /Boats 
in  port  and  in  the  North  Atlantic,  for  different  times  after 
the  start  and  to  dlff ©rent  not  production  of  u/Bcq  ts  per 
months  It  will  b©  noticed  that  at  first  the  numbs]’  of  u/Boats 
in  the  bases  is  less  than  the  number  of  U /Boat a  in  tho  North 
Atlantic »  However,  after  six  months  ( for  the  value  of  M 
chosen  in  the  example)  the  effect  of  the  bottleneck  In  tho 
repair  bases  begins  to  make  itself  felt.  The  increase  in 
tho  number  of  U/Boats  in  the  North  Atlantic  is  nob  as  great 
as  at  first  and  the  excess  II /Boats  pile  up  in  the  bases, 
since  they  can  not  get  repaired  fast  enough* 


However,  such  solutions,  starting  with  the  beginning,  are 
not  of  the  greatest  amount  of  interest  for  our  purposes  here. 

V'e  are  mere  interested  in  finding  out  what  happens  to  the 
curve  v.en  ve  suddenly  change*  U,  the  maxima;  re  to  of  returning 
U/Boets  to  tho  Atlantic;  or  whSfc  we  suddenly  Ci.snge  1,  th-?  net 
of  production  nf  U/Boa t5.  Such  a  suddjp’.  c.hsi  •  ■*  ./ou.vd  corres¬ 
pond  to  the  serious  attack  on  the  bases  or  on  the  factories, 
or  ui  ft  suduen  increase  in  the  offensive  against  u/Boats  in 
Atlantic.  A  case  in  poir t  is#|^ven.t».Fisr  2ft,.v;iiici. 

Ay  the  number  of  :jn  tfce  AffttutlS  JwffofroSetid  pfjwr  p. 

single  attack.  ! 


Figure  19*  Typical  solutions  for  the  submarine  " turn-around” 
problem*  Plots  of  submarines  in  port  and  on  patrol  as 
functions  of  time,  for  different  values  of  net 
increase  of  submarines  I* 


BEFORE  ATTACK 

Net  increase  in  U/B, 

I  *  25  per  mo. 

Max.  repair  rate  for 
bases,  M  =  50  per  mo. 

AFTER  ATTACK 

Case__I,  attack  oh 
factories: 

I  reduced  to  12.5 
per  mo. 

M  stays  at  50  per  mo. 
Ca3e  II. 

I  stays  at  25  per  mo. 
M  reduced  to  25  per 
mo. 


...  ./Asur®  20 *  Solutions  fc 
:  :  . .  'Sfruop 


Solutions  for  submarine  flow,  or  "turn-around", 
damage  .to  aubpa£j.ne  production  and 
‘  tf&ollitlds !  ! 
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f> 

at:,  cl:  !.«  number  a  y.w  d  '  ’W  *  •  * '*V\  •*?• ,*  ve - 

At  the  ,.isd  af  six  and  r>  half  mouth..,  however,  ‘e  as  mm  ea 
Pt-ack  rsl  .*  ler  >n  the  actor! os  «r  r.  the:  1  epeir  bs  3-*s.  In  fcfcs 
2 1 iy ve  ? s p r ' : . j <i  C33**  x1  1  ”. « 2  n ,?  riu  ?  •  e du ctior.  *x  ti r  ne t  > r a uu ct- 

ion  to  >i:e  -half  it.1:  or!;:!::*  1  vilii*.  In  to:  curve  "Craa  1 1" 
we  assume  a  net  decrease  01  too  ftfi.-UiaULi.  repair  r.  te  si'  the 
bases  to  o:. e-half  its  initial  v-'lue.  In  the  cases  s n.rm  hots 
it  \v >uld  seem  that  reducing  the  effectiveness  of  the  repair 
bases  is  slightly  more  efficacious  than  reducing  the  effect¬ 
iveness  of  the  factories.  This  is  not  always  the  case, 
however* 


The  curves  of  Fig, .20  are  still  not  exactly  tue.ones 
which  ,;e  need  to  answer  our  questions.  Another  set jis  given 
in  Fig.  21,  this  time  plotted  only  for  the  months  after  the 
"ttac’c.  do  as  amotion* has  been  hade  as  to  the  antecedent 
curve,  except  that  at  the  tine  of  attach  there  are  a  hundred 
tj /Boats  in  the  Atlantic  on.-  fifty  j/Bosts  in  ors > •  s «  (thio 
v.:ns  aporoxiraately  tiie  cose  at  one  tine  during  world.  ■£**  il). 

The  curves  plotted  give  tiio  number  01  IJ /Boats  in  h^e  Atian ^xc 
a-'.a.inst  the  number  of  months  after  the  sit-' ex,  j.or  oilferent  _ 
assumed  values  of  I,  net  increase  in  submarines  per  mono!.,  •  i  - 
M,  the  laximun  rate  of  repair  of  submarines  at  "Ij.  b  ses. 

These  curves  show  the  effect  of  different  reductions  on  effect¬ 
iveness  "of  the  factories  and  of  the  repair  bases. 


For  some  tine  during  the  war  the  average  value  of  I  was 
between  12.5  and  25  end  the  average  value  of  li  up s_  between  50 
and  100.  Consequently  we  would  expect'  that  the  number  oi  U/Bo  t 
ir  the  Atlantic  would  have  folloveu  a  curve  somewhere  between 
curves  2  and  3  of  Fig.  21  (curve  3  is  more  libel;, }  if  no 
p.tt^whs  had  beer:  made  on  bases  or  factories. 


Curve  6  indicates  that  if  ve  attached  the  U/Boat  factories 
stror.glv,  so  as  to  reduce  the  ret  production  to  zero,  this 
still  would  not  have  greatly  deci cased  the  number  of  U/ Boats 
in  the  Atlantic  in  a  short  tine.  Curve  4  indicates  tnat 
an  attach  on  the  bases  vaich  only  roouced  to  one  half  the  mr.x- 
ii.iun  rote  of  repair  would  likewise  not  have  di.  .misnod  the 
number  of  U/Boets  in  the  Atlantic  to  an  appreciable  extent. 


Curve  7  indicates  that  although  the  factories  ai e  not 
touched ,  an  attack  on  the  bases  widen  reduces  die  maximum  rr.ts 
of  repair  to  a  quart,  r  of  its  initial  value  wxlu  appreciably 
reduce  the;  .number  of  U/Boats  in  the  Atlantic  in  a  xe  ;  hon tl?s . 
Curve  -3  indicates  to;t*  t#ej  nr« 

out,  it  also  require 5  j?#*f  ^.uefion: oS  Me  •'JJ  sofc# 
ir ifcirl  efficiei ,ey* fcfifbrfe  tfitefe  vrv.\l.^.  5.r  ■•p^reci.c oie  redue cion 
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Figure  21.  Solutions  for  the  submarine  flow  problem.  Effect 
of  damage  to  submarine  production  and  repair  facilities. 

...  .JEif.ty  subny&ines  left  in  repair  base  after  attack. 

•  I  ..:i:=  net  ^cr’^ase’lii.sUVS'p^'iiHjntgi^M  =  maximum 

*••1  ...I  .:.  ...ia.1I§  Af'^4pa^r  kf  slibs  jp^r.  jnenijh. 

••  •  •  •  *  •  t  ,  : 
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For  the  short- term  effects,  therefore,  tnoso  curves 
seem  to  indicate  that  the  damaging  of  the  repair  bases  h-a  a 
greater  effect  t.ar  the  damaging  of  the  factories.  These 
conclusions  must  be  taken  wit t  some  caution,  however,  since 
the  solution  here  worked  out  is  for  a  single  attack  at  tae 
beginning  of  the  curves  and  for  no  change  in  rate  of  production 
or  repair  thereafter.  A  balance  of  tiie  probable  effects  of 
other  factors,  however,  v;  uld  indicate  that  the  actual  curves 
w.aild  fall  above  the  curves  considered  here.  Therefore  if 
the  present  curves  do  not  show  a  certain  type  of  attack  to  be 
satisfactory,  it  would  not  have  been  satisfactory  in  actual 
practice. 


Other  curves  can  'be  drawn  for  other  initial  conditions. 
They  are  not  very  dissimilar  to  the  set  in  Fig  21  and  lead  to 
no  different  results. 
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any  new 


situations  arose  in  World  War  II  involving  new  equipment 
or*  new  tactics  on  the  par  t  ol  the  enemy  *  ox*  vniofl  »*h©  coi  i  ec  c 
tactical  anever  had  to* be  found.  An  Immediate  answer  had, 
of  course,  to  he  worked  out  by  the  forces  In  the  field,  but 
it  often  turned  out  that  such  pragmatic  solutions  could  be 
improved  upon  through  further  study.  The  problem  was  usu¬ 
ally  approached  by  the  operations  research  worker  from  two 
direction's;  tic  observational,  and  the  analytical.  At  the 
onset  of  the  new  conditions  the  forces  in  the  field  would 
be  fore  eel  to  try  a  number  of  different  tactics,  and  lx  de¬ 
tailed.  data  on  the  result 6  of  these  I’x&xs  could  be  obtained 
from  the  field,  they  could  be  studied  statistically  to  see 
which  tactic  seemed  most  promising. 

This  initial  data,  if  it  were  complete-  enough,  could  be. 
used  to  obtain  approximate  measures  of  effectiveness,  and 
to  obtain  a  general  picture  of  the  possible  behavior  of  the 
forces  involved »  As  scon  as  this  general  picture  could  be 
obtained  together  with  the  approximate  measures  of  effec¬ 
tiveness  involved  in  the  operations,  it  was  then  possible 
to  study  the  operations  analytically*  Knowing  the  physical 
capabilities  of  the  equipment  involved,  optimum  tactics  could 
be"  worked  out  theoretically.  For  this  theoretical  work  to  be 
of  much  practical  value,  however,  the  magnitude  of  the 
constants  involved  must,  be  determined,  either  from  actual 
operational  data  or  .from  data  obtained  by  carefully  analysed 
tactical  tests . 

The  first  Section  in  this  chapter  will  give  Illustrations 
where  the  correct  tactics  became  reasonably  obvious  after  a 
statistical  study  of  the  operational  data.  As  soon  as  the 
average  results  from  the  different  actions  were  computed, 
it  became  clear  which  was  the  best  action  to  take  in  a  par- 
ticular  circumstance .  Later  Section©  ox  the  chapter  will  il¬ 
lustrate  various  methods  of  working  out  optimum  tactics  an— 
alv  tically ,  and  will  discuss  some  of  the  general  principles  • 
watch  are  often  useful  In  such  analysis.  Methods  of  study¬ 
ing  tactical  teats  to  obtain  measures  of  effectiveness  will 
be  discussed  in  Chapter  Vtl . 


36,  Statistics!  Solutions  -  An  example  of  a  case  where 
* 5pWfct**¥na£ ""SIS- a. aadj^cje* ar  the  appropriate  tactics,  co; 


comes 


suicide  pi  a- r: .  £r;  •'  i.^C  e*  W  >  ut  #  e<yi  i'-^s  a  to;  t  i.  ,  8{x<* ,  # 

anti- aircraft;  fi  *^,*  *  "S  it  be;I  of  ti£- sj»q t‘>*$  al  c £*e  piasj^  sur¬ 
vived  long  enough  to  f;.  *1  c  *  1'  f f&Tl  *  d  1%  ext  •  e  l>5«  of  a  Iv  I j&av  t-4  • 

units.  As  soon  as  it  was  clear  that  the  plane  was  in  a  dive 
heading  for  a  particular  ship,  this  ship  could  attempt  to 
avoid  being  hit  by  violent  maneuvers,  or  could  continue  on 
a  steady  course  and  trust  to  its  anti-aircraft  fire  alone 
to  destroy  the  enemy's  aim.  It  was  important  therefore,  to 
find  out  whether  radical  ship  maneuvers  would  spoil  the  aim 
of  the  incoming  Kamikaze  more  than  they  would  spoil  the  aim 
of  the  defensive  anti-aircraft  fire. , 

Damage  Due  to  Suicide  Planes  -  In  order  to  answer  this 
question,  accounts  were  collected  of  {  cases  v/nere  the 
enemy  plane  was  obviously  a  suicide  piano  heading  toward  a 
particular  ship.  Thirty-six  percent  of  these  planes,  1/2 
of  them,  hit  the  ship  they  were  aiming  for;  the  others  missed, 
As  a  result  of  these  1/2  hits,  2J  ships  were  sunk.  This  is 
shown  in  the  following  table? 

Larger  Fleet  Unite  Smaller  F 1 eet  Units 


BB 

CVE 

•DD,  APD 

AP ,  APA 

L3M 

Small 

All 

GA,  CL 

CV 

CVL 

.  DM,  MSS 

AKA, AKK 

LST 

L8V 

Graft 

Ships 

Ho  0 

Attacks 

4g 

44 

37 

241 

21 

49 

37 

>77 

Percent 

44 

4l 

4S 

36 

43 

22 

22 

36 

Of  the  hjj  attacks  studied,  only  3^5  reported  in  enough 
detail  to  be  able  to  ascertain  the  behavior  of  the  ship  and 
the  ultimate  state  of  the  plane  (1  e,f  whether  it  wae  severe¬ 
ly  damaged  or  destroyed  by  anti-aircraft  fire  or  not).  These 
attacks  were  analyzed  to  determine  the  percentage  of  hits,  for 
large  and  small  ships,  according  to  whether  they  were  maneu¬ 
vering  ox*  not . 
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....  22 

36 

33 

Hon- 

Maneuvering 

Number  of  Attacks  . 

Percent* .Hitt  .***  S'** 

.  •••  t » » 

•  •  •  •  •  •  • 

•  •  •  •  •  •  * 

.  124.. 

•  • 

•  •  •  • 

•  ••3 • 

•  • 

•  •  •  • 

ot  st&iji :  ; 

•  •  •  •  •  •  •  • 

•  •  •  •  ixo  • 

•  ••  ■•••  • 

•  •  •  •  • 

(3 

.1) 

1 69 


••  ^  •  ••••  •  •  •  * 

*i  *ihe  rgfcf  |c tr  or  iJ^AveA^X l^fe5 Xfiavlt s  indicate  that 
•  *o&*£6 carriers  should  employ  radical 
maneuvers  when  attacked  by  a  suicide  plane.  The  percencaie 
of  suicide  hits  on  these  ships  is  considerably  smaller  when 
they  maneuver  than  when  they  do  not.  The  :aple,  of  course, 
tolls  nothing  about  what  sort  of  maneuvers  shou-c  to  ample,** 


ed9  but  it  clearly  demonstrates  that  these  larger  ships 


benefit  from  maneuvering  radically  in  the  face  of  a  suicide 
attack. 


Destroyers  and  smaller  fleet  wits,  as  well  as  auxil¬ 
iaries  should  not  maneuver  with  radical  turns,  according  to 
this  Table  because  they  receive  a  higher  percentage  of  nits 
when  they  do  than  when  they  do  not  maneuver.  The  fable  does 
not  indicate  whether  the  smaller  ships  would  prosit  from  the 
use  of  slow  turns,  but  it  does  show  that  they  should  not  use 
a  combination  of  high  speed  and  full  rudder. 


Part  of  the  reason  why  large  fleet  units  should  maneu-  ^ 
ver  and  smaller  ones  should  not  apparently  lies  in  the  effect 
of  radical  maneuvers  on  AA  effectiveness.  This  is  shown  Ir 
the  following  table ,  giving  percentages  of  suicide  atcackers 
which  are  seriously  damaged  .by  AA  fire  during  their  axve  at- 

U SIC  h 


ism 

Units 

Small 

Units 

Total 

Maneuvering 

Number  of  Attacks  - 

36 

144 

180 

Percent  AA  Hits 
on  Plane  ~ 

77 

50 

62 

Non- 

Maneuvering 

Number  cf  Attacks  ~ 

61 

124 

185 

Percent  AA  Hits 
on  Plana  - 

74 

66 

69 

The  data  resorted  in  this  table  is  not  particularly  accurate 
since  it  depends  on  the  judgment  of  the  officer  writing  - ie 
action  report  as  to  whether  the  incoming  plana  was  serious ^y 
damaged  or  not  by  the  AA  fire.  Such  judgments  are  not  al¬ 
ways  accurate,  nor  are  they  always  clearly  stated  in  wife  , 
reports.  Nevertheless  the  results  seemed  to  show  that  x er 
ia^-pe  urits  the  A  A  fire  is  about  as  effective  when  the  unit 
iS  manftfWerlMg.'aB  nfc  not  wneuveringi  whereas  the 

f3j  e!2r.:i 

■  ■  +  *  *  ■  *  m 


*  v 


cases  repor  t  tag.  xuk 

when  performing  radical  maneuvers!  probably  upset  the  stabil¬ 
ity  of  the  gun  platform  sufficiently  to  cause*  serious  AA 
errors,  whereas  this  close  not  seem  to  be  true  in  the  case  of 
larger  ships „ 

Dividing  these  data  still  further,,  into  cases  where 
the  suicide  plane  came  in  on  hlgh-dlvee,  and  other  cases 
why r s  it  cams  in  on  lew-dives  uoss  not  seem  to  a  a t or  i»he 
conclusions,  concerning  maneuvering.  It  is  apparent  from 
the  details  that  no  matter  what  the  dive  angle,  destroyers 
and  smaller  fleet  units  should  not  employ  radical  maneuvers 
in  order  to  escape  suicide  bombers  more  often. 

Effect  of  Angle  of  Approach  -  The  first  three  tables 
ehowed'Tfiat  ‘radical"  maneuvers  were  good  or  bad  depending 
on  the  .type  of  ship  being  considered.  Nothing  was  s&ici, 
however,  about  what  maneuvers  were  particularly  good  or 
bad.  By  considering  the  effect  of  the  suicide  plane's  angle 
of  approach,  some  no tiff  .may  be  had  as  to  what,  if  any, 
maneuvers  should  be  employed  by  the  vessel  under  attack.  A 
breakdown  of  the  data  to  show  this  effect  Is  given  in  the 
following  tables 


Percent  Hits 


Number 


on  Ships 

of  Case 

High  gives 
Ahead'” 

J.  W  w 

1 

Bow 

50 

6 

Beam 

20 

10 

Quarter 

56 

.  13 

An  tern 

bo 

5 

how  Dives 

Ahead 

r 

5°' 

11 

Bow 

4\ 

1? 

Beam 

57 

23 

Quarter 

25 

13' 

Astern 

.39 

Because  of  the 

difficulties 

of  determining  ar 
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proach  on  maneuvering  ships  and  because  of  the  ef-tee  «  ot  mat 
euvers  on  AA  effectiveness^  only  non-maneuvering  ships  have 
been  considered  here.  •  _  Fyrtht 
her  of  attacks  in  n 


17 I 


AAA  ASA 
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ciata  jlovnj  types.  Grouping 

s >&*£/  *1*3  h  -i *  ilftreae enable  because 
are  of  the  same  general  shape  and  the  relative  dis¬ 
tribution  of  fire  power  around  all  ship  types  is  very  sim¬ 
ilar.  In  other  words,  there  does  not  appear  to  be  any  reason 
to  suppose  that  the  effect  of  angle  of  approach  would  be 
markedly  different  among  ship  types. 


Two  facte  are  apparent  from  the  table.  High  divers 
achieve  a  greater  measure  of  success  if  they  approach  from 
an  angle  other  than  the  beam,  but  low  divers  dc  best  if  they 
approach  on  the  ship's  beam.  Put  conversely,  a  ship  is  safer 
if  it  presents  its  beam  to  a  high  diver  and  turns  its  beam 
away  from  a  low  diver.  The  latter  fact  lo  contrary  to  much 
opinion  on  the  subject  and  certairtly  cal la  for  some  explan¬ 
ation. 


Reasons  for  the  Result  -  A  discussion  of  the  relative 
safety  of  ships  agaTnlt  various  angles  of  approach  must  be 
based  on  two  independent  arguments,  that  which  considers  the 
amount  of  AA  fire  power  which  can  be  brought  to  bear  at  a 
given  angle,  and  that  which  considers  the  relative  target 
clim  era  Ions  presented  to  a  plane  approaching  from  that  same 
angle.  It  is  the  relative  weight- of  these  two  arguments, 
rather  than  the  conclusion  of  either  by  Itself,  which  must 
decide  the  issue. 


The  argument  concerning  AA  fire  power  is  clear  cut.  More 
AA  fire  power  can  be  brought  to  bear  on  the  beam  than  on  the 
bow  or  stern.  And  this  is  true  no  matter  what  dive  angle  io 
being  considered.  Thus  on  the  basis  of  this  argument  alone, 
it  would  appear  as  though  the  ship  were' always  safest  if  the 
plane  approached  from  the  beam,  regardless  of  the  dive  angle. 


The  argument  concerning  target  dimensions  Is  somewhat 
more  Involved.  First  we  roust  consider  the  relative  size' 
of  range  and  deflection  errors  made  by  suicide  divers.  In 
the  case  of  high  dives  when  all  suicide  misses  of  500  yards 
or  more  are  eliminated,  the  average  errors  in  the  point;  of 

about  3°  yards  in  range  and  ih  yards  in  deflection, 
error  is  measured  along  the  plane's  track  and  the 


crash  are 
The 


range 

deflection  error  normal 
bridge  structure  of  the 


to  the  plane 
ship  to  be 


B 


the 


track,  assuming  the 
point  of  alls.  These 


figures  are  necessarily  rough  because  of  the  lack  of  precision 
in  the  action  reports.  They  are  sufficiently  accurate,  how- 
,gv#f».y,  ,$p  Iirliaate_that  range 
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sion  of  the 

a  high  diver  __  - ... 

in.  other  words,  a  high  diving  plans  sliouSd  el**fl*-!*od*  oh  the 
'beam.  Thus  both  this  argument  and  that  concerning  M  fire 
power  indicate  that  the  ship  Is  safest  if  a  high-diving  pia: 
approaches  from  the  beam. 


A .1  *-■-  •  jI  a  low- diving  plane,  th •;•  in  sOifs£“ 

what  dill ©rent.  If  the  deflection  error  is  email  enough,  and 
if  the  plane  Is  flying  only  a  few  feet  above  the  water,  it  is 
apparent  that  range  errors  are  of  little  importance.  The- 
plane  simply  continues  flying  until  it  hits' the  ship.  Put 
differently,  a  very  large  effective  target  in  range  1b  pre¬ 
sented  to  the  low-flying  plane  no  matter  from  what  angle  it 
approaches.  Sinae  range  errors  cannot  ver}  veil  be  taken 
advantage  of  In  this  c*  se,  it,  will  toe  better  to  take  advan¬ 
tage  of  deflection  errors  by  placing  the  snail  dimension  of 
the  ship  normal  to  the  plane’s  course,  or,  in  other-  word©, 
by  turning  the  beam  away  from  the  plane .  For  low  divers, 
then,  the  AA  fire  power  consideration  argues  that  the  beam 
is  a  safe  aspect  to  present  to  the  attacker,  but  the  consid¬ 
eration  of  target  dimensions  argues  that  the  beam  it  a  danger¬ 
ous  aspect  to  present.  The  figures  of  Table  {h,2}  indicate 
that  the  second. argument  is  the  more  important.  Apparently 
the  distribution  of  fire  power  around  the  ship  dees  not  vary 
sufficiently  to  overcome  the  difference©  in  target  distensions 
presented  to  a  low  diver. 

Further  confirmation  of  those  results  is  given  by  an 
independent  analysis  of  data  concerning  maneuvering  destroyers . 
The  following  table  presente  the  results  broken  down  accord¬ 
ing  to  dive  angle  and  whether  the  destroyer  was  turning  its 
beam  towards  or  away 


High  Pi ves 

Maneuvering 

Maneuvering 

how  Dives 

Man eu v ©ring 
Man suv oring 


1 


from  the  plane. 


Suicide 

Sueeerre 

Per-cent 


Number 

of 

Cases 


to  Present  Beam 
to  Turn  Bean  Away 


17 
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to  present  its  beam  to  a  low-diver „  Although  the  number  of 
cases  here  is  small,  the  figures  do  confirm  the  results  of 
the  analysis  of  angle  of  approach  on  non-maneuvering  ships, 
and  hence  are  given  added  significance. 

Suggested  Tactics  -  On  the  basis  of  data  included  in 
this  study,  the  following  conclusions  are  justified: 

1*  All  ships  should  attempt  to  present  their  beams 
to  high-diving  planes  and  to  turn  their  beams  away  from 
low-diving  planes.  This  recommendation,  it  should  be 
noted,  is  based  ca  the  assumption  that  no  great  differ¬ 
ence  exists  in  the  damage  dona  by  planes  crashing  from 
different  angles  of  approach.  If  there  is  considerable 
difference,  it  might  be  necessary  to  change  this 
ree  ommenda £i on . 

2.  Battleships,  cruisers,  and  carriers  should 
employ  radical  changes  of  course  in  order  to  evade  sui¬ 
cide  planes. 

3.  Destroyers  and  smaller  fleet  units  and.  all 
auxiliaries  should  turn  slowly  to  present  the  proper 
aspect  to  the  diving  piano  but  should  not  turn  rapidly 
enough  to  affect  the  accuracy  of  their  M. 

The  importance  of  ships  employing  these  optimum  tactics 
is  illustrated  by  the  fact  that  only  29  percent  of  the  dives 
on  ships  using  the  proper  tactics,  as  defined  above,  were 
successful|  whereas  47  percent  of  the  dives  ware  successful 
on  ships  using  other  than  these  tactics. 

Submarine  Casualties  -  An  extremely  interesting  attack 
on  a  very  aifficu.lt  proETera  by  the  use  of  statistical  analysis 
was  the  investigation  of  the  causes  of  the  losses  of  our  own 
submarines  in  the  Pacific  during  World  War  XI.  Except  for 
intelligence  sources,  the  calculations  here  have  to  be  made 
by  indirect  methods.  One  hears  the  stories  of  those  submar-  • 
ines  which  have  been  damaged ,  but  have  managed  to  return. 

(One  does  not  hear  what  has  happened  to  those  submarines  whlel 
do  not  return.)  CM  the  other  hand,  it  is  extremely  important 
for  the  submarine  forces  to  know  what . tactic  of  the  enemy  is 
causing  the  greatest  number  of  these  casualties , 


the.  a$sii$r  could  be  obtained  'by 
h4  fca&dfes:  of  damage  for  those 
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case  of  those  which  did  not.  Such  extrapolation  was  made  for 
U,  S.  submarines  in  the  Pacific:  the  results  did  not  reasonably 
explain  the  known  losses.  An  extrapolation  using  reasonable 
ratios  of  casualties  to  damage  for  surface  and  air  attacks 
resulted  in  figures  for  expected  casualties  which  were  about 
one- third  to  one- half  of  the  actual  casualties. 


This  discrepancy  might,  of  course  ,  have  Indicated  that 
our  expected  ratio  of  casualties  to  damage  vac  too  small  by  a 
factor  of  3;  nevertheless,  there  was  a  fair  possibility  that 
another  cause  of  casualty  was  entering,  which  did  not  enter 
into  the  cause  cf  damage .  If  some  type  of  enemy  tactic  re¬ 
sulted  either  In  a  complete  raise  or  a  total  casualty,  then  the 
submarines  which  came  back  damaged  could  tell  us  nothing  con¬ 
cerning  this  type  of  tactic.  If  was  suggested  that  the  effects 
of  enemy  submarines  would  answer  this  description:,  any  torpedo 
hit  would  presumably  so  damage  our  submarine  as  to  prevent  it 
from  returning  to  base;  whereas,  a  torpedo  miss  might  be 
noticed  but.  would  not  cause  damage,  and  so  might  not  be  stressed 
In  the  action  report.  The  following  analysis  was  made  in  an 
attempt'  to  estimate  how  many  of  our  submarines  could  have  been 
sunk  by  enemy  submarines,  by  counting  how  many  of  our  submar¬ 
ines  sank  Japanese  -  subs . 


In  general,  available  information  concerning  encounters 
of  our  submarines  with  the  enemy  does  not  provide  answers 
concerning  our  losses.  As  a  trite  example,  it  would  be  il¬ 
logical  to  attempt  to  estimate  our  submarine  casualties 
caused  by  CD’s,  on  the  basis  of  the  DD’s  our  submarines  have 
sunk.  Similarly  the  ability  of  submarines  to  shoot  down  ene¬ 
my  planes  bears  no  relation  to  the  ability  of  enemy  planes 
to  sink  submarines.  This  is  simply  because  for  these  cases 
there  exist  no  common  bases  for  comparison. 


Comparison  with  Japanese  Submarine  Casualties  -  However, 
in  the  special  case  where  our  e ubmar ines"~encout or ’’enemy 

for  comparison  does  exist.  Although  it 
S.  and  Japanese  submarines  are  identical 
tactical  use,  certainly  no  U.  0.  submarine 
any  Japanese-  craft  more  like  itself  than 
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fated.  The  next 


is  information  concerning  those  which  were  attacked  but 
missed.  Presumably  the  number  of  U.  8.  submarines  claiming 
to  have  been  fired  at  and  missed  by  enemy  submarines  bears 
a  direct  ratio  to  the  number  fired  at  and  not  missed,  and 
consequently  unable  to  report  the  action.  Thus,  for  cases 
where  our  submarines  were  unsuccessfully  attacked  by  sub¬ 
marine  torpedoes,  there  must  exist  a  proportionate  number 
of  attacks  on  our  submarines  with  lege  fortunate  results . 


While  there  are  several  indr  pendent  methods  for  esti¬ 
mating  our  submarine  losses,  preference  must  be  attached 
to  those  depending  on  the  fewest  assumptions <>  The  most  di¬ 
rect  approach  la  simply  to  assume  that  Japanese  attacks  on 
submarines  suffer  about  the  same  percentage  of  misses  that 
ours  do,  and  apply  this  figure  to  the  number  of  times  we 
have  been  attacked  and  missed.  Tie re  was  no  reason  to  sup¬ 
pose  that  the  percentage  success  of  attacks  Japanese  submar¬ 
ines  made  against  U.S.  submarines  was  greatly  different  from 
the  percentage  success  of  our  attacks  or.  Japanese  submarines. 


The  Operational  Data  -  i-'rora  the  beginning  of  thd  war  to 
15  June  1944  tHere  were  27  submarine  attacks  on  on?  submarines 
and  43  attacks  by  our  submarines  on  Japanese  submarines,  in 
17  of  these  43  attacks  by  17.  S.  submarines  the  Japanese  sub¬ 
marine  was  sunk  or  damaged  and  in  the  other  26  casos  it  was 
missed.  The  breakdown  by  years  is  shown  in  Table  (5.3). 


TORPEDO  ATTACKS,  SUBMARINE  V3  SUBMARINE 


Attacks  on 
Japanese 
Submarines : 


Attacks  on 
U.  S. 

Submarines  1 

•••  ••••  ••• 

•  •  •  • 


Sunk  or 
damaged 


IS  42  3 

1943  4 

1944  9 

Total  17 

1942  ? 


1943 


•  •  • 

1 

•  • 


•  •• 

> 

•  • 


•*  • 

•  •  •  • 
•••  •••  •« 


•  •••  ••• 


•  t  •  •  • 

•  •  •  • 


To  tr.X 


Submarine 

Missed 

3 

11 

*7 

( 

26  (5,3) 
9 

ll 

7 

27 


••••  • 


F.'om  thee--  ti.la.i5i!.-:  Sj/e  ■  ValTJV  Sfa^Vd&’.fc'Sre*  .it 

Kieses  ie  •»«£  pi*  r-0E»tf^re<r.i3,3PJt  05i 

Japanese  submarines,  whether  by  day  or  night,  ana  whether' sur¬ 
faced  or  submerged;  hence,  we  hit  about  two- thirds  as  many 
Japanese  submarines  as  we  uiseed.  Applying  this  factor 
to  the  numbers  of  eases  in  which  a  U.  S.  submarine  was  attack¬ 
ed  and  missed  gives  the  probable  losses  from  Japanese  sub¬ 
marine  action  shown  in  Table  (5,4).  The  second  column  gives 
the  calculated  figures;  the  first,  the  rounded-off  estimates, 

ESTIMATED  LOSSES  OF  U.  S.  SUBMARINES  BY  JAPANESE 

SUBMARINE  ACTION 


1942 

.6 

(5-9) 

1943 

7 

(7-?) 

,  (5.4) 

1944 

5 

(4.6) 

Total 

16 

(17,7) 

It  turned  out  that  at 

the  time  of 

the  analysis  reasonable 

estimates  of  the  effectiveness  of  Japanese  anti-submarine 
planes  and  ships  explained  our  submarine  casualties  only  in  part 
and  left  approximately  Ip  casualties  unexplained.  The  sur¬ 
prising  correlation  between  this  number  15  and  the  number  16, 
estimated  by  the  above  argument  to  have  been  sunk  by  Japanese 
submarines,  made  it  appear  likely  that  at  least  some  of  these 
casualties  could  have  beer*  caused  by  Japanese  submarines. 

It  was  probable  that  not  all  the  13  casualties  were 
due  to  Japanese  submarines;  for  It  was  likely  that  the  enemy 
submarines  were  not  as  effective  as  ours,  which  was  the 
assumption  made  In  obtaining  Table  (5.4).  In  addition,  there 
must  have  been  a  certain  number  of  casualties  caused  by  enemy 
mines  and  by  ordinary  operational  accidents,  which  would  ac¬ 
count  for  some  of  the  15.  Nevertheless,  the  above  analysis 
indicated  that  Japanese  submarines  were  likely  causes  of 
some  of  the  casualties.  Such  a  possibility  had  not  been 
seriously  considered  before. 


Suggested  Measures  =>  ’When  this 
the  attention  "of  the” "KTgher  command. 


analysis  was  brought  to 
the  results  suggested 


the  addition  of  certain 
tect  Incoming  torpedoes 
will  be  discussed  In  the 
this  unexpected  da&gtr .• 


equipment  on  our  submarines  to  dem¬ 
and  certain  tactical  measures  ( which 
next  section),  to  protect  against 

.  .......  i... 
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unexplained  15  casualties  were  due  to  enemy  mines  and  oper- 
.ational  accidents.  Nevertheless,  the  analysis  had  indicated 
a  source  of  danger  which  had  been  previously  minimised, 'and 
suggested  new  equipment  and  tactics  to  safeguard  our  submar¬ 
ines  against  this  danger.  After  these  safeguards  had  been 
put  Into  use,  reports  from  submarine  commanders  indicated  that 
the  now  eqlpment  and  tactics  probably  saved  three  or  four 
additional  submarines  from  being  sunk. 


1?.  Analytical  Solutions  Involving  Search  Theory  -  A  great 
deaf  of  'tactical  ’*analyeie~in’volve's  the  principles  of  the  the¬ 
ory  of  search.  The  details  of  this  theory  are  presented  in 
another  volume  of  this  series,  but  one  theorem  is  bo  important 
for  our  present  discussion  that  it  will  be  worth  while  discuss¬ 
ing  it  here  also.  This  theorem  might  be  called  the  * Kean  Free 
Path  Theorem" ,  by  its  analogy  with  certain  concepts  in  otatis- 
t i c al  m e c h&n ics, 


Covered  Area  -  The  theorem  concerns  the  probability  of 
locating  or  of  damaging  or  of  colliding  with  some  object, 
called  the  target,  which  is  placed  at  random  somewhere  with¬ 
in  an  area  A.  The  search  object,  which  is  to  collide  with 
or  damage  or  find  the  target,  can  be  a  patrol  plane,  a  tor¬ 
pedo,  a  bomb,  a  sixteen  inch  shell,  etc'.  Each 'object  has  an 
effective  range  of  action  against  the  target:  effective 
range  of  sighting,  lethal  radius  target  width  for  toroedoes, 
etc.  After  a  certain  length  of  time,  some  portion  of  the 
area  A  will  have  been  covered  by  one  or  more  of  the  search 
objects,  so  that  if  the  target  is  within  this  covered  area 
it  will  have  been  discovered  or  damaged  at  least  once.  For 
instance,  if  the* search  object  is  a  patrol  plane,  the  covered 
area  is  equal  to  twice  the  effective  lateral  range  of  vision 
of  the  plane,  times  the  speed  of  the  plane,  times  the  length 
of  time  spent  in  searching  the  area  a.  If  the  tea  t  object  is 
a  sixteen  Inch  shell,  the  covered  area  la  equal  to  the  number 
of  shells  fired  inside  A  times  the  lethal  area  of  the  six¬ 
teen.  Inch  shell  for  the  target  considered.  If  the  search 
object  Is  a  torpedo,  the  covered  area  is  equal  to  the  effec¬ 
tive  width  of  the  target  ship  times  the  length  of  track  of 
the  torpedo,  and  so  on. 


We  -assume!  that 
inside  the  area  A, 


this  covered  area  ie  distributed  at  random 
There  may  be  some  overlap,  in  that' the  area 
iSfc,e:>'#«fjsi;c>or«  4jfee£b«9ntt,  •bivt.fti  f&eupe  that  this  is  done  in 
a.  JraJi&SSt  n$nnfng.  •  Ksm  '"fee  J-Patfc  Jv  l'.  gives  the  orob- 

. . .  :  .  •  •  ••  •  • 


ability  of  eucc^el  '£&•  altiffttStlfc'VttQ  tttp  .r&jiio  jDetngeprjjthe* 
covered  area  and*,VP^It-P^?v-  aKeajA***^  |,.|  :'  •;•••• 

Probability  of  Hit  «  To  find  the  value  of  this  proba¬ 
bility,  we  consider  tEe  situation  at  some  given  Instant  when 
the  covered  area  is  equal  to  ci,  We  can  call  P(o,cC)  the  value 
of  the  probability  that  tho  target  is  not  yet  discovered  or 
damaged  before  this  instant.  We  then  increase  the  covered 
area  by  an  amount  aL.  If  this  new  covered  area  is  placed 
at  random  inside  the  area  A,  then  the  chance  that  the  target 
will  be  found  or  damaged  in  this  new  area  is  equal  to  the 
ratio  between  d£  and  total  area  A.  multiplied  by  the  proba¬ 
bility  that  the  target  has  not  been  found  or  damaged  be¬ 
fore  this.  In  other  words 

dP(o,<£)  a  l-(d<^/A)P(o,cc) 


The  solution  of  this  differential  equation,  which  satisfies 
the  initial  condition  that  the  probability  of  no  hits  when  £ 
is  zero  is  equal  to  unity,  is  the  followings; 

y{ot<-x.)  m  e  r;  0  «  (<^/A)  s  Coverage  Factor 

A  ®  Total  Area;  cl  &  Covered  Area  >  (5.5) 

Probability  of  Hit  s  F(>0)  »  1  - 

J 


Referring  back  to  equation  ( 2 . JO ) ,  we  see  that  the 
probability  of  no  hits,  P(0, ■•«..),  is  just  the  Polsoon-dietribu- 
tion  probability  of  obtaining  zero  points  when  the  expected 
number  is  0.  A.  little  study  of  the  analogy  between  the 
present  case  and  the  case  discussed  for  the  Poiseon-distribu- 
tion  shows  the  complete  analogy,  and  indicates  why  the  cover¬ 
age  factor  0  Is  equal  to  the  expected  value  of  the  number  of 
hits.  To  carry  the  analogy  farther,  we  can  cay  that  the 
probability  that  the  target  will  have  been  discovered  or  dam¬ 
aged  or  hit  m  times  when  the  covered  area  is  sC  Is  P(m,0),  where 


P(m,05  «  ( 0m/m|  jc~0|  0  m  (<%/A) 

CO 

P(>0)  a  <L  P(m,  0)  s  1-P( 0, 0 )  - 

fftss  X 


<  5o6) 


Merchant  Vessel  Sinkings  -  A  few  simple  examples  will 
illustrate  the  usefulness  of  this  theorem*  For  instance, 
suppose  a  merchant  vessel  can  sake  two  and  a  half  trips,  on 
the  svci'i.  vc  ,..-.rr  oe  the  ocean  ^  f cfw.it  .it  *■*, 

enemy  c-jqjpne;  V-:  .i*'*  •average*  o.$  ptft  fcf! 

every  four  ships  %'j,  ;no  fewflm&wln 0*4 B^iStpoWeT**  T&ftit 

the  “Mean  Free  Path"  of  a  ship  before  it  gets  hit  would  be 


^nurinrMTm 


number  of  hits 
an  area,  a  line 
v  the  ship)  and  the 
coverage  factor  0  Is  equal  to  the  ratio  between  the  number 
of  trip n  and  the  “Mean  Free  Path3,  (in  this  case  10  trips), 

”he  probability  of  coming  through  n  trips  unscathed  is  P(O,0) 
ob  tain  ad  from  equations  (p.6),  vith  0ss  (n/10). 


Ar ea  Bombardment  -  Another  example  can  be  taken  from  the 
study  “of  area”  dombarSruen t .  A  mortar  e  .placement,  for  in- 
stance.  Is  somewhere  within  an  area  A.  The  lethal  area  of 
the  average  five  inch  shell  for  damaging  a  mortar  le  a.  Then 
If  n  five  inch  shells  are  fired  at  random  lntorfthe  area  A,  the 
chance  hat  the  mortar  will  be  undamaged  is  zTfs  where  tKe 
coverage  factor  0  equals  (na/A) .  The  probability  cf  the  mor¬ 
tar  getting  hit.  ia  times  is' given  in  equation  ($.6) . 


Now  suppose  that  the  probability  .hat  single  hit  on  the 
mortar  will  damage  it  beyond  repair  turns  out  to  be  p;  and 
that  the  probability  of  being  able  to  repair  the  mortar  after 
ra  hits  is  ( l~p)  .  Combination  of  probabilities  shows  that  the 
overall  probability  of  completely  disabling  the  mortar  by 
n  shell'?  fired  into  the  area  A  is 


-rob.  Damage  beyond  Repair®  1  -  Probability  ^epalrability 

Prab,  Repair-ability  s  Jl,  (l~p  }®f(rc,  0)  *  e~0  Mb  U -p)>,g: 

m®  o  m  J' 

(5. 

~  ©~^  ©'  l*-p)0  *  e~'?P  t  0  „  {  na/A) 

Therefore,  the  probability  of  escaping  complete  destruction 
can  be  expressed  in  terms  of  a  new  coverage  factor  0’*lpna/A) . 
This  yhawa  that  in  many  cases  the  coverage  factor  for "complete 
destruction  can  be  obtained  from  the  coverage  f-  ,cto£  for  a  hit 
by  multiplying  by  tfee  probability  of  complete  destruction  when 
hit.  This .simple  property  cf  0  Is  typical  of'  the  Poisson  dis¬ 
tribution. 


Another  example  of  the  "bean  Free  reth, Theorem”  can  be 
taken  from  the  study  of  the  !i effectiveness  of  mine  fields3. 
An  influence  mine  has  a  range'  of  action  R  for  a  given  ship. 
If  there  are  n  mines  in  &  given  area  A,  then  the  probability 
that  tii*:  ship  will  hit  a  mine  is  given,  by 
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the  mine  field,  ihd  "MSai*  FJ*f  |athi!#  of.'tfeephijj  *1&  f1?3* 

is  thus  (A/2hR)*  ***  * . .  •••*  •  •  *••* 

Anti-Aircraft  Snlash  Power  -  Another  example  of  consider- 

able  «S“5t  0»  o®KroT5EI^lrcrar t  defense  Evolves  tha 
definition  of  the  splash  rate  i<a  &  given  bat«ory  o.  anti- 


Slane  will  be  shot  down  between  range  r  and  range  r  *  di  -  -  . 
This  can  be  written  as  s(r)dr9  where  s(r)  is  called  the  ‘splash 
^als"  OrdlSilly  this  rata  Is  small  for  large  values  of  r  and 
increases  as  r  diminishes.  In  this  ease  th.  coverafe factor  0 
is  called  the  r^lr^h  T>cvrer *  v&i.tc&  is  ^  J 


Splash  Power,  0(r}^  /e(r)dr;  sir)  -  Splash  Rate  (5-g) 

V 

The  probability  that  the  plane  is  splashed  before  it 
reaches  range  r  is  l-e““.  By  drawing  contours  of  constant 
splash  power  about  the  anti-aircraft  battery,  one  can  Cider  — 
mine  the  effectiveness  of  this  battery  in  various  directions 
and4  if  necessary,  can  work  out  its  weak  points.  Since  the 
splash  power  is  additive,  the  powers  of  different  batteries 
can  be  "added  together  to  give  an  overall  contour  plot.  Con¬ 
tour  plots  of  this  sort  have  been  useful  In  determining  the 
correct  tactics  for  our  own  planes  against  enemy  anti-aircraft 
fire;  as  well  as  evaluating  the  effectiveness  of  our  own  anti¬ 
aircraft  batteries. 


Ships  sighted  and  Sunk  by  Submarines--  A  more  complicated 
example’ cornea  from "the  comparison  of  'the  effectiveness  of 
submarines  used  on  independent  patrol  against  those  used  in 
coordinated  attack  groups.  Suppose  N  submarines  are  assigned 
to  patrol  a  given  shipping  lane.  Suppose  the  shipping  lane 
has"  a  width  Vi  and  that  each  submarine  has  an  effective  range 
of  vision  r .  Then  by  an  analysis  similar  to  that  ci&rrxsd 
through  above,  we  see  that  the  average  number  Sot  ships  sightsn 
per  month  is 


S  -  PU-e"2Nr/W)  ■  (5 -9) 

Sightings  per  month  per  submarine  ~  iK/NUl-e"  *~M  '  ) 


where  F  Is  the  total  traffic  in  ships  per  month,  he  see  that 
there  is  a  definite  saturation  effect  as  we  increase  the  num¬ 
ber  of  submarine®. 
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submarines  on  Independent  patrol, 


Hi  F(  i~e~2NPr/k' ) 
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“  No-  Ships  sunk  N.  submarines  on  independent  operation, 
'  , 1 1  ~  ™8.  Property  of  the  Poisson  dletrl- 

'  '' x  ^  ^  GiAftbx^S  UE  to  ISlUit3.ply  tthii  CO VC’PHR'f-  facto?  fnr» 

sighting  by  the  probability  of  sinking  once  the" sighting  is 
made,  *o  obtain  the  coverage  factor  for  sinking,  has  an  in- 
tereating  effect  on  the  saturation  of  forces.  As  an  example 
?;  :  f  ’  eupp?®e  ¥e  consider  the  case  where  the  shioping  lane 
h  {£ice,  ae  wide  aa. th®  ranS®  of  vision  of  a  submarine.  Then 
*  ®-  s.  single  submarine  woul  i  see  a  fraction  o  fi"? 

o  all  of  the  shipping  travelling  along  the  lane.  Two  submar- 
*;lee  vould,  on  the  average,  sight  0.36  of  all  the  ships.  Con- 
equen^y  bie  addition  of  the  second  submarine  on  Independent 
uro*  woula  add  to  the  total  number  of  new  sightings  bty 
a?out,  °ue^thlrfi  of  the  number  of  sightings  the  first 
submarine  had  obtained;  this  is  an  example  of  the  saturation 
effect.  This  aoes  not  mean  that  the  second  submarine  does 
not  see  ae  many  ships  ar  the  first  one;  it  only  means  that 

most  of  the  ships  sighted  by  the  second  submarine  have  al¬ 

ready  been-  sighted  by  the  first,  and  that  only  one-third  of 
the  second  submarine’s  'sightings  are  new  ones. 

cr'phw  aTera«e-  onl’v  one  quarter  of  the  shlos 

u,  oy  tne  submarine  are  aunte,  we  can  use  equation 

p.10)  to  determine  the  number  of  ships  sunk  by  n  number  N 
■in  ^!raeat  PatMl-  The  *Wlta  a”e  eiven 

{ 2r/W  ~  1;  Prob .  Sinking  if  sighted  *=Pa0.25) 

On  the  average: 

1  Submarine  sinks  0.22  of  shipping  flow. 

c  Submarines  sink  0„J>9  of  shipping  flow, 

th©  2nd  sub.  giving  a  gain  of  0.J7  of  the 
1st  sub's  catch. 


•••  •••_• 
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d»a«lMe S.r.s^P.l of  flow, 
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. ***e..?fsWa13..#glv &iei  gain  of  0.64 

of  the  let  r;ub"r<  catch. 
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giving  an  aadad  gain  or  0.45  Oj 

catch . 


and  so  on . 


Here  we  see  that  although  the  second  submarine  does  not  mans 
many  new  eight  Inga,,  It  does  account  for  nearly  ae  many  addi¬ 
tional  sinkings  as  does  the  first  submarine.  This  is  due  to 
the  fact  that  the  first  submarine  does  not  sink  three-quarters 
of  the  ships  it  eights .  Therefore,  although  the  second  sub¬ 
marine  usually  sights  the  same  ships  sighted  by  the  first  one; 
It  has  an  additional  chance  to  sink  them,  which  is  nearly  as 
good  as  the  first  submarine .  However,  as  we  keep  on  adding 
submarines  the  saturation  effect  eomee  in  again,  though  not 
aa  quickly.  The  fourth  submarine  accounts  for  less  than 
half,  the  additional  number  one  might  expect,  due  to  the 
saturation  effect. 


Group  Operation  -  Now  suppose  these  N  submarines  act 
together  as ”a  group  instead  of  attacking  ships  independently. 
In  this  case  they  will  patrol  station  independently,  but 
whenever  any  submarine  sights  a  ship  it  will  signal  all  the 
others  "who  will  rendevous  on  the  submarine  making  the  initial 
sighting  and  will  also  attempt  to  sink  the  ship.  We  will 


assume  first  that  all  of  the  submarines  in  the  group  of  N  man¬ 
age  to  home  on  the  first  one'  and  get  their  chance  at  sinking 
the  ship.  In  this  case,  the  probability  that  the  ship  is 
sunk  is  1  -  (l~lr\  instead  of  the  value  P  which  it  had  if  only 
one  submarine  carried  out  the  attack.  By  the  same  arguments 
as  before,  we  see  that  that  the  number  of  ships  sunk  by  a 
group  of  N  submarines  is: 


(5.U) 


ships  sunk  by  N  submarines 


in  group  operation. 


The  relative  advantage  of  group  action  over 
action  Is  given  by  the  ratio: 


1  n  tie  j>  widen  t 


Relative  advantage  of  group  over  idopendent  operation 
|  _  g“  ( 2N  r/W )  iJL-  ( 3.-1 )  *’j 

<5.12) 


H  -  Hg 


1„e-(2Sri‘/K) 
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the  advantage  contlnu- 
aiore  ana.  it, ore  submarines  to  the 
approximation  considered  here. 


Actually,  of  course,  other  inefficiencies,  beside  satur¬ 
ation,  enter  as  the  group  gets  quite  large.  Not  all  of  the 
submarine's  are  able  to  home  on  the  one  which  has  aside  the 
sighting.  The  Germans  seldom  managed  to  home  more  than  three 
or  four  "additional  U/boats;  and  U.  S.  submarines  in  the 
Pacific  seldom  homed  more  than  one  additional  submarine.  Con¬ 
sequently,  the  gain  would  be  less  than  that  shown  In  Figure  <■ 
22,  although  it  would  be  greater  than  unity. 


If  the  shipping  travels  in  convoys,  the  advantage  to 
group  action  is  again  increased;  for  there  are  a  number  of 
advantages  in  combined  attack  on  a  convoy. 

Although  the.  German  "Wolf  Packs”  sometimes  reached  a 
dozen  or  more,  analysis  of  the  sort  outlined  above,  using 
data  on  Japanese  shipping,  indicated  that  groups  of  0.  S. 
submarines  of  about. three  per  group  would  give  optimum  re¬ 
sults  in  the  Pacific.  Following  this  analysis,  group  tac¬ 
tics  were  tried.  After  the  operational  tactics  nad  been 
•  perfected, by  practice,  It  turned  out  that  the  yield  per  sub¬ 
marine  in  a  group  of  three  was  about  50  percent  greater 
than  the  yield  per  independent  submarine.  Thus  the  anal¬ 
ysis  was  borne  out  In  practice. 


b  1  b  do  &  1 1  ion  0  f  iu  c  t  tc t  ‘on  at  c.  n  t  T*  el  Fere  e  ~  I<  any 
f :  •  a]  y  c  at  c  1  t  '.c  t  i  cal  pr 01  >  .••.  em e  1  1  \  e  ■. v  c  l .  1  e  geor  e-tr  1  cal  c  om- 
t 1  n a T-lcr  of  velocities  and  tn  a k t;  * rhl c h  r.  1  c 0  enter  into  the 
theory  of  search.  One  interesting  ftr^,c;ple  of  this  comes  from 
the  study'  of  the  proper  distribution  of  ccmbat-air-patrol 
1  GAP 5  unite,  about  a  task  force,  to  protect  the  force  from 
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radar  which  made  the  first  detection 
This  detection  wan  not  always  made  at 
waa  a  certain  probability  distribution 
depended  on  the  type  of  search  radar 
the  probability  that  the  enemy  unit 
is  detected  between  a  range  R  and  a  range  R-fdR  is  equal  to 
Fv  R)oR.  The  integral  of  F  over  all  valuer  of  R  must  be 

unity  or  lees,  for  this  Integral  equals  the  fraction  of  ene- 
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Figure  22.  Relative  advantage  of  group  action  over  indepen 
dent  action  for  submarines  against  merchant  vessels. 
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Figure  23.  Defense  of  task  force  from  enemy  planes  by  combat 
air  patrol  units.  At  instant  of  detection  nearest  unit 
is  vectored  to  intercept.  Angle  $  is  random,  since 
bearing  of  enemy  planes  is  random. 
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operational  data  taken,  during  the  last  year  of  World  War  IT 
from  actions  in  the  Pacific.  ‘  *  ’  ' 


Detection  ib  not  enough,  of  course .  the  combat  air  patrol 
amet  be  vectored  to  intercept  the  mem y  planes  and  shoot  them" 
down.  Since  the  speed  of  the  combat  air  patrol  Is  approxi¬ 
mately^  equal  uo  that  of  the  enemy  bombers,  both  enemy  and 
friendly  planes  will  have  traveled  an  equal  distance  between 
the  time  that  the  enemy  planes  ano  detected  and  the  tine  the 
patrol  planes  Intercept  the  enemy.  This  situation  la  shown 
in  Figure  S'},  where  we  have  assumed  that  the  enemy  planes 
are  coming  in  on  a  straight  course  directed  at  the  task  force 
and  that  the  nearest  combat,  air  patrol  unit  ie  vectored  cor-"1 
rectly .  Consequently,  the  farther  away  the  GAP  unit  is  from 
the  enemy  at  the  instance  of  detection,  the  nearer  to  the 
task  force  will  be  the  interception.  We  should  place  the 
unit  so  they  can  make  interception  as.  soon  &&  possible. 

It  is  rather  obvious  that  it  3s  desirable  to  intercept 
the  enemy  bombers  an  far  away  from  the  taste  force  os  possible. 
This  gives  the  CAP  units  a  longer  time  to  * over**  the  ene- 
my  unit  and  to  scatter  it  or  shoot  it  down.  Even  though  the 
planes  are  not  all  shot  down,  a  scattered  enemy  unit  seems*  to 
Uid  It  more  diij. ioult  to  get  into  the  task  force,  perhaps 
because  the  leader  is  a  better  navigator  than  the  other  planes 
in  the  enemy  unit  ahd  if  the  planes  scatter  they  lose  their 
leader.  It  is  of  advantage,  therefore,  to  pla.ee  the  CAP 
units  in  such  a  way  that  the  Interception  will  take  place  on 
the  average,  as  far  from  the  task  force  as  possible.  The" 
operational  data  on  the  fraction  of  enemy  cAanee  lost  after 
interception,  as  a  function  of  range  of  interception,  shown 
in  F  l  gur  e  24,  eaipb  a  sizes  t  h  1  c-  po  .1  n  t . 
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. . . . . .  The  tactical  situation 

car.  now  be  stated.  The  Cap  units  are 
be  able  to  handle  the  enemy  unit  without 
that  only  a  number  n  of  such  units  can 
same  time.  If  wo  do  not  know  the  diree- 
the  CAP  protection  should  bo  gyro— 
that  the  units  are  uniformly 
of  radlun  p  about  the  task  force, 
nearest  unit  is  vectored  to 
2p.  Wo  assume  that  the  speed 
enemy  planes .  The 
as  well  as  on 


Average  effectiveness  Wn  Probability 


Range  in  miles 


F,  the  probability  of  detection  of  the  enemy  planes, 
between  R  and  R+  dR;  and  E,  the  average  percent 
loss  of  enemy  planes  when  the  interception  is  made  at 
range  r,  obtained  from  operational  data. 


00 


50  100 
Mean  patrol  distance  of  CAP  unit  from  task  force,  p 


Average  effectiveness  of  n  Combat  Air  Patrol  units, 
each  patrolling  along  a  circle  of  radius  p  about  the 
task  force,  in  keeping  off  enemy  bombers.  When  enemy 
planes  are  detected,  only  the  nearest  unit  is  vectored., 
to  intercept.....  ;  ;  .—  ;•••  ;..  :  :..  : 
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and* H,  '  according  to  the  equation: 
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We  also  assume  that  the  fraction  of  cneny  planes  lost,  when., 
an  Intei’ceptlon  takes  place  at  a  range  r  from  the  task  force, 
Is  E(r).  An  approximate  curve  for-  E,  obtained  from  opera¬ 
tional  data,  is  shown  in  Figure  24. 

At  the  instant  of  detection  the  Cap  unit,  which  is  vec¬ 
tored.  to  the  interception,  happens  to  be  at  the  position  cor¬ 
responding  to  the  angle  0,  where  0  is  less  In  magnitude  than 
(r/n)  (or'elae  this  unit  would  not  be  the  nearest  one  to  the 
enemy  planes ) .  If  the  enemy  planes  arc  equally  likely  to 
come'  in  from  any  direction,  any  value  of  0  is  possible 
between  the  limit  (ar/n  and  -  Ur/n ) .  Consequently  the  average 
value  of  E,  the  fraction  of  enemy  plane.,  getting  through 
after  the  interception,  is  given  by.; 
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however  ranges  of  first  detection  are  not  alv&y a  the  same, 
but  vary  according  to  the  distribution  function  F(H).  The 
average  value  of  the  fraction  of  enemy  planes  lost  by  CAP 
interception  for  all  values  of  detection  range  la  given  by; 
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which  might  be  called  the  effect  i von os  a  of  r  trd.vs  patrol 
disposition . 


A  _  Simple  Example  -  These  Calculations  cannot  be  carried 
through "'anslytlcaXly"  unless  the  .functions  E  and  F  are  ex¬ 
tremely  simple.  If  we  rate  the  effectiveness  of  an  inter¬ 
ception  as  a  linearly  Increasing  ’function  of  the  range  of 
interception  r,  then  the  first  step  in  the  calculation  can 
b  e  c  a  r  r  1  e d  t  b r  c  u  gh  aji  a  ly  t  i  c  a  1 3  y  . 
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Even  this  simplif ication  does  not  allow  the  second  integra¬ 
tion  In  Equation  ( p . 1$ ) ,  to  be  accomplished  analytically, 
except  for  n  -*  1.  For  this  special  case  and  for  a  single 
assumption  concerning  the  distribution  function  F  ve  obtain 


Assuming  F  ~  (R/R^)e 


W,  K.g  (  a ) ;  z  *  t^/Ro) 


The  probability  function  F  starts  at  zero  for  R  *  o9 rises  to 
a  maximum  at  R  ~  R0,  and  then  approaches  zero  again  for  very 
large  valuea  of  R. 

The  average  effectiveness  of  a  single  CAP  unit  is  given 
by  W]_,  where  the  function  Kg  is  the  Bessel  function  of  the 
second  kind,  of  imaginary  argument ,  and  of  second  order,  as 
defined  in.  the  "Theory  of  Bessel  Functions"  by  YJataon.  This 
function  is  plotted  as  a  dashed  curve,  in  the  lower  set  of 
curves  in  Figure  24,  for  ft0  =  2$  miles .  Vie  note  that  Its 
maximum  value  is  at  p  =.  0,  indicating  that  if  there  is  only 
one  Cap  unit  which  can  be  kept  aloft  at  a  time  it  Is  most 
effective  to  keep  this  unit  directly  above  task  force,  as 
long  an  one  does  not  know  the  direction  from  which  the  enemy 
planes  are  likely  to  come;  far  if  the  single  unit  were  patrol¬ 
ling  at  a  distance  from  the  tank  force  it  might  get  caught  "off 
case"  by  an  enemy  unit  coming  in  to  the  task  force  from  the 
opposite  hide.  This  result  turns  out  to' be  true  for  other 
reasonable  assumptions  as  to  E  and  F;  if  only  a  single  CAP 
unit  ie  aloft  at  a  given  time  its  most,  effective  position  is 
directly  over  the  task  force,  (unless  the  direction  of  enemy 
a 1 1 a c k  is  kn o wn) . 

Several  CAP  Units  -  The  integration  for  the  more  gen¬ 
eral  ceiFej" with  eevcral  CAP  units  aloft,  must  be  carried 
through  numerically .  Consequently,  wo  might  as  well  use 
the  curves  for  E  and  F  obtained  from  the  operational  data. 
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We 

GAP 


time  it  should  patrol  over  the  task 


force.  If  two  units  can  be  kept  aloft  they  should  patrol  on 
opposite  sides  of  the  task  force  and  about  20  miles  away  from 
the  task  force?  if  three  units  are  aloft ,  they  should  patrol  on 
a  circle  of  radius  25  miles  spaced  120°  apart  along  this  circle? 
etc'.  Even  for  an  extremely  large  number  of  GAP  units,  if  those 
are  distributed  on  a  single  circle,  the  diameter  of  the  circle 
should  only  be  35  miles  in  radius. 


The  discussion  presented  here  is  only  the  beginning  of 
the  complete  tactical  study.  One  must  Investigate  the  possi¬ 
bilities  of  vectoring  out  a  second  unit  to  nback  upH  the 
first  unit,  for  it  sometimes  happens  that  the  first  unit  does 
not  make  an  interception  effectively.  This  can  be  taken  into 
account  to  some  extent  by  successive  use  of  the  function  E, 
but,  strictly  speaking,  the  Mean  Free  Path  Theorem  should  be 
used  to  obtain  a  more  detailed  answer.  In  many  cases,  also, 
it  is' more  likely  that  the  enemy  units  will  approach  from  one 
side  rather  than  another.  In  this  case,  the  integration  over 
the  angle  0  mist  include  the  probability  of ‘the  enemy  units 
coming  in  from  a  given  direction.  The  results  would  indicate 
how  the  disposition  of  CAP  units  would  have  to  be  modified. 

The  present  calculations  also  do  not  include  the  effect  of  the 
altitude  of  the  enemy  units  on  the  interception  problem.  Many 
of  these  aspects  have  been  dealt  with  in  various  GKG  Studies.  - 
Space  cannot  bo  given  to  them  here. 


Tactics  to  Evade  Torpedoes  -  The  last  example  given  in 
this  section  will  contlnueHihe  analysis  of  the  sub-sub  prob¬ 
lem  discussed  in  section  16.  There  i t  was  shown  that  there 
was  a  possibility  that  our  own  submarines  in  the  Pacific  were 
being  torpedoed  by  Japanese  submarines,  and  that  there  was  a 
good,  chance  that  several  of  our  casualties  were  due  to  this 
caxise,  Presumably  the  danger  was  greatest  7/hen  our  submarine 
was  traveling  on  the  surface  and  the  enemy  submarine  was  sub¬ 
merged.  It  was  important 
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,  therefore,  to  consider  possible 
s’ danger.  One  possibility  was  to  in¬ 
underwater  listening  device  beneath  the  hull 
Ai*e  to  indicate  the  presence  of  a  torpedo  headed 
submarine.  Torpedoes  driven  by  compressed  air  can 
by  a  look-cut ,  since  they  leave  a  characteristic 
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by  fairly  simple  means . 

Merophcne  equipment  to  perform  this  function  had  al¬ 
ready  been,  developed  by  NDHC;  it  remained  to  determine  the 
value  of  installing  it.  In  other  words,  even  If  the  torpedo 
could  be  heard  and  warning  given,  could  it  be  evaded?  The 
chief  possibility  of  course,  lay  in  radical  maneuvers .  A 
submarine  (or  a  ship)  presents  a  much  smaller  target  to  the 
torpedo  end-on  than  It.  does  'broadside  on.  Consequently,  as 
ooon  as  a  torpedo  is  heard,  and  its  direction  is  determined, 
it  is  advisable  for  the  submarine  to  turn  toward  or  away 
from  the  torpedo  depending  on  which  in  the  easier  maneuver. 

geometrical _  Detaile  -  The  situation  is  shown  in  Figure 
2p.  Tiers  ih“e ""e ubrr.ar 0  shown  traveling  with  speed  u 
along  the  dash-dot  line.  It  discovers  a  torpedo  at  range  R 
and  at  angle  on  the  bow  £ heeded  toward  it.  For  correct  fir¬ 
ing,  the  torpedo  is  not  aimed  at  •where  the  submarine  is,  but 
at  where  the  submarine  will  be  when  the  torpedo  gets  there. 

The  relation  between  the  track  angle  0,  the  angle  on  the 
bow  9  ,  the  speed  of  torpedo  and  submarine,  and  the  range 
R  can  be  worked  out  from  the  geometry  of  triangles.  The  aim, 
of  course,  is  never  perfect  and  operational  data  indicates 
that  the  standard  deviation  for  torpedoes  fired  from  U.  3. 
submarines  la  about  6°  of  angle. 

In  most  cases,  more  than  one  torpedo  is  fired.  For  in¬ 
stance,  if  three  torpedoes  are  fired  in  a  salvo,  the  center 
torpedo  ie  usually  aimed  at  the  center  of  the  target.  If 
the  other  two  are  aimed  to  hit  the  bow  and  stern  of  the  tar¬ 
get,  the  salvo  of  three  is  raid  to  have  a  hundred  percent 
spread.  Due  to  the  probable  error  in  aim,  it  turns  out  to 
be  somewhat  better  to  increase  the  spread  to  150  percent,  so 
that  if  the  aim  were  perfect  the  center-  torpedo  would  hit 
amidships  and  the  other  two  would  miss  ahead  and  stern. 
Analysis  of  the  type  to  be  given  in.  Chapter  VI  shows  that  a 
salvo  of  three  with  150  percent  spread  gives  a  somewhat 
greater  probility  of  hit  than  does  a  salvo  with  100  percent 
spread. 

A  glance  at  Figure  25  chows  that  if  the  track  angle  0 
is  less  than  90°  the  submarine  should  turn  aa  eliarpTy  aa 
possible  toward  the  torpedoes  in  order  to  present  as  small 
a  target  as  possible;  if  the  track  angle  is  greatej,..tJ^  ... 

90°  the  turn,  should^bjs  |rrfnx;^e,*tsif^^d<5|*a  j..  A«jiu$&ng;  at 
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Figure  25*  Quantities  connected  with  analysis  of  torpedo 
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which  the  submarine  starts  its  turn  If  the  range  is  large 
enough,  the  submarine  can  turn  completely  toward^or  away 
from  the  torpedoes  (this  is  called  "combing  the  tracks" ) 


and  may  even  move  completely  outside  of  the 
salvo.  If  the  torpedoes  are • not  discovered 

range,  however,  very  little  Improvement  can  toe  obtained  by 
turning. 


track 

until 


of  the 
at  short 


One  can  therefore  compute  th.u  probability  of  ‘nil ting 
the  submarine  if  it  starts  to  turn  when  It  hears  a  torpedo 
at  some  range  and  a  different  angle-on-the**bow .  This  can 
be  plotted  on  a  diagram  showing  contours  of  equal  probability 
of  sinking,  and  these  can  toe  compared  with  contours  for*  pro- 
babllity  of  sinking  if  the  submarine  takes  no  evasive  action 
but  continues  on  a  straight  course .  A  typical  set  of  con¬ 
tours  is  shown  in  Figure  26  - 


The  solid,  contours  show  ths  probabilities  of  a  hit  when 
the  submarine  takes  correct  evasive  action.  The  dotted 
contours  give  the  corresponding  chances  when  a,  submarine  con¬ 
tinues  on  a  steady  course.  One  sees  that  the  dotted  contour 
for  30  percent  chance  of  hit  covers  a  much  greater  area  than 
the  solid  contour  for  the  earns  chance.  In  other  words  these 
longer  ranges,  the  evasive  action  of  the  submarine  has  a 
greater  effect.  The  contours  for  GO  percent  chance  of  hit 
do  not  shew  the  corresponding  improvement,  since  by  the  time 
the  torpedo  is  so  close  to  the  submarine  the  s&neuver  has  little 
chance  cf  helping  the  situation.  One  sees  that  if  one  can 
hear  the  torpedo  as  far  away  2,000  yards  a  very  large  reduc¬ 
tion  in  the  chance  of  'Doing  Lit  can  be  produced  by  the  cor¬ 
rect  evasive  maneuvers. 


Since  these  contours  represent,  in  effect,  vulnerability 
diagrams  for  torpedo  attack,  they  suggest  the  directions  in 
which  look-out  activity  should  be  emphasized.  The  greatest 
danger  exists  at  a  relative  bearing  corresponding  to  a  90° 
track  angle,  and  the  sector  from  about  pCc  to  IO30  or.  the 
bow  should  receive  by  far  the  most,  attention.  The  narrow 
separation  of  the  contours  corresponding  to  evasive  action 
emphasizes  the  extreme  importune  of  the  range  of  torpedo 
detection.  In  many  instances  a  redaction  of  500  yards  in 
detection  range  may 
escaping. 
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Figure  26.  Chance  of  surviving  torpedo  salvo  by  sharp 
turns  as  soon  as  torpedo  is  detected,  as  function 
of  torpedo  range  and  bearing  when  detected, 
oompared  to  chance  of  survival  when  no 
evasive  action  is  taken. 

U.S.  fleet  type  submarine  at  18  knots, 

3- torpedo  salvo  (150$  spread)  at  45  knots. 
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Another  facftoS?  . 
in  the  proniptneD#*5.v.i; 
torpedoes  every  10  s< 
corresponds  approximately  to 
distance  from  the  torpedo  to 


lay 

a  reduction 
the  target o 


that  a  20  seconds  delay  in  beginning  the 
probably  halve  the  chances  of  successful 


2pQ  yards  in  the 
Thus  it  is  apparent 
evasive  turning  will 
evasion . 


These  same  calculations,  with  different  speeds  and 
different  dimensions  for  the  target  vessel,  may  be  used  to 
Indicate  to  the  submarine  where  it  Is  beet  to  launch  its 
torpedoes  in  order  to  minimize  the  effect  of  evasive  turn¬ 
ing  of  the  target  ship.  One  sees  that  It  is  best  to  launch 
torpedoes,  if  possible,  with  a  track  angle  of  approximately 
90°.  One  sees  also  the  Importance  of  coming  close  to  the 
target  before  firing  the  salvo,  since  evasive  action  Its 
much  loss  effective  when  begun  with  the  torpedo  less  than 
2,000  yards  away =  1 

This  study  showed  the  value  of  good  torpedo-detection 
microohonee,  with  ranges  of  at  least  2,000  yards,  and  sup¬ 
ported  the  case  for  their  being  Installed  on  fleet  submarines. 
Publication  of  the  study  to  the  fleet  indicated  the  danger 
from  Japanese  submarines  and  the  usefulness  of  evasive 
turns,  and  produced  an  alertness  which  saved  at  least  four 
U.  S.  submarines  from  being  torpedoed,  according  to  the 
records. 


18.  Measure  and  Countermeasure  ~  borne  of  the  most  urgent  tasks 
arid'  tHe"  most  exciting  op  port  unTtee  for  operations  research 
lie  in  the  field  of  the  devi  i.<  g  of  countermeasures  to  nev 
enemy  tactics  or  weapons .  Nearly  every  aspect  of  World  '/J&r  II 
showed  an  interplay  of  measure  and  countermeasure;  the  aide 
which  could  get  a  new  measure  into  operational  use,  before 
the  enemy  realized  what  it  was,  or  which  could  get  a  counter- 
measure  into  use  before  the  enemy  had  perfected  his  methods 
of  using  the  measure,  was  the  aide  which  gained  tremendously 
in  this  interplay.  Operations  research  workers  helped  con¬ 
siderably  in  speeding  up  these  reactions,  by  following  tech¬ 
nical  developments  closely  and  by  relating  them  to  the  most 
recent  operational  data. 


K o 8 1  of  the  operations!  decisions  and  planning  on 
countermeasures  requires  a  great  deal  of  technical  background, 
Information  from  espionage  and  other  intelligence  sources 
Often  comes  through  in  fragmentary  form,  and  unless  thp.  pgi 
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s  capable  of  turning 

out  couatermoasures  quickly  end  accurately.  Since  it  often 
happens  that  the  weak  points  of  an  enemy  measure  are  things 
which  could  easily  be  remedied  by  the  enemy  if  he  thought  it 
necessary,  it  is  usually  quite  important  to  keep  our  kncrwledg 
of  such  information  at  a  high  security  level*  '  The  problem 
of  introducing  enough  technical  men  to  the  intelligence 
information  in  order  to  solve  a  problem  rapidly,  while  main¬ 
taining  proper  security,  is  one  of  the  reasons  these  problems 
are  difficult  ones. 


Countermeasures  to  Acoustic  Torpedoes  -  The  first  in¬ 
formation  on ‘"tiie '’German  Acoustic  "Torpedo  came  from  es¬ 
pionage.  The  first  information  which  was  of  technical 
value  came  from  the  fragmentary  descriptions  of  the  torpedo 
by  prisoners.  By  piecing  together  these  descriptions  a 
fairly  sensible  picture  of  the  design  was  obtained,  and  by 
using  the  two  available  guesses  as  to  size,  the  dimensions 
of  important  units  could  fee  estimated  roughly.  The  problem 
was  serious  enough  to  warrant  requesting  a  laboratory  to 
build  an  acoustic  control  head  according  to  the  estimated 
specifications ,  In  the  mean  time,  calculations  involving 
the  properties  of  diffraction  and  cl’  acoustic  resonance 
were  utilized  in  order  to  obtain  43.  preliminary  estimate  of 
the  acoustical  behavior  of  this  torpedo.  Combining  measure¬ 
ments  on  the  sample  built  by  the  laboratory,  theoretical 
calculations,  and  further  detailed  intelligence  information 
made  it  possible  to  obtain  a  rough  estimate  of  its  charac¬ 
teristics  - 


The  important  characteristics  were  the  speed  of  the 
torpedo,  its  turning  radius,  the  extent  of  the  region  around 
the  torpedo  within  which  the  hydrophones  were  sensitive  to 
sound,  the  frequency  of  optimum  response  of  hydrophones, 
and  the  sensitivity  of  respor.ee  In  the  steering  mechanism 
to  changes  of  direction  of  the  sound  source,  The  torpedo 
was  to  be  fired  from  a  considerable  distance  and  to  travel  as 
an  ordinary  torpedo  for  the  majority  cf  its  run..  The  hydro¬ 
phones  were  then  turned  on,  the  speed  :>f  the  torpedo  was 
reduced  to  reduce  a  elf —no. 1st-,  one’  the  torpedo  steered  t:owsr& 
whatever  noise  source  was  in  front  of  it. 


3 inee  the  sensitive  cienent  was 
which  could  only  tell  whether  the  tor 
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until  the  torpedo  turns  around  the  stern  of  the  ship  and 
begins  a  stern  chase  (unless  the  torpedo  track  Is  so  nearly 
a  collision  track  that  it  hits  the  hull  of  the  ship  as  it 
goes  by).  If  the  track  angle  is  large,  the  greatest  curva¬ 
ture,  of  this  pursuit  path  may  be  less  than  the  maximum 
curvature  possible  for  the  torpedo „  In  many  cases,  however, 
the  torpedo  will  not  be  able  to  turn  sharply  enough  to 
follow  the  pursuit  course.  At  this  point,  whether  the  tor- 
pedo  eventually  swings  back  on  the  ship's  track  to  complete 
its  stern  chase,  or  whether  it  loses  the  target  completely, 
depends  on  how  concentrated  around  the*  bow  direction,  is 
the  directional  listening  pattern  of  the  torpedo’s  hydro¬ 
phones  . 


of  sound 
pellere  . 
torpedo  path 
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The  obvious  countermeasure  to  such  a  torpedo  is  to  tow 
after  the  ship  an  underwater  noiseraaker,  which  is  enough 
louder, in  the  proper  frequency  range, than  fcha  propellers,  so 
that  tne  torpedo  will  steer  for  the  noleeir.aker  rather  than 
for  the  propellers.  Nolsem&kers  could  be  tossed  overboard 
to  drift  astern,  but,  this  could  require  too  large  an  expen¬ 
diture  of  material,  so  it  was  preferable  to  tow  the  noise- 
maker,  If  this  would  provide  sufficient  protection.  Pursuit 
curves,  for  various  Intensities  of  the  rroisemaker  and  for 
various  distances  astern  of  the  ship,  had  to  be  computed, 
using  different  reasonable  assumptions  concerning  the  spread 
of  the  directional  listening  pattern  of  the  torpedo  and  its 
range  of  acuity.  On  the  basis  of  these  calculations  It  was 
decided  that  a  single  nolBemaker,  towed  some  distance  astern, 
would  pi'ovi&e  reasonable  protection  against  a  torpedo  vlth 
the  acoustic  and  control  properties  which  seemed  moat  probable. 
The  specifications  also  required  a  certain  minimum  intensity 
of  the  nolsemaker  in  the  Important  frequency  range,  which  by 
that  time  had  beei  determined  to  be  within  10  and  15  thousand 
cycles  per  second. 


The  experimental  tactical  unit  of 
Development  Detachment,  Atlantic  Fleet, 
make  full  scale  measurements  on  various 
The  parallel-pipe  vibrators  called  FXR 
loud  as  most  and  to  be  somewhat  easier 
By  this  time  a  working  model,  estimated 
German  torpedo,  was  built  and  could  be 
calculations.  The  results  wars  sutiafac 
measure  gea 
craft  for 
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of  these  calculations  and  testa  had  already  been 
finished  by  the  tine  the  C. ersians  cams  out.  with  the  tor* 
pcdo  In  operation,  A  fev  destroy crs  were  sunk  by  the  torpe¬ 
do  bef  ore  the  counter  ne&eure  gear  oouj.d  be  supplied;  b a t  no 
use troyers  were  hit  by  T«**;  torpedoes  when  they  were  towing 
the  noiserueker  according  to  doctrine,,  although  many  acoustic 
torpedoes  were  fired  at  each  destroy era  ( and  several  noise- 
crake  re  were  blown  up  by  direct  torpedo  hits*  )•  The  German 
U/Goat  command  wee  greatly  disappointed  at  the  rapidity  with 
which  this  countermeasure  was  gotten  into  use  and*  the  cones- 
event  failure  of  their  net  torne-dc « 


r.ad&r  Co un t. enaeas ur e n  -  The  radar  field  wap.  the  greatest 
g:Pena  ©I  conn  term  ©allures  in  Vorld  Wat  ,  arf.  the  struggle 
reached  its  greatest  complexity  i.r.  the  aspects  connected  with 
strategic  bombing-  The  activi  ties  .u.  this  field  are  suffi¬ 
ciently  coKipj.BX  to  rec.u ir ©  several  volumes  to  explain  them, 
and  apace  forbids  their  discus,  e  lorn  hare.  The  radar  counter- 


measure  struggle  in  the  antl-li/hoat  campaign  was  a 
clvely  simple  one,  but  .U  demons tratea  moat;  of  the 
cf  the  problem,  and  will  be  discussed- here  for  its 
a  preliminary  discussion  of  this  phase  has  already 
at  the  end  of  Section  7 


compara- 
elements 
simplicity . 
been  given 


radar  has  been  only  one  of  the  Diary  weapons  eo piled  to 
courier  the  enemy  use  of  U/bca.ta,  but-  it,  play ed  an  important 
role  it  certain  critical  times  and  caused  grave  concern  to 
the  U/nost  Command.  -The  moves  and  counter-moves  of  the  radar 
war  offer  an  interesting  examp ‘In  of  the  importance  of  quick 
end  accurate  evaluation  of  enemy  jceaaures,  rod  of  the  oper¬ 
ational  ei’f  ec  tl  venees  of  energy  coup  t  ftrrieaaure.j .  Only  rarely 

re  wine  sufficiently 

effective  to  justify  the  e.ttrese  tactic  of  abandoning  the 
weapon;  usually  the  prompt  application  of  court  ter-eounterae»- 
earee  will  restore  the  effectiveness ,  This  is  particularly 
true  of  the  radar  vs  search- receiver  competition,  which  was 
a  continuing  problen:  throughout  the  .'/-'cat  war. 
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It  was  of  the*  hetsrfc&|uie..tjyp53,  .Vloqghlj  tp  b(»  o»S,j|  t^pe 
capable  of  8uii?ic4.e«$»«en&i<iivl.ty,\&ttd,ir;.r.£djy^te$!  ^nj^gy;, 
in  fact,  if  it  had  been  designed  as  a  transmitter  it  could 
hardly  hage  radiated  more  power*  Its  operational  success 
against  the  British  Mk  II  radar  was  undeniable,  and  It  was 
accepted  as  a  satisfactory  warning  receiver  by  U/Eoat 
captains  * 

Meanwhile,  Allied  development  of  S-band  radar  was  pro¬ 
ceeding,  baaed  upon  the  magnetron  transmitter  tube,  and  was 
put  into  operational  service  in  early  19^3  as  the  U.  S.  ASG 
and  the  British  Mk  III  types*  From  the  start  this  met  with 
operational  success  and  U/Boat  sinkings  increased.  The 
Germane  became  convinced  that  Allied  aircraft  were  using 
some  new  detection  device  and  started  a  frantic  activity  to 
Identify  and  counter  it.  For  a  time  they  occupied  themselves 
Xidth  the  idea  that  it  was  an  Infra-red  detector,  and  experi¬ 
mented  with  their  own  infra-red  detectors  and  with  special 
paints  intended  to  give  no  infra-red  reflections.  They  also 
considered  the  possibility  of  a  frequency  scanning  radar  and 
developed  a  scanning  receiver  with  a  cathode  ray  tube  presen¬ 
tation.  This  was  of  definite  advantage  to  the  operator, 
but  it  still  covered  the  same  meter  wave  band. 

The  sinkings  of  U/Bcats  continued.  In  desperation  they 
jumped  to  the  conclusion  that  their  GSR  radiations  were  being 
homed  on.  The  Metox  receiver  was  outlawed  and  the  “^anz*'  G1 
introduced.  This  was  of  an  improved  design  and  radiated  much 
less  power.  However,  the  almost  pathological  fear  of  radi¬ 
ations  which  had  been  bred  In  the  minds  of  U/Bcat  captains 
prevented  them  from  true  ting  it.  Continued  sinkings  and 
skepticism  of  the  technical  advantages  kept  it  from  being 
used.  Next,  the  German  scientists  turned  to  the  much  less 
sensitive  crystal  detector  receiver,  which  was  entirely  free 
from  radiation,  and  produced  the  '’Borkura'*  .  This  was  a  broad 
band  intercept  receiver  which  covered  the  75=300  cm  band. 

Finally,  in  September  lf43,  the  U/Boat  command  recog¬ 
nized  that  10  cm  band  radar  was  being  used  for  U/Eoat  search. 
One  of  these  sets  had  been  captured  at  Rotterdam  by  the  Ger¬ 
man  Air  Force  in  March  194-3,  and  German  scientists  had  soon 
determined  its  characteristics  but  the  news  reached  the  German 
Navy  in  September.  How  this  six  months 8  delay  occurred  Is 
one  of  the  mysteries  of  the  war  and  a  significant  factor  in  the 
U/Boat  war.  (It  can  perhaps  be  explained  only  by  a  crisiinal 
lack  of  liaison  between  the  Gerijj^  *teckRJUc«ij><  •  ; 
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Naxo b  Search  Rec el v or  -  Out  of  this  confusion  finally 

c am e  tne  1  W-axoe"  Intercept  receiver  covering  the  S**12  exu  hand. 
Ine  first  models  were  crude,  portable  unite  mounted  on  a  stick 
and  carried  up  through  the  conning  tower .on  surfacing.  The 
range  was  short *  due  to  the  crystal  detector  principle,  the 
broad  band  coverage  and  the  email,  non— direc tion&l  antenna; 
estimates  of  range  from  P/V  reports  are  8  to  10  miles.  The 
equipment  was  subject  to  rough  handling  on  crash  dives  and 
was  often  out  of  order.  Continued  development  improved  the 
reliability  and  it  eventually  proved  Its  value  in  giving 
warning  of  Allied  S— band  radar,  usually  at  ranges  about 
equal  to  radar  contact  ranges .  This  resulted  in  an  increase 
in  the  number  of  "disappearing  contacts"  on  the  radars  and 
an  even  greater  number  of  successful,  evasions  which  can  onlv 
be  estimated,.  . ‘ 


Allied  reaction  to  lnmUg«uoe  reports  about  Naxos  as 

nomnJn-?t»|0em?er  lV^  th®  f®ar  ^at  G~to*nd  radar  wm 

comproiwifcea,  A  serious  morale  pro  ole®  developed  among  Allied 

AhV  fly  era  with  this  news  and  with  the  related  drop  In  U/Boat 

contacts.  Radar  was  turned  off  completely  in  several  squadrons 

.tactics  were  improvised  to  salvage  some  usefulness  for  the 

radars,  on  the  assumption  that  the  3 SR  could  out-range  the 

radar.  On  the  approach  w search! ightlng'1  the  target,  Sector 

scan  on  change  o i  scan  rate  were  not  allowed,  since  such" 

changes  would  indicate  to  the  GSR  operator  that  radar  contact 

had  beer,  made  and  the  iJ/Bcat  could  take  evasive  action.  At  ten- 

•liaoo  *8,  such  as  1  ir.en” ,  were  ini  listed  to  cause  a  slow  and 

£•  t c ady  dec i  ear: e  ih  trail sc  i  v  ^ e-1  pov/cr  as  range  closed-  so  an 

to  confuse  the  GSR  .operator.  In  ardor  to  use  thin  "success- 


fully,  the  contact  must  be  made 
greater.  Since  this  was  great c 
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360°  scanning  rtfd&i*s),,and  ftppro'ashfa#  tyiclaaC-  jjgstjlsorjln^'was 
suggested.  The  chances  of  a  successful  navigational  approach 
were  small,  however,  as  compared  to  radar  homing  on  the  tar¬ 
get. 

Allied  Reaction  ~  The  chief  error  made  by  the  Allies  at 
this  phase  was  in  overestimating  the  capabilities  and  effi¬ 
ciency  of  the  Naxos  S&'fT,  An aly e es  of  sighting  data,  mentioned 
iri  Section  7,  soon  showed  that  the  GSR  was  far  from  being  cer¬ 
tain  protection  for  the  U/Boat .  Efforts  were  made  to  revive 
the  confidence  in  radar  and  keep  it  in  operation.  The  val¬ 
idity  of  this  view  was  indicated  by  the  continued  high  rate 
of  U/Boat  sinkings  up  through  August  1944  when  the  with-  ■ 
drawal  from  French  coastel  ports  caused  a  large  drop  in 
G/Boat  activity. 

The  use' of  radar  of  an  even  higher  frequency  was  an 
obvious  next  step.  Development  and  allocations  of  X~band 
equipments  even  preceded  the  advent  of  Naxos  and  were  fur¬ 
ther  stimulated  by  the  problem  it  presented.  However,  the 
Germans  were  not  caught  napping  this  time.  An  HgX  blind 
bombing  A/C  was  lost  over  Berlin  in  January  194%  and  from 
the  damaged  remains  the  Germans  learned  of  the  frequency 
band.  It  was  assumed  that,  this  frequency  would  also  be  applied 
to  ASV  radar,  and  the  development  of  X/band  Intercept  receivers 
was  started  even  before  use  of  X/band  radar  by  the  Allies  in 
U/Boat  search- became  operationally  effective.  A  well  designed 
receiver  known  as  the  "Tunis",  which  consisted  of  two  anten¬ 
nae,  the  "Muecke"  horn  for  X/band  and  the  "Cuba  la  (Fliege)* 
dipole  and  parabolic  reflector  for  S/band,  was  developed  and 
Installations  started  in  the  late  Spring  of  1944,  Installations 
-  have  bean  completed  during  the  period  of  Inactivity 
following  the  withdrawal  of  Norwegian  and  German  bases.  Two 
amplifiers  with  a  common  out-put  to  the  operator’s  earphones 
made  it  possible  to  search  both  bands  simultaneously.  The 
chief  feature  was  the  directional  antennas,  which  gave  in¬ 
creased  sensitivity  and  range;  the  range  probably  exceeded 
radar  contact  range  for  all  X  and  3  radars  of  that  time.  To 
obtain  full  coverage  the  antennas  were  mounted  la  the  D„P„ 
loop  on  the  bridge  and  rotated  manually  at  about  two  revolu¬ 
tions  per  minute.  The  unit  still  was  to  be  dismounted  and 
taken  below  on  submerging,  and  so  could  be  used  only  in  the 
surfaced  condition.  It  seems  to  have  been  a  reliable  and 
effective  warning  receiver. 
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point *Th§  far  get'75  for  only  short  time  Intervale. 

The  probability  of  detection  is  determined  by  the  chance  of 
coincidence  of  these  time  intervals  vith  the  intervale  when 
the  receiver  antenna  ie  directed  toward  the  racier,  Know¬ 
ledge  of  the  radar  and  GSR  beam  widths  and  scan  frequencies 
make  it  possible  to  compute  the  probability  of  detection  per 
minute.  Py,  for  each  inters.:! tiency  schedule.  The  cumulative 
probability  of  detection  in  the  time  required  for  the  radar 
aircraft  to  approach  from  GSR  range  to  average  radar  contact 
range  ie  given  by;  F%  1- ( ,  The  probability  of  un¬ 
detected  approach  to  a  radar  contact  1-P * 5  can  be  made 

as  high  as  JO  percent  by  proper  choice  of  the  lntermittency 
schedule.  A  small  reduction  in  radar  contact  efficiency  or 
sweep  width  is  to  be  expec ted,  but  Is  in  general  much  less 
than  the  loss  in  search  receiver  detection,  probability,  and 
the  result  is  net  gain. 


The  above  tactic  of  intermittent  use  of  radar  ie  of 
moat  value  against  highly  directional  search  receivers  ouch 
88  Tunis*  All-round- looking  receiver  antennas  will  not  be 
countered  to  the  same  extent.  However,  the  psychological 
confusion  of  the  receiver  operator  in  interpreting  the  short 
and  infrequent  signals  will  result  in  a  definite  but  uncal- 
culaole  reduction.  In  efficiency  Furthermore*  the  shorter 
range  and  reduced  sensitivity  of  the  non- directional  antennae 
will  mean  that  a  shorter  time  interval  is  involved.  So  there 
may  be  advantages  of  intermittent  radar  operation  even  for 
such  noil-directional  search  receivers. 
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submarine  forces  to  turn  off  their  micro- vaVe  *rad&r  befbre 
the  German  micro- wave  search  receiver  hah  become  effective. 

Thus  the  Allied  anti-submarine  aircraft  were  reduced  by  a 
factor  of  tvo  or  three  in  effectiveness  before  It  was 
really  necessary  to  make  the  reduction,  A  detailed  comparison 
between  visual  and  radar  contacts  in  the  Western  Atlantic 
showed  that  there  was  little  actual  reduction  In.  the  ratio 
of  visual  to  radar  sweep  rate  until  the  end  of  the  war. 
Therefore,  even  if  the  Germane  were  using  their  search  receiver, 
It  was  not  doing  them  much  good  at  this  time,  and  there  was 
no  reason  to  hamper  our  own-  radar  search  aircraft  by  Intro¬ 
ducing  countermeasures  until  effectiveness  had  improved. 

This  situation  la  typ;  cal  of  a  great  number  of  cases. 
There  are  indications  that  the  enemy  has  begun  or  is  likely 
to  begin,  the  use  of  a  countermeasure  which  may  destroy  the 
effectiveness  of  one  of  our  measures.  We  have  in  turn  de¬ 
veloped  a  counter  to  this  which  may  or  may  not  reduce  the 
effectiveness  of  the  enemy's  countermeasure,  but  which  is 
detrimental  to  our  measure  unless  the  enemy  1c  using  its 
countermeasute .  In  a  few  cases,  the  effects  o'f  the  enemy’s 
countermeasure  are  so  apparent  that  "we  con  nearly  always 
tell  when  he  uses  it,  We  can  then  follow  the  situation  and 
can  Introduce  our  own  counter  when  the  enemy  uses  hie  coun¬ 
termeasure  a  great  enough  percentage  of  times  to  make  our 
c o u. nter  wo r t h- vh lie. 

In  a  great  number  of  eases,  however,  we  cannot  be  sure 
in  each  encounter  whether  the  enemy  was  using  his  counter¬ 
measure  or  whether  he  was  Just  lucky  in  that  particular 
case.  A  certain  percentage-  of  the  time  the  enemy’s  counter- 
measure  is  not  used  and  our  measure  Is  effective,  in  another 
percent  of  the  time  our  measure  fella  even  though  the  counter 
measure- is  not  used;  in  part  of  the  time  the  enemy ’s  counter- 
measure  le  used  but  ie  not  effective,  and  the  remainder  of 
the  time  the  enemy’s  countermeasure  is  used  and  is  effective. 
In  such  cases,  we  are  not  as  interested  in  knowing  what  per¬ 
centage  of  the  time  the  enemy  uees  his  countermeasure  as  ve 
are  in  knowing  whether  our  counter  would  be  able  to  help  the 
si tuation* 

Such  a  question  cm  only  be  answered  by  trial  in  oper¬ 
ation.  Each,  month  we  try  a  certain  number  of  times  using  the 
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doet:  tAV-Swe  try  aaa$ri^tk\tcj  ej.?«  v&eifrferStIXe  enemy  has 
improve!  ••Since  trials  are 

random  affairs,  we  must  be  sure  tha  our  reoutts  ha/e  meaning 
statistically.  Consequently,  it  is  well  to  provide  criteria 
for  determining  when  we  have  need  of  our  test. 


Discrete  Operational  Trial©  -  There  are  two  cases  which 
must  be’*‘cFn^^:rTd'¥e p ara t Sly 7” " The  first  is  that  where  the  oper¬ 
ation  consists  of  a  discrete  try,  such  as  tiring  of  a  torpedo 
or  guided  missile .  The  other  case  is  that  where  the  opera 
involves  continuous  effort,  such  as  the  aircraft  searching 
for  a  submarine  or  the  submarine  waiting  Tot  a  ship.  Ihe 
first  case  can  be  exemplified  by  the  following  examples  we 
have  been  vising  air-launched  anti- shj.p  guided  missiles 
against  the  enemy  with  fair  success.  This  success  has  recently 
boon  reduced,  which  leads  us  to  suspect  Iliac  the  enemy  is 
using  certain  jamming  methods  which  disturbed  the  homing 
mechanism  in  the  guided  missile.  We  have  developed  an  anti¬ 
jamming  device  which  can  be  inserted  in  the  homing  mechanism 
of  our "missiles .  'This  device  is  complex  enough  so  that  in 
a  certain  number  of  cases  the  homing  mechanism  will  break 
down  and  fail 

On  the  other  hand,  when  it  does  not  fail,  it  will 
counteract  the  enemy *8  jamming  equipment  in  a  certain  per- 
c 6H  of  tih.0  cases .  W©  &rs  sure  il  the  enemy  is  no 

using  jamming  equipment,  the  anti”  jamming  equipment  would 
be  a  detriment  to  install.  If  the  enemy  Lb  using  jamming 
equipment  enough,  of  the  time,  however,  it  probably  would  be 
best  to  install  the  anti- jamming  mechanisms.  We  must  make 
a  series  of  tries  with  and  without  the  anti-* jamming  equip¬ 
ment  in  order  to  see  which  is  the  best  result,  on  i>he  average. 
Since  the  enemy  Is  probably  changing  his  tactics  from  time  to 
time,  we  must  continue  to  make  these  tests;  at  the  same  time, 
however,  we  must  arrange  our  actions  so  that  the  m&jox'ity  of 
the  time  we  use  that  operation  which  we  believe  will  give  test 
results « 


•  • 


Mathematical  Details  -  To  see  what  should  be  done  we 
first" consider  "the  general  case  where  we  have  made  n  trl&Xe 
without  the  anti- jamming  equipment  ( Tactic  I)  and  N  trials 
u 63 rig  the  anti- jamming  equipment  (Tactic  XI).  Suppose  In 
8  of  the  n  trials  without  anti- jamming  equipment,  we  are 


successful 


t  1 


the  guided  missile  sinks  •:  ship,  and  In  ft 


the  SH  tries'  with  Tactic  II,  we  have  success 

information  would 
mntermeasure  was  not 
iugff  f 5’ ***t •  v?'r«v*wnlle  to  install  anti¬ 
jamming  equipment  yet.  However,  the  results  we  have  actually 
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tbs  average  na$£..I*  9®.  •s 2. 1 1 : i ww  ii*  aj&$ i it. ;  fe,  ti ■  *£’  .1  ierlei. 
of  testa,  the  values  or  tl j ?  *fj •offJfo.S  3i^*g&<yg t e :t  p  * 

of  the  Wo  tactics .  If  p  is larger  "ihaii  FJ  tTen  ve  should 
del' int tel/  uee  Tactic  I ;  .if  (p /P)  is  smaller  tear,  unity,,  ve 
alio uld  use  Tao  tie  II  ( anti *-  .1  amtaing  tie  vi  e  e ) . 

If  ve  actually  knew  the  values  p  and  P,  we  could  com¬ 
pute  the  probability  of  obtaining  the  result  ve  did.  From 
Equation  (2. Ip)  we  see  that  this  probability  is: 
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p®(l-p)n™sPs(l-P)^5  -  fd(p,P) 


Unless  n  and  N  are  both  small,  this  expression  la  a  rather 
difficult  one  to  handle.  In  general,  however*,  we  will  have 
to  make  enough  trials  to  be  sure  of  our  answer  go  that  n  and 
N  will  not  be  small.  If  these  quantities  are  not  small, 
however,  "we  can  use  the  approximation,  methods  discussed  in 
obtaining  Equation  (2.2$).  These  same  methods  give  the 
approximate  results 
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This  probability  has  a  maximum  at  p  (e/n)  and  .?  =*  {,  3/J$ ) , 
as  shown  in  Figure  27.  In  terms  of  this  figure,  we  see  that 
our  question  is  as  follows:  Ve  have  obtained  results  s  and 
Sj  what  is  the  probability  that  p  is  larger  than  Pi  From 
the  figure  we  see  that  this  must,  equal  the  integral  f(ptP) 
over  all  the  space  to  the  right  of  the  diagonal  dashed  line. 

A  great  deal  of  algebra  is  needed  to  show  that  this  probability 
is 


Prob . 


(5.16) 


Where  Pn  is  the  function  given  in  Equation  (2,2$) ,  According 
to  Figure  11  this  probability  is  50  percent  if  the  quantity 
in  the  wavy  brackets  is  aero ;  it  is  approximately  10  percent 
if  this  quantity  is  -1,4  and  it  is  90  percent,  approximately , 
If  the  quantity  is  fl.4. 
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probability 
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Figure  27.  Calculation  of  probability  that  Tactic  1 
or  Taotic  2  is  more  successful. 
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tain  percental  ©3  " 

U3UB  cheek.  t£#Xi 
Than  Tactic  II  arc 

should  not  use  Tactic  I  very  often;  It.  should  b®  used  less 
than  one- tenth  of  the  time,  as  &  matter  of  fact.  Similarly, 
if  the  probability  fn  is  larger  than  90  percent,  w®  should 
not  use  Tactic  II  any  more  than  one  in  ten  tiroes,  eta. 


Rules  for  Trials  With  this  sort  of  reasoning  in  mind 
we  proceed  to  *make  rules  of  procedure,  which  of  necessity 
roust  be  more  clear-cut  than  the  probabilities  ever  can  be. 
These  rules.,  which  nevertheless  give  a  fairly  good  approx¬ 
imation  to  the  discussion  of  the  last  paragraph,  are  as 


f 


follows  3 


la) °  If  the  quantity  in  the  curly  brackets  in 
Equation  A,  Ip)  is  leas  than  -1  A,  use  Tactic  I 
one-tenth  as  often  as  Tactic  II. 


(b) .  If  the  quantity  in  the  curly  brackets  is 
between  «1  A  and  zero,  use  Tactic  I  one-half 
as  often  as  Tactic  II. 

(c) .  If  the  quantity  Is  between  aero  and  +1 A, 
use  Tactic  1  twice  as  often  as  Tactic  II 

(d)  If  thin  quantity  is  larger  than  ?1  A,  use 
Tactic  I  ten  times  as  often  as  Tactic  II. 

(e)  If  situation  &  or  d  continues  for  several 
months,  and  if  other  Intelligence  indicats  that 
It  is  likely  to  continue,  discontinue  Tactic  1 
or  Tactic  II  entirely. 


Figure  2S. 
trials,  we 
this  point 


These  requirements  can  be  presented  graphically 
From  the  results  c.f  the  week’s  (or  month 
plot  on  this 
falls  to  the 


in 

s } 


!iNo  Decision  Possible" , 
I  is  preferable.  How  s 
depends  on  the  sise  of 
given  above  can  therefo 


chart  the  point  (s/n),  ( S/2J ) .  If 
right  of  the  diagonal  line  marked 
then  it  is  more  likely  that  Tactic 
are  we  are  of  this  result 9  however, 
the  quantity  ( Nn) .  The  rule  as 
re  be  translated  into  the  following; 


(a).  If  the  point  l s/n ) ,  { S/H )  is  t 
the  lower  contour  line  corresponding 
of  the  number  of 
number  of  times 

tic  I  ten  times _  ...  .  . . 

•  •  •  ••••  •••  •••• 


the  right  of 
to  the  product 
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Ratio  successes  to  trials  for  Tactic  2  (S/N) 
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Ratio  successes  to  trials  for  Tactic  I  (s/n) 


Figure  28.  For  s  successes  out  of  n  discrete  trials  of 
Tactic  1,  S  successes  out  of  N  trials  of  Tactic  2, 
a  point  is  determined  on  the  plot.  Rules  in  text 
tell  how  future  action  should  depend  on  posi** 
tion  of  point  with  respect  to  contours. 
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(b) ,j  Hf.«tfhe2  pcwi&t  Ms  r;  t  {■*%'».  *%he  lowis*  JccftitoiJr  for 
(Nn)**mifi,«'lh<?«dia§o^S&r.lii!§i%.  $s*$  ?•£? WS*  3*  tjwieyJ  as 
often  as  Tactic  IX , 

(c) .  If  the  point  is  to  the  left  of  the  diagonal 
line,,  but  Is  to  the  right  of  the  upper  contour  for 
(nN),  uee  Tactic  I  half  as  often  as  Tactic  IX * 

(d)  .  If  the  point  is  to  the  left  of  the  upper  con^ 
tour  for  (nB),  uee  Tactic  X  one-tenth  as  often  as 
Tactic  II, 

(e) .  If  situation  a  or  cl  continues  for  several 
months,  and  if  other  intelligence  indicates  that 
it  is  lilcely  to  continue,  discontinue  Tactic  I  or 
Tactic  II  entirely. 

Thus  we  have  derived  a  set  of  rules  which  tell  us  what  to  do 
about  introducing  any  particular  countermeasure  when  the 
operation  consists  of  the  discrete  tries. 

One  notices  that  the  greater  the  product  InN)  is,  the 
sharper  can  be  the  distinction  between  courses  of  action. 

This  corresponds  to  the  general  principle  of  probability 8 
that  a  large  number  of  trials  reduces  the  chance  of  a  mis¬ 
leading  result  due  to  fluctuations.  This  condition  is 
sometimes  dif f icilt  to  achieve  in  practice,  for  the  enemy  is 
changing  his  tactics  and  it  would  not  do  to  lump  together 
data  taken  before  and  after  a  change  in  enemy  tactics.  From 
this  point  of  viet*;,  it  ic  preferable  to  use  data  taken  over 
as  short  a  period  of  time  as  possible,  which  means  a  small 
value  for  n  and  N»  General  rules  cannot  be  made  up  for 
handling  such  situations*,  each  case  must  be  dealt  with  on 
its  own  merits,  utilizing  all  available  information,  and 
exercising  common  eenee. 

Continuous  Operations  -  The  second  situation,  where  e 
aontinual  effort  must  be  made,  is  dealt  with  In  an  analogous 
manner.  As  an  example,  we  can.  consider  the  search  for 
U/Boate  by  anti-submarine  aircraft.  Tactic  I  will  be  the 
search  by  radar  planes,  and  Tactic  II  can  be  the  search  by 
visual  means  with  the  radar  set  shut  off.  As  long  as  the 
enemy  does  not  use  radar  warning  receivers  effectively  the 
radar  planes  will  discover  more  U/Boate  per  thousand  hours 
of  flying  than  will  visual  planes.  This  situation,  however, 
will  change  when  the  warning  .veeeltfero  toogit* •  tf? •  g ct . j* f  TMo  tTv el 

:  :  :  •••  •  :  :  :  :• 

Let  ue  suppose  that  #m5Tft if ‘fadaf*  planes* 


■  it.  i 


hav  e  f  l$*$t .  p  Jhoufs  * 
time  Pjid  Jo v£f •  &h$. «a&Sf$ 


£  eirfahi  r! g*  #f  oV  |*/«0oe»tsj.»*  ij 
.Sf^5po3p\j»*n  slv  ecearr,*  va'sft 


I£ar$.ng  the  same 
Sil^pos©  that 


non- radar  planes  have  flown  E  hours »  During  this  time,  the 
radar  planes  have  made  m  contacts  with  U/Boats  and  the'  visual 
planes"  have  made  M  contacts .  If  the  effectiveness  of  radar 
planes,  in  contactsper  hour  Is  p  and  if  the  effectiveness  of 
the  visual  planes  is  P,  then  the  probability  that  the  num¬ 
ber  of  contacts  mentioned  ie  actually  obtained  turns  out  to 


bes 


(pe)m(PS)M 
m!  hi 

from  Equation  i2o^0). 


exp  (-pe-PE)  —  fc(p,P) 


If  m  and  M  are  large  enough,  this  expression  may  be 
approximated  by  one  which  is  similar  to  the  discrete  case 
discussed  above . 


fjp^) 


2«2 
e  E 


exp  ^  « 


(p- 


e 


fsru-‘t>' 


EC--  K,2] 


Returning  now  to  Figure  27  we  see  that  this  function  has 
its  maximum  at  p  s=(m/e),  P  **  (K/E).  An  argument  entirely 
analogous  to  that  given  for  equation  {5*16)  shows  that  the 
probability  that  the  effectiveness  of  Tactic  I  is  greater 
than  the  effectiveness  of 'Tactic  II  is  given  by  the  follow¬ 
ing  expression . 


(5-17) 


where  Fp  is  the  function  defined  in  Equation  (2.26). 


By  arguments  analogous  to  the  discrete  case  discussed 
above  we  can  devise  a  new  contour  chart  which  will  guide  us 
in  our  decisions  in  the  continuous  case.  This  chart  is 
given  in  Figure  29.  The  results  of  our  test  operations  are 
expressed  in  terms  of  the  position  of  the  point  le/E),  (n/N). 
Rules  similar  to  those  discussed  above  for  the  discrete  cnee 
with  Tactic  I  and  II  reversed,  apply  here.  We  notice  again 
that  it  is  Important  to  get  as  many  contacts  per  month  in  as 
possible,  for  the  enemy  is  likely  to  change  his  tactics. 


%  j  .jljf**  aia  <?£*  »«>vneaaure  Action  -  The 

J  .••#fp^§y^jcu3  JgvJbiJfc  ioft&tdsj  hjase  where  wewer  e  not 

a  re  how  e*f receive"  lM£  ’iftti-tC?*  ifttfrtrarn.fi  sura  was,  nor  how  often 
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Ratio  successes  with  Tactic  I  to  successes  with  Tactic  2 

(m/M) 


•  •  * 


•  • 


•  • 

i 

•  •4 


Ratio  effort  expended  on  Tactic  I  to  effort  expended  on  Tactic  2 

(e/E) 


Figure  29,  Continuous  effort  e  and  E  expended  on  Tactics 
1  and  2,  resulting  in  m  and  M  successes.  Rules  for 
future  action,  based  on  graphj  are  given  in  text. 
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&o  tion 
represent  a. 
hold  for 

another  month  or  so,  In  other  cases,  hevever,  intelligence 
is  m ore  complete  and  both  sides  know  reasonably  well  what; 
the  other  side  can  do,  and  what  value  the  choices  have.  Sup 
pose  both  sides  are  keeolng  watch  over  the  results  of  each 
action,  and  can  change  from  one  tactic  to  another  as  rapidly 
as  they  see  what  tactic  the  opponent  chooses,  if  they  can 
gain  by  change. 


In  this  caee  it  pays  to  analyze  the  play  in  advance. 

The  enemy  has  the  < -holes  of  using  a  measures  or  not  using  It. 
Correspondingly,  our  ova  forces  have  the  choice  of  using  a 
countermeasure  cr  not  using  it.  This  makers  four  possible 
combinations,  each  of  which  have  a  certain  value  to  our  aide 
and  a  corresponding  damaging  effect  to  the  opposite  Hide. 
This  can  be  illustrated  In  the  following  diagram? 


•U ,  ,  Value  to  Our  Side,  or  Damage  to  Enemy 

Action 

No  Use  of  Use  of  Measure 

Xea&ur © 


No  Use  of  W 

Countermens ure  ^  '■ 

Ot.x’ 

Ac  r,lon 

Use  of  w,. 

Count  ernes,  e  ure 


Some  times  V/p±  is  smaller  than  Vh  j ,  indicating  that  our 
use  of  the  countermeasure  la  a  detriment  to  us  if  the  enemy 
In  not  using  the  measure.  On  t-hs  other  hand  w,?  is  usually 
much  smaller  than  if  the  countermeasure  ie  at  all  effec¬ 
tive;  and  W^2  is  smaller  than  V.i  if  the  Measure  is  to  pro¬ 
fit  the  enemy  (a  small  W  is  best  for  the  enemy),  ks  soon  as 
we  knew  the-  tactics  of  the  enemy,  we  must  adjust  our  own 
tactics  so  that  the  value  Vh  <  is  as  l&rve  as  possible.  Cor¬ 
respondingly,  the  enemy  will  try  to  aojust  his  tactics  so  as 
to  make  W  as  small,  as  possible.  This  .1©  an  example  of  the 
mlnlsi&x  principle  which  occurs  ir.  the  theory  of  gMee  and  A e 


:rr 


soubfced  xn  "The  Theory. of  Gamee*  by  Von  Neumann  and 


liC33g|UV8ii>?n,.  i^;in^tojJ#  Uni  vers  it?  Press 


•  • 


COOOOOOOOO  100  Q  O  0  90  OOP  i  O  _  0  QO/ov  i  > 

Definite  Sa«eo«  Thera SarSe  Oo^unipe^  c>j.  possxDiaiJ^e^ 
vhlch  may  Fe"lTngSys^°Wpa^»l%.o  ‘to  S«?*§A«  wha.<^ 
call  the  Definite  Ca.ee,  occurs  when  V'2'l  i?  larger  than 
l  we  have  already  i assumed  that  Vi2?>VJ12  and  Wn>  wip}* 

In  this  case  we  should  always  use  the  countemeasurt,  fo  no 

matter  what  the  enemy  d Fes,  w*  wuld  Profit  *  itB  ?ee  ' 

Vin  t  and  Wpp  > Vhp ) .  The  enemy,  if  his  intelligence  Is  good, 
would  know  this  and  would  choose  always  to  use  the  measure 
if  Wpo  <Wpx  or  net  to  uee  it  If  «2l<  w5>2-  Tj?®  point  here 
jB  that  if  both  sides  know  the  values  of  air  the  combinations, 
thpv  will  always  prefer  the  one  tactlo  which  will  give  them 
W?frk  the  least  lose)  no  matter  what  the  other 
does .  A  similar  case  occurs  when  Wp>  *21  but  k21>^22* 
here  It  in  always  to  his  advantage  for  the  enemy  to  use  hie 

measure . 

Indefinite  Case  -  The  other  case,  which  will  be  cabled 
the  Indefinite  ^ase,  for  reasons  which  will  ®£ort-y  becotne 

clear,  is  "where  Wjj  >  W21  and  'j22>^21  *we  l?°e  ^  USin6  ~}e 
counter  measure  if  the  enemy  is  not  using  the  measure,  anl 
the  enemy  loses  by  using  the  measure  if  we  are  using  the 
countermeasure).  We  can  see  the  aj f ^ ieuxty if  we  try  to  i igure 
out  what  we  should  do  if  the  enemy  's  espionage  were  pei  .  ee  o, 
and  compere  it  with,  what  the  enemy  snould  do  xl  our  vsplon^ 
acre  were  perfect,  (To  make  the  analysis  specific,  let  us 
tSe  Won  >Wn  >Vo,  >Wn?„)  In  the  first  case,  if  we  ehoula 
decide,  to  use  countermeasures  the  enemy,  knowing  our  decision 
in  advance,  would  use  no  measure  and  we  would  get  «21»  11 
we  should  decide  not  to  uee  countermeasures,  the  enemy  would 
uee  hie  measure,  and  we  would  get  U1?.  Jlnce 
would  prefer  to  use  countermeasures  in,  tnj.s  case,  s*n^' ,  *21 
Is  the"  mnxliLln  of  the  array  (In  each  row  there  is  a  minimum 
value;  Y/pi  is  the  largest  of  these)  On  the  other  hanu  if 
we  knew, “beforehand,  that  the  enemy  were  going  to  use  nia 
measure  we  certainly  would  use  our  countermeasure,  getting 
Wp?»  or  if  we  knew  the  enemy  were  not  going  to  use  nic  mea- 
sure  we  would  riot  uee  our  countermeasure  and  the  result  would 
be  Vhi.  In  such  a  es.es,  it  would  behoove  the  enemy  no*  „o 
use  his  measure  for  Vu<  ^  W11  being  the  mJLQimaj  f 
array  (In  each  column  there  X&  a  maxi  mum  value;  «li  •* 
least  of  these). 

The  property  of  the  Definite  Case,  vhlch  makes  it  de  Inc¬ 
ite,  is  '  that  the'  minimnx  is  th aa Jne _ ,  eo ^  that 
there  is  no  question  cs  to  which  each  sine  should  do,  J-a 
Indefinite  Case,  however  / . 
maxi  min,  so  that  it  is  tfotg  obvious  <wTat 
The  ""cor  rect  solution,  as:  ShdVn  fe  isac&o  t^y 
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.  ■!  t  srs- assures 


■  ar  r.-inel  on  w*.rt. 
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tmf  i,  ;  ' •  i a i ert  in  the  following 


v,.  W  ^ 


':ic  lb 
Tact l.o  2b 
T&ot is  3b 
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Tactic 
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( Value  *co 
Side  b . } 


2 


wnsrs  tactic  la  Bight  tee  no  measure  and  tactic  Jo  might  b® 
io  counter® os s ur ® ,  with  I  and.  2a  tvo  did  fereni>  counters. 

Here  v?&  must  pl.ct  the  i  c  cults  f.*.  n:  *.  ted.  tactics  on  a 
triangular  chart ,  "whore  the  distance  In  xroni  each  edge 
represents  the  percentage  of  t.f-e  of  one  of  the  tactics,  an* 
the  distance  perpendicular  tc.  the  p3.ane  ol  the  «r*angxfc^  is 
the  value  to  e-lcle  b.  Such  plots  are  shown  in  Figures  ?0c 
and  30  d.  At  the  edge  of  each  oi&e  is  a  side  view  giving 
the  trace a  of  the  planes  representing  pure  tactics  for  the 
other  8'de-  The  shaded  parte  in  the  triangle  give  the  best 
choice  of  tactic  for  any  mixture  of  opponent’s  t.aetl«0;  We 
see  that  If  aide  a  us  as  any  mixture  o  trier  than  vvv/  ia» 

; 2/3 )  of  2a  and  (2/3)  of  J&„  olde  b  will  b®  able  to  gain; 

Vf  &ide  b  uses  s ..ay  other  mixture  tnesi  v->-/p)  of  lo*  iV3) 

2b  and  (1/3)  of  jb,  side  a  will  tee  able  to  make  more.  Tne 
cnet  value  to  sic.s  b  if  both  s5o.es  pla.y  11  correctly  j-s  ( **»  3  >  ■■ 
if  p  t**i ed  to  make  more  then  this,  an  alert  enemy 

id  "arrange  It  f.o  side  b  would  aahe  lees.  Therefore,  true 
mixed  solution  la  the  safest  solution;  prerumably  it  should 
\>u  used  Vhonovt r  wo  dc  not  hr ev  what  the  enewy  io  llabus 
Ci c,  and  should  only  be  modified  when  ws  arc  reasonaoi,,  sure 
r.he  enemy  has  departed  frees  tele  *»«fen  mixture. 

There  are  eases  wit!  an  infinite  variety  af  choices  of 
tactics  and  oountortaetlot,  where  a  mixture  cf  tactics  if 
nacceeary  for  safety .  An  example  is  In  the  Uuch  eimpAified/ 
v. rote 3  mr.  of  the  barrier  patrol  of  -.  plane  guarding  a  channel 
from  yti&MK'i  .  *U>  ssopjpi'e  that 

•  tr  t£td|dnUiiy  4ht  £lf»M»  *hOh -  y  :«.£ 


tp  y.hcftc05il.v  Var,  .^'sar?s?ec 'a  fcn.rx 


the  submarine 
submerged,  but  that 


Each  the  plane 


rniiM—  -mitTiiT 


can  flv 


;k  £ru;  SB&  in*  <m«l  -sa^t*  though 

If  " 


r.  |#  it^Vr.|j*arl«.Oif  tfs,e  :  j*  j  •  • 

It  patrols  a  wide  par's  of  the  oi*  anneX  xt*o*aA*;dt*  d5  3Tt  *&b 
efficiently,  but  if  It.  always  patrols  across  the  narrowest 
part,  the  submarines  can  dive  and  elude  it.  The  position  of 


patrol  along  the  channel  must  be_  varied  f rom  day  to  day  so 
as  to  keep  the  submarine  from  being  certain. 


The  situation  is  illustrated  in  Figure  31 «  A  channel 
of  length  larger  than  a  is  to  be  patrolled  by  the  planes^ 
If  the  barrier  patrol  Xs  at  point  x  and  if  the  submarine 
attempts  to  go  by  on  the  surface,  the  probability  that  the 
plane  will  contact  the  submarine  is  given  by  P(x)  as  shown 
In  the  lower  half  of  Figure  31. 


As  we  have  said  above,  the  barrier  cannot  be  placed  al¬ 
ways  at  the  same  point. x;  it  must  be  placed  here  and  there 
along  the  channel  so  tha  the  submarine  can  never  be  sure  ex¬ 
actly  where  it  is  placed.  The  extent  of  the  range  of  values 


be 


of  x  over  which  the  barrier  is  placed  must,  of  course, 
longer  than  a;  otherwise  the  submarine  could  dive  under  the 
whole  distribution.  The  relative  frequency  of  times  the 
barrier  is  placed  at  a  point  x  is  proportional  to  the  pro 
bab i 1 i ty  den s 1 ty  0( x) .  S 
somewhere  each  period,  th 
unity,  aide  A  must  then 
so  that  It  gets  good  results  no  matter  what  the  submarine 
does.  The  submarine  can  also  have  a  choice  of  its  point  of 
submergence.  It  will  always  run  submerged  its  maximum  dis¬ 
tance  a.  It  can  of  course  come  to  the  surface  before  a 
distance  a  and  resubmerge  for  the  rest  of  a  at  some 
region  in  the  channel.  If  this  seems  best 


»nce  the  barrier  is  to  be  placed 
3  integral  of  0  over  x  must,  be 
adjust  the  shape  of  the  curve  0 


other 


therefore ,&  certain  probabill t y •  .1  x )  t ha t 
r, emerged  at  the  point, x,  The 
a,  if  the  submarine  is  to  have 
a.  The  submarine  (Side  3)  mu 3 
Tty f so  that  it  gets  as  good  a 


There  will  be, 

.  ...  -  the  submarine  is 

integral  of  '/over  x  must  equal 
a  maximum  submerged  range  of 
,  therefore,  adjust  prcb&bil- 
result  as  possible  no  matter 


where  the  barrier  ie  placed. 

This  is  indicated in  the  following  equation 


1 


*U> 


0{x) 


Prob.  of  contact  if  Barrier  is  at  x  and  Sub,  is 
surfae ed . 

Proto,  Density  for  Barrier  st  x . 

...  ....  ...  .  ...  . 
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Figure  31.  Barrier  patrol  versus  diving  submarine. 
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bility  of  contact  6  Is  an  large  as  possible  and  is  Indepen¬ 
dent  of  the  tactics  of  the  submarine,  within  reason.  Con¬ 
versely;  Side  B,  the  submarine,,  adjusts  the  probability  of 
submergence  0  go  that  G  is  as  small  as  possible  and  is  In¬ 
dependent  of  the  placing  of  the  barrier,  within  reason.  The 
problem  is  to  determine  the  functions  0  and  for  safe  tac¬ 
tics  for  both  sides  when  the  probability  P  is  known. 

We  will  first  determine  the  tactics  of  the  submarine, 
determined  by  the  function^.  Suppose  the  submarine  has 
chosen  a  function 'f",  and  suppose  by  chance  Side  A  has  found 
out  what  tills  function  is.  ‘Then  a  glance  at  the  equation 
for  G  shows  that  if  the  quantity,  P(x)  f l-i'i  x )J  ,  has  a 
maximum  value,  then  Side  A  will  get  the  best  results  by 
placing  Its  barrier  at  the  x  corresponding  to  this  maximum 
value.  The  submarine  would  like  to  make  this  quantity  aero, 
but  this  is  not  possible,  since  the  channel  is  longer  than 
the  maximum  range  of  submergence,  a.  In  any  case,  however, 
the  submarines  can  choose  j1"  so  that  the  quantity  IM-f)  has 
no  single  maximum;  i.e.,  is  flat  along  the  top.  This  Is 
done  as  follows s 


Safe  Tactics  for  Side  B  (submarine) 


Over  as  great  a  range  of  x  as  possible,  choose  so  that 


(5.19) 


H  is  determined  by  the  condition 


Probability  of  Confab 


•  •  •  • 


The  lute 
possible.  If 
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posit  ittt  jm&tfw-  *o  zero  Cifhere  tfcfr  submarine  does  not  BUb- 
merge)  then  we  have  adjusted  things  so  fchat  the  probability 
of  contact  G  is  smaller  than  H.  Consequently,  thla  distri¬ 
bution  of  diving  Is  the  beet  the  submarine  can  manage. 


The  details  of  the  solution  are  Indicated  on  the  two 
right-hand  drawings  of  Figure  yz .  We  plot  the  reciprocal 
cf  the  probability  P  and  draw  a  horizontal  dashed  line  of 
height  (1/H)  bo  adjusted  that  the  area  between  this  dashed 
line  and  the  (1/P)  curve  le  equal  to  (&/H).  When  this  1b 
done,  the  probability  of  submergence  will  be  proportional 
to  the  difference  between  the  horizontal  dashed  line  and 
the  (1/P)  curve,  as  shown  in  the  second  drawing.  The  proba¬ 
bility  of  contact  is  therefore  equal  to  H,  if  the  barrier  Ie 
anywhere  in  the  region  between  xq  and  x^;  and  ie  lees  than 
if  the  barrier  patrol  is  placed  outside  of  this  range. 

If  a  is  small,  it  may  turn  out  that  the  horizontal  dashed 
line  must  be  so  low  as  to  break  the  shaded  area  into  two 
parts  (for  the  type  of  P  shown)  In  such  a  case,  it  le 
beet  for  the  submarine  to  submerge  in  two  separated  regions, 
since  it  must,  conserve  its  short  range  of  submergence  for 
those  regions  where  the  probability  of  detection  is  highest. 


We  mist  now  see  what  the  side  controlling  the  barrier 
control  (Side  A)  la  to  do  about  its  choice  of  the  density 
function  0.  Suppose  it  chooses  a  particular  function  0, 
and  suppose  the  submarine  learns  what  its  values  are.  The 
submarine  will  then  always  submerge  in  those  regions  where 
P(x)0(x)  le  largest .  As  with  the  submarine,  therefore,  the 
barrier  patrol  plans  must  be  made  so  as  not  to  have  any 
maxima  for  the  function  P0.  Consequently,  rib  barrier  will 
be  flown  at  positionswhere  the  probability  P  is  less  than 
some  limiting  value  K;  and  where  P  is  larger  than  K  the 
barrier  density  v/iil  be  inversely  proportional  to  P,  in 
order  that  the  product  P0  will  be  constant  in  these  regions. 
The  equations  corresponding  to  this  requirement  are 


Safe  Tactics  for  bide  A __  (bai  i  ler  ? 

Choose  0(x)  so  that  P0  ie  constant  over  a  range  of  x,  i.e,, 
0(x)  ; 


h/PU) 

0 


,  when  P(x)>K 
,  when  P(  x  j<  K 


(5  =  20 

•  ;  :  eont'd  on  next  page) 
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SUBMARINE  TACTICS 


BARRIER  TACTICS 


H-  (shaded  area)  =  a 


h- (shaded  area)  =  I 


Figure  32.  Solutions  of  problem  shown  in  Figure  31  for 
safe  tactics  for  both  sides. 

It  turns  out  that  H  »  K,  and  that  the  probability  for 
contact  G  is  equal  to  H,  which  equals  k  -  h(L-a). 
Function  frf(x)  controls  the  frequency  of  placing  bar¬ 
rier  at  point  x,  and  ¥(x)  is  optimum  probability 
that  submarine  is  submerged  at  x. 
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dx/IHx)  *  ( 1/h) 


X/ 


(5=20) 


Probability  of  contact  G)-  h(L<&),  which  is  maximum  when  K*H. 


The  problem  for  the  distribution  of  the  barrier  Is  not 
-  yet  completely  solved,  since  we  can  vary  the  value  of  L  and 
readjust  the  value  of  h.  It  certainly  would  not  be  advis¬ 
able  to  make  L  smaller  than'  a,  for  then  the  submarine  could 
dive  completely  under  the  system  of  barriers.  On  the  other 
hand,  it  would  not  do  to  make  L  too  large  for  then  h  would 
become  too  email .  In  fact,  we  must  adjust  h  and  L  bo  that 
the  quantity  h(L-a)  is  a  maximum. 

A  certain  amount  of  algebraic  Juggling  must  be  gone 
through  to  show  that  -the  requirements  that  h(L»a)  is  a  max¬ 
imum  correspond  to  the  requirements  that  K»H.  In  other 
words,  the  range  of  x  which  is  covered  by  the  barrier  turns 
out  to  be  the  same  range  which  ia  covered  by  the  submerging 
submarine.  This  is  of  course  reasonable,  for  any  overlap 
on  the  part  of  either  side  would  represent  waste  motion  and 
reduced  effectiveness.  The  technique  for  obtaining  the  dis¬ 
tribution  for  barrier  patrol  0  is  shown  In  the  right-hand 
curves  In  Figure  32.  One  plots  again  the  reciprocal  of  P(x); 
chooses  K  equal  to  H  and  the  end  points  x0  and  x-.  to  be  the 
same  as  in  the  analysis  for  the  submarine,  iv’e  choose  the 
normalising  factor  h  to  be  such  that  h  times  the  area  shaded 
in  the  right-hand  figure  equals  unity.  Therefore,  the  best 
the  submarine  can  do,  if  the  barrier  patrol  ie  fully  alert; 
and  the  best  the  barrier  patrol  can  do,  if  the  submarine 
commaaderlo  clever,  is  the  set  of  tactics  defined  by  Equa¬ 
tions  (,5«19)  and  ($.20);  with  the  resulting  probability  of 
contact  of 


Safe  Tactics  for  Both  Sides. 

Integration  Is  oarriecTout  over  tfiaT "region,  of  x  where  * 
F(x)>H.  The  constant  H  ie  related  to  the  maximum 
submerged  range  a  by 


H h(L-a);  .where  (1/h) 

( r.  ’■ 


r 


and  L  -  / dx  Is  the  total  range  of 
P  is  greater  than  H. 
mergence  for  the 


s  dx/Hx} 

x  over  which 
The  probability  of  sub- 
is  in  Equation 


mergence  for  the  sub. is 
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L  o  ,  pUHh 

and  the  probability  of  contact  of  plane  and  sub  is 


H  -  h(L~a)  — ■  ~~~ 


x7 


(5  21) 


.p 


A  number  of  other  examples  might  be  considered,  where 
this. method  of  analysis  of  tactic  and  couftter- tactic  would 
be  useful-  The  difficulties  a,  present  are  in  finding  a 
general  technique  for  the  solution  of  such  problems.  The 
studies  of  Von  Neumann  and  Morgenstern  ;ow  that  there  are 
solutions  to  each  problem  and  snow  tne  general  nature  of"- 
these  solutions.  They  do  not  show,  however,  the  technique 
for  obtaining  a  solution.  We  have  seen  examples  of  the 
problems  and  how  their*  solutions  can  be  obtained  in  three 
cases.  A  great  deal  mere  work  needs  to  be  done  in  finding 
solutions  to  various  examples  before  we  can  say  that  we 
know  the  subject  thoroughly.  It  is  to  be  hoped  that  further 
mathematical  research  can  be  spent  on  this  Interesting  and 
fruitful- subject « 
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i ©**♦*<*  siidML  fctfhsY&eV  a  *c lass9  of"  problems 
which  arise  in  the  ©valuation  of  such  weapons  as  guns,  bombs, 
anrl  torpedoes,  and  in  analyzing  the  best  methods  for  their 
use.  All  these  weapons  are  used  for  the  destruction  of  tar¬ 
gets,  each  as  ships,  gun  emplacements,  factories,  and  the 
like.  The  effectiveness  of  any  such  weapon  against  a  given 
kind  of  target  can  be  measured,  at  least  in  part,  by  the 
ratio  of  the  number  of  targets  destroyed  to  the  number  of 
shells,  bombs,  or  torpedoes  used. 


~  • 


This  ratio  depends  on  two  primary  factors i  the  destruc¬ 
tiveness  of  the  weapon,  i . e . ,  the  probability  that  the  target 
is  destroyed  if  the  weapon  hits  it,  and  the  accuracy  of  the 
weapon,  i.e.,  the  probability  that  the  weapon  will  hit  the 
target.  In  addition,  if  weapons  are  used  in  groups  rather 
than  singly  (for  example,  spreads  of  torpedoes,  sticks  of 
bomba)  the  result  depends  on  the  firing  pattern  used.  In 
this  chapter  we  shall  describe  methods  of  calculating  the 
probabilities  of  destroying  targets,  and  of  determining  the 
patterns  which  create  the  maximum  destruction. 


20.  The  Destructiveness  of  Weapons  -  Lethal  Area 


The  simplest  case  of  measurement  of  destructiveness  1 
occurs  when  the  weapon  must  hit  the  target  In  order  to  de¬ 
stroy  it,  but  always  does  destroy  the  target  if  it  hits. 

Such  a  case  is  found,  for  example,  in  use  of  medium  caliber 
(e.g  ,  S"  )  ahe.Ha  against  open  gun  emplacements.  The  walls 
of  such  emplacements  are  in  general  strong  enough  to  protect 
the  guns  and  men  within  them  against  the  blast  and  fragments 
from  shells  which  strike  outside  the  emplacement,  whereas 
if  such  a  shell  hits  inside  the  emplacement  both  guns  and  men 
are  destroyed.  The  probability  that  a  shell  destroy  the  em¬ 
placement  is  therefore  Just  the  probability  that  the  shell 
hits  a  certain  area,  called  the  lethal  area.  The  magnitude 
of  the  lethal  area  is  a  measure  o"f*"  tFcT destructiveness  of  the 
shell  against  these  targets. 

As  a  slightly  more  complicated  example,  let  us  consider 
some  cases  of  anti- submarine  ordnance .  The  simplest  case  is 
that  of  a  small  contact  charge  (hedgehog  or  mousetrap). 

This  situation  is  very  similar  to  the  last:  the  charge  must 
hit  the  submarine  to  destroy  It,  and  it  is  usually  assessed 
that  a  single  MS  Is  sufficient  to  the  submarine. 

.  •  •••  ••••  ;.;,;  *!'  '  :  •***  •*  ; 

:  :  i  :  :  .**  t|,  j*v 


hull . 


proximity  or  influence  fuse,  it  is  no  longer  necessary  to 
actually  hit  the  submarine  to  destroy  it,  for  the  proximity 
fuse  will  convert  a  near  miss  into  a  destructive  explosion. 

We  let  R  be  the  radius. of  action  of  the  proximity  fuse.  If 
the  charge  is  sufficient  so  that  an  explosion  within  this 
radius  from  the  submarine  will  sink,  the  submarine,  then  the 
lethal  area  Is  increased  to  the  area  included  within  a  curve 
surrounding  the  horizontal  cross  section  of  the  submarine, 
at  a  distance  R  from  its  boundary.  Finally,  if  we  consider 
the  case  of  the  depth  charge  set  to  explode  at  a  preset 
depth,  we  no  longer  have  a  lethal  area  at  all,  but  a  lethal 
volume;  for  to  sink  the  submarine  the  depth  charge  must  ex¬ 
plode  within  the  volume  enclosed  by  a  surface  surrounding  the 
submarine  at  a  distance  equal  to  the  lethal  radius  of  the 
depth  charges . 

Multiple  Hits  -  In  many  cases  a  single  hit  is  not  enough 
to  destroy  a  target.  A  typical  case  is  that  of  a  torpedo 
hitting  a  ship.  Even  for  merchant  ships  a  single  torpedo 
hit  is' not  usually  enough  to  sink  it,  and  heavy  combatant 
ships  are  designed  to  withstand  many  torpedo  hits.  To  treat 
such  cases  exactly  we  should  determine  the  probabilities 
D]_,  D2>  D-,,  etc.  of  sinking  the  ship  if  the  ship  is  hit  1, 

2,  3,  etc.  times.  Then,  If,  for  a  given  method  of  firing 
torpedoes  the  probabilities  of  1,  2,  3?  etc.  hits  are  Pi, 

P_  P  ot.p  r>rvrthnh^  1  ^  t:v  nf  s?.  Ink  Ini?  t:  Vi  d»  t\  hA 


damage  coefficients.  * 

As  a  matter  of  operational  experience  it  has  been  found 
that  the  damage  coefficients  in  many  cases  are  related,  to 
a  very  good  approximation,  by  the  law 


Dn  =  1-(1-Vn 


(6.2) 


which  is  Just  the  law  of  composition  of  independent  proba¬ 
bilities  (see  Chapter  II).  In  other  words  the  chance  of 
sinking  a  ship  with  any  torpedo  hit  is  always  the  same,  re¬ 
gardless  of  how  many  previous  hits  there  have  been.  This 
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i  ooV'  hy  pa  thee  i  c  ,  while  net  taken  too  seriously &b  an  actual 
tif-ecrijattofi  f£‘Vh$t  'itf.lvQflb*  •?,*•■, i ,S!V1JJ"  ajreJJjItj  by  torpedoes, 
does  tt  Sredloe  jA*i  jS.  inxnp&jii^sJitltles  Dn  to 

one,  arftl  hfks* bltlh’TUund  to  give  *sry  satisfactory  results, 
not  only  for  ship  damage  from  torpedoes,  but  also  in  many 
other  cases  such  as  AA  hits  on  aircraft. 


When  the  " vital  spot'5  theory  can  be  applied,  the  lethal 
area  of  a  target  is  defined  as  the  product  of  the  effective 
area  of  the  target  and  the  probability  D  (the  same  te  our 
previous  D^)  that  a  hit  on  this  area  will  destroy  the  target. 
For  example,  a  torpedo  hit  on  a  merchant  vessel  has  a  proba¬ 
bility  of  about  /j  of  sinking  the  ship.  Hence  D  ~  1/3,  and 
the  lethal  “area"  is  1/3  of  the  length  of  the  ship. 

In  some  problems  it  is  necessary  to  take  into  account 
the  variation  of  the  probability  of  destroying  the  target 
as  a  function  of  the  point  at  which  the  hit  is  made.  If 
we  consider,  for  example,  the  effect  of  proximity  fused  AA 
shells  on  aircraft,  the  probability  of  destruction  is  high 
if  a  shell  hits,  or  passes  very  close  to  the  aircraft.  As 
the  trajectory  moves  further  away  from  the  aircraft  the 
probability  of  destruction  decreases  until  finally  a  dis¬ 
tance  is  reached  at  which  the  fuse  is  no  longer  activated, 
and  the  chance  of  destruction  falls  to  zero.  In  such  cases 
we  must  express  this  probability  as  a  function  D(x,y),  the 
damage  function,  where  x  and  y  are  coordinates  centered  on 
the  target  in  a  plane .perpendicular  to  the  trajectories. 

When  this  has  been  done,  the  lethal  area  may  be  defined  as 

L  s  //  D(x,y )  dx  dy  (6.3) 

where  the  integration  Is  over  all  the  area  for  which  D(x,y„) 
is  greater  than  zero.  It  is  easy  to  see  that  the  simpler 
definitions  of  lethal  area  are  Included  in  (6.3)  as  special 
cases  in  which  D(x,y)  has  a  constant  vslue  over  the  target 
area.  The  modification  of  (6.3)  to  cases  of  one  or  three 
dimensional  targets  is  obvious. 
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Random  or  Area  Bombardment  -  In  cases  where  bombs  or 
shells"  are  dropped  at  random  over  an  area,  the  lethal  area 
la  sufficient  to  determine  the  destruction  which  will  be 
caused.  For  any  given  target,  in  the  area,  the  chance  that 
a  given  bomb  or  shell  will  hit  the  element  of  area  dx  dy  is 
just  (dx  dy/A),  where  A  is  the  total  area  bombarded.  The 
probability  that  this  bomb  or  shell  will  destroy  the  target 


is  therefore; 
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or 


P1  r.  U/A) 


If  n  bombs  or  shells  ar-e  dropped,  the  probability  that  a 
given  target  Is  destroyed  is 


nL/A 


(6.6) 


Pn  s  1  -  e 


This  is  not  only  the  probability  that  one  particular  target  . 
is  destroy ed,  but  also  represents  the  expected  fraction  of 
all  the  targets  in  tha  area  which  are  destroyed.  The  result 
is  a  generalization  of  that  given  ih  Chapter  V,  Section  17. 

•  As  a  numerical  example,  let  us  suppose  that  an  area  of 
1  square  mile  is  to  be  bombed  with  1000  lb.  OP  bombs.  The 
area  contains  100  gun  emplacements  (each  of  lethal  area  400 
sq.  ft.),  and  personnel  In  trenches  (total  lethal  area,  de¬ 
termined  by  Eauation  6.4,  of  900  sq.  ft.).  Since  1  square 
mile  is  about ‘36,000,000  sq.  ft.,  the  ratio  L/A  is  1/90,000 
for  the  gun  emplacements,  and  l/4o,000  for  the  personnel. 

A  plot  of  the  fraction  of  the  gun  emplacement  and  personnel 
destroyed,  as  a  function  of  n,  is  shown  in  Figure  33*  It 
will  be  noted  that  an  enormous  expenditure  of  ammunition 
is  required  to  accomplish  much  destruction  by  area  bombard¬ 
ment  . 

Aimed  Fire  -  Small  Targets  -  be  now  consider  the  case 
in  which  the  bombs~oiT shells  are  not  distributed  at  random 
over  an  area,  but  are  each  individually  aimed  at  a  target. 
For  the  present,  however,  we  shall  suppose  that  the  target 
dimensions  are  small  compared  to  the  aiming  errors.  When 
this  is  the  case,  we  may  neglect  the  variations  over  the 
•target  area,  in  the  probability  of  hitting  an  area  element 
dx  dy,  and  again  the  lethal  area  is  sufficient  to  determine 
the  destructiveness. 

m 

If  the  bombing  errors  follow  the  normal  distribution 
lav;  (usually  a  safe  assumption),  with  a  standard  deviation 
in.  range  cr  ,  and  a  standard  deviation  in  deflection  <r&,  then 
the  probability  of  hitting  the  area  element  dx  dy  at  s,  y, 
where  x  is  the  range  error  and  y  the  deflection  error,  is 
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Figure  33.  Destruction  by  area  bombardment. 
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The  probability  of  destroying  the  target  with  a  eingls 
bomb  or  shell  is 


2n'o~r  crd  (6.8) 


>  /  D(x,y  )  dx  dy 

i  =  Jy 


If  n  bombs  or  shells  tare  dropped  independently ,  the 
probability  of  destruction  is 


P 


n 


Since  by  hypothesis  L  is  small  compared  to 
i 8  approximately 


P 


n 


=  1 


e-  nL/2/fG"  crd 


CTr  CJ (3 ,  thi  S 


(6.9) 


To  compare  this  result  with  the  case  of  area  bombard¬ 
ment,  let  us  consider  that  the  square  mile  of  our  last  ex¬ 
ample  contained  100  gun  emplacements  leach  of  lethal  area 
400  oq.  ft.)  and  that  the  bombing  errors  0~r  and  cr.  are  each 
200  ft.  Then  the  ratio  L/27TO~r  CTfi  «  400/C 2 ?r) 1 200) 2  a  1/600 
approximately.  The  number  of  bombs  which  we  must  expect  to 
drop  to  destroy  all  100  emplacements  would  be  60,000  bombs. 
It  should  be  noted  that  this  is  the  number  which  would  be 
required  if  each  target  was  bombed  until  it  was  destroyed. 

If  it  were  arbitrarily  decided  to  drop  600  bombs  on  each 
gun  emplacement,,  then  by  Equation  6.9  the  fraction  destroyed 
would  be  (1-e"1)  or  O.&J. 


Aimed  Fire  -  Large  Targets  -  When  the  /assumption  can  no 
longer  be  made  that”  the  target  area  is  small  compared  to  the 
aiming  errors,  It  becomes  necessary  to  consider  the  variation 
of  the  probability  of  hitting  an  area  element  dx  d.y  over  the 
target  area,  and  the- idea  of  lethal  area  loses  most  of  its 
usefulness.  If  0(xty)  dx  dy  ie  the  probability  of  hitting  an 
area  element,  the  chance  that,  the  target  ie  destroyed  by  a 
single  shot  becomes 


P1  ~  j)  °(x*y)  gf(x£y  )  dx  dy 


(6.10) 
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which,  if  Pi  is  small,  can  he  written 


p  _  i 
*  n  ~  x 


e“nPl 


(6,11) 


(6.12) 


If  D(x,y )  has  a  constant  value  D  over  the  target  area, 
then  (6.10)  represents  just  the  chance  of  hitting  the  target, 
multiplied  by  D.  If  the  target  is  of  simple  shape,  and  the 
probability  density  0(x,y )  is  not  too  complicated,  then  the 
evaluation  can  be  carried  out.  As  an  example  of  this  type 
of  calculation,  consider  the  following  problem: 


A  submarine  fires  torpedoes  at  a  merchant  ship  200  feet 
long,  and  at  a  track  angle  of  30°.  The  errors  in  firing  are 
normally  distributed  with  a.  standard  error  .of  100  mils,  Its 
shots  are  fired  from  2000  yards,  and  the  probability  of  sinking 
due  to  a  torpedo  hit  is  1/3 .  We  wish  to.  know  the  chance  of 
sinking  the  ship  with  n  shots,  each  fired  Independently. 


The  standard  deviation,  of  the  torpedoes  in  distance  along 
the  track  is  JLPS  X  2000  «  200  yards  or  600  feet..  Hence  the 
probability  or  an  error  of  between  x  and  x-Adx  feet  measured 
from  the  center  of  the  target  la 


exp 
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*/2n\6oo 


mmi?  r  dx 
&  • 


The ty  of  hitting  the  ship  is  therefore 

1/6 


100 

j 

>100 


/2/f. 


.(^.6002)dx 


e  2 rr  j 


f  o~(y2/2)  dy  a  0.14 

1/6  ” 


The  chance  of  oinking  the  ship  is  1/3  of  this  or  .05-  The 
probabilities  cf  sinking  the  ship  with  ,1,  2,  —6  torpedoes  are 
given  in  ‘the  following  table: 
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The  expected  number  of  torpedoes  required  is  about  20. 

As  a  second  example  let  ug  consider  the  gun  emplace¬ 
ments  we  have  considered  before.  Let  us  consider  them  to  be 
circular,  with  a  radius  of  11  feet,  and  let  D(x,y)  «b  1  inside 
this  radius,  and  0  outside.  We  shall  suppose  that  the  stan¬ 
dard  errors  in  range  and  deflection  are  now  5^  fobt  Instead 
of  the  previous  values.  Then 


(x,y )  dx  dy 


JL. — ™  0™( x2&y2  </c\  50  ^  fix  dy 

PM  50) 2 

»r2/2($ Q)2  v  dr  10 
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where  r  and  0  are  the  usual  plane  coordinate 3 a  Then 
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If  this  is  compared  with  the  small  target  result 
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while  the  small- target  approximation  would  have  given 


pi  =  *  0.50 

2r(5o)2 


In  this  case  the  small- target  approximation  is  not  satis¬ 
factory  . 

21.  Pattern  Firing,  no  Ballistic  Dispersion  -  There  are 
many  tactical  situations  where  it  is  advantageous  to  fire 
several  shots  (or  torpedoes,  or  bombs)  more  or  less  simul¬ 
taneously,  instead  of  aiming  each  shot  individually  and  fir¬ 
ing  consecutively.  They  can  all  be  fired  in  the  same  direc¬ 
tion  (salvo  firing)  or  each  shot  can  be  displaced  a  predeter¬ 
mined  amount  with  respect  to  the  others  (pattern  firing);  the 
relative  advantages  of  the  two  methods  are  determined  oy  the 
errors  Involved.  There  is,  first,  the  error  in  the  aiming 
of  the  salvo  or  the  center  of  the  pattern;  this  is  called  the 
aiming  error.  Secondly,  there  Is  the  .spread  of  the  individual 
'shots  ac~  they  travel  toward  the  target,  converting  the  salvo 
into  an  irregular  pattern  and  changing  a  regular  pattern  into 
an  irregular  one;  which  is  called  the  ballistic  error . 


If  the  ballistic  dispersion  ia  larger  than  the  aiming 
dispersion,  and  also  larger  than  the  lethal  area  of  the  target 
the  best  one  can  do  is  to  fire  a  salvo  (zero  pattern-spread/. 
On  the  other  hand,  if  the  aiming  dispersion  Is  larger  than 
the. ballistic  dispersion  and  also  larger  than  the  lethal  di~ 
m  visions  of  the  target,  it  is  usually  better  to  use  pattern 
firing.  When  salvoes  are  fired,  if  the  ballistic  errors  are 
very  small,  they  will  either  all  hit  or  none  will  hit;  where¬ 
as  if  the  shots  are  spread  into  a  pattern  it  will  be  more 
likely  that  at  least  one  shot  hits.  This  is  the  shot-gun 
method,  as  opposed  to  the  rifle.  Since  this  case  often  occurs 
in  practice  it  is  important  to  study  methods  for  determining 
optimum  pattern  shape  and  size. 
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To  bring  otjt  Jth& jf |al* s  i$'irtJiy^d.jwp_  tjhall 
first  consider  ftwSt.i&e.&G:  1  ,Ii  #nefe5l^itl< 

compared  to  the  aiming  dispersion .  If  a  reguxar  pattern  is 
fired,  a  regular  pattern  will  arrive  near  the  target.  We  can 
soon  see  that  if  the  pattern  is  too  small  either  several  allots 
will  hit  or  they  will  all  miss 5  as  the  pattern  else  is  in¬ 
creased  the  chance  of  at’  least  one  hit  increases  a  maximum, 

representing  the  optimum  pattern.  For  still  larger  patterns 
the  probability  of ‘ at  least  one  hit  decreases  again.  This  is 
the  basic  philosophy  of  dropping  homos  in  sticks  or  firing 
torpedoes  in  spreads. 


The  fundamental  problem  to  be  solved  in  pattern  firing 
ig  that  of  finding  the  best  pattern  to  use.  To  illustrate, 
let  us  consider  the  following  simple  case,  k  plane  carries 
two  bombs  to  attack  a  single-track  railroad.  A  single  bomb 
hit  within  2*>  feet  of  the  center  of  the  crack  is  sufficient 
to  destroy  the  track:  The  plane  therefore  flies  along  a  course 
perpendicular  to  the  track,  and  drops  a  pattern  of  two  bombs, 
spaced  a  distance  2a  apart,  aiming  the  midpoint  of  the  pat¬ 
tern  at  the  center  of  the  track.  We  wish  to  determine  the 
best  stick  spacing. 

If  the  aiming  error  of  the  pattern  le  xs  i.e.,  if ‘the 
midpoint  of  the  pattern  falls  a  distance  x  beyond  the  track, 
then  the  track  is  destroyed  if  l-a*-x)<25  or  If  -25<(a+z) 

<2 5.  We  may  therefore  introduce  the  pattern  damage  function,- 
Dp ( x } ,  the  probability  that  the  target  is  destroyed  if  the 
center  of  the  pattern  falls  at  the  point  x,  which  is  given 
in  this  case  by 

r 

1  if  “P{y<(-  a+x}<2^  or  ~P6<(  a*x  }<2^  • 


*  0  otherwise 
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u 

then 


If  0„(x)dx  is  the  probability 
falls  in  the  element  dr, 
the  target  is 

K  a ) 


that  the  center  of  the  pattern 
the  probability  of  destroying 


t  J  Dpi- 
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0pU 


;■  dx 


(6.13) 


This  equation  is  completely  analogous  to  equation  (6.10).  It 
will  be  noted,  however,  that  the  pattern  spacing  enters  this 


as  a  parameter, 
max imam . 
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In  the  present  case,  equation  (6.13)  reduces  to  the  form 
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In  every  practical  case  the  aiming  error  has  a  normal  dis¬ 
tribution  so  that 
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In  the  range  0  «  a<  25,  P(a)  is  obviously  increasing,  while 
in  the  range  25  <  a<  <*> ,  P(a)  Is  decreasing.  P(a)  is  there¬ 
fore  maximum  for  a*25*  Hence  the  best  stick,  gpaeing  is 
2aa-5°  feet. 


It  is  of  some  interest  to  compare  the  chance  of  destruc 
tion  in  the  three  cases:  (a)  two  bombs  dropped  together  in 
salvo,  (b)  two  bombs  spaced  50  feet,  (c)  two  bombs  dropped 
on  separate  runs  over  the  target.  The  chances  of  destruc¬ 
tion  in  the  three  cases  are 
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The  values  of  these  probabilities,  for  a  number  of  values  ofcT, 
are  shown  in  the  following  table? 

Table  of  Probability  of  Pea troy ing  Ral Iroad  Track 

at  TiiTeT  dnciiltT  ~  '  ~ 
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a  probability  with  2  bombs  in  salvo 


Pp  m  probability  with  2  bombs,  |jQ  feet  spacing 
probability  with  2  independent  bombs 
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••••A?:  A  Srfwo#*dU  simple  ei^MpShv  &\Ap$t&$*muT&!b  a  oubma rime, 
knowing  it  can  fire  only  one  spread  of  three  torpedoes  at 
a  ship,  wishes  to  obtain  the  greatest  probability  of  sinking 
the  ship,,  We  shall  suppose  that  the .  torpedoes  run  perfectly 
true,  that  the  center  torpedo  ie  aimed  at  the  center  of  the 
target,  and  the  other  two  are  equally  spaced  on  either  side. 
We  shall  assume  the  vital  spot  hypothesis  with  s  1/3,  so 
that  with  one  hit  the  chance  of  sinking  the  ship  is  1/3; 
with  two  hits,  5/9;  and  with  all  three  hits  19/27-  bet  2£ 
be  the  length  of  the  ship,  and  a  the  distance  apart  of  ad¬ 
jacent  torpedoes  in  the  spread. ~  Let  x  be  the  aiming  error 
of  the  spread,.  Then  the  damage  function  for  any  value  of  x 
and  a  will  be  that  ehown  in  Figure  3J+  (the  three  bande  in 
this  figure  are  the  regions  in  which  each  of  the  torpedoes 
hit).  Applying  to  Equation  (6,13)  and  assuming  normal 
aiming  errors,  we  find 


12  2 


PU) 


U-a)/r  2/o  r  n  S/j~  2 


27  y*2 rr  j 

0 


(  e-"  /2duta  _J 


=<  , 

i  U 


9  '/"2T? 


u  /2du 


v4“*a)/r 


( a  +4)/<T 


+  “  "7%*  j  e-u  /2^u  (a<J) 

3  yziv  y 

l/cr 


(a-*)/r  2/0  (  o  4/cr 

1  -  f  e”u  /2du  h  .2  _JL  / 

y2n  J  q  /  21?  J 


o 


1  2 
■m 1*  atmi+tmiurfrt  tr 

3  y/?Jr 


{  /j~  ^2 ^/p 


vj/cr 


s~u?*/2du 

/rr 


r 


j 

4  /<3~ 


du 


(4<a<2  4) 


o  4/7-  2  /p  (a-HO/r  2/0 

-■  (  ©“u  '  4u  +  A  — fL,  /  e~u  /2&u  ,  (2A<a) 

3  y  27T  )  3  /27T  / 

l_  o  (a  -«)/o- 


***  *  M*  W  »*  *  »  t  + 

*  *  *  ■  *  n 

*  #  » 

*  *  w  #  *-i  * 

*  *  *  ■  ■  ■  ■  *lt  »  (f i 


>*i 

* 

4  # 

*  *  i 


*  * 

*  4 

1*41 


Figure  34.  Damage  function  for  spread  of  three 
torpedoes.  No  ballistic  dispersion* 

D.p  s  19/27  in  triple-shaded  region, 
p  s  5/9  in  double-shaded  region, 
s  1/3  in  single-shaded  region, 
s  0  in  unsji&dg&.rp&ion  •  • • •  •••  •••  •  •  •• 
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The  Squid,  Problem  »  As  a  somewhat  more  complicated 
example,  we  shall  now  consider  the  problem  of  determining 
the  effectiveness  of  the  anti-submarine  device  known  ae 
Squid .  This  Is  a-  device  which  throws,  three  proximity-fused 
deptK  charges  ahead  of  the  launching  ship  in  a  triangular 
pattern .  In  order  to  simplify  the  problem  we  shall  make 
the  assumption  that  the  heading  of  the  submarine  ie  known, 
and  also  the  assumption  that  the  aiming  errors  are  distri¬ 
buted  In  a  circular  normal  fashion,  with  the  same  standard 
deviation  for  all  depths.  Vie  shall  also  assume  that  if  a 
single  depth  charge  passes  within  a  lethal  radius  R  of  the 
submarine,  the  submarine  will  be  sunk.  We  wish  to  determine 
the  beet  pattern  for  ,the  depth  charges. 

For  any -given  pattern,  the  pattern  damage  function  de¬ 
pends  on  two  variables,  x  and  y,  the  aiming  errors  along 
and  perpendicular  to  the  course  of  the  submarine.  For  any 
pair  of  values  of  x  and  y,  I)  (x,y)  ie  l  if  the  submarine 
is  sunk,  and  0  otherwise.  A  typical  case  is  shown  in 
Figure  37°  The  origin  Is  the  point  of  aim,  and  the  positions 
of  the- depth  charges  in  the  pattern  are  indicated  by*  crosses. 
Each  .possible  position  of  the  center  of  the  submarine  is. 
represented  by  a  point  in  this -plane.  (Note  that  x  and  y  are 
actually  the  negatives  of  the  aiming  errors).  The  three' 
shaded  regions  represent  the  positions  at  which  the  submarine 
Is  destroyed  by  each  of  the  three  depth  chargee.  The  pattern 
damage  function  is  1  inside  the  shaded  regions,  and  0  in  the 
unshaded  regions , 

Let  Hx,y‘)  dx  dy  be  the  probability  that  the  center 
of  the  submarine  be  in  the  area  element  dx  dy.  Then  the 
probability  of  destroying  the  submarine  is 


9  f  ;.(x,y)  dx  dy 
D 

In  the  last  equation  the  re gi 


(6.16) 


gion  o  of  lntefc, ration  is  just  the 
Because  of  the  irregular  shape  of 
^uat^n##of  this  integral  is  .im- 

...  .i.";  use 
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Optimum  spacing  am  Probability  P(a) 


Figure  35.  Probability  of  sinking  ship  with  spread 

of  three  torpedoes. 


Figure  36. 
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Figure  37*  Damage  function  for  squid  pattern. 
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Into  cells  in  such  a  way  that  If 
circular  normal  distribution  the 


fall  in  any  of  the  cells. 


a  point  is  chosen  from  a 
point  is  equally  likely  to 

paper, 


an  area  is  drawn  on  the 


the  chance  of  &  point  falling  .Inside  the  area  la  proportional 
to  the  number  of  cells  in  the  area c  It  follows  that  the  inte 
gral  of  Equation  (6.16)  can  be  easily  evaluated  by  drawing  th 


damage  function  to  the  proper 
paper,  and  counting  the  cells 


scale  on  Circular  Probability 
in  the  shaded"  are  si.* 


This  method  gives  a  rapid  means  of  finding  tbs  probabil¬ 
ity  .of  destroying  the  submarine  with  any  given  pattern.  To 
find  the  best  pattern,  we  note  that  changing  the  position  of 
any  one  of  the  depth  charges  amounts  to  shifting  the  corre¬ 
sponding  shaded  area  in  Figure  >7?  parallel  to  Itself  to  the 
new  position.  If  throe  templates  are  made  by  cutting  the  out. 
line  of  the  shaded  area  for  a  single  depth  charge  out  of  a 
eheet  of  transparent  material,  to  the  correct  scale  .to  go 
with  the  circular  probability  paper,  then  the  best  pattern 
can  be  found  by  moving  the  templates  around  on  a  sheet  of 
circular  probability  paper  until  the  number  of  cells  within 
the  lethal  area  is  a  maximum. 


22.  .Pattern  Firing  ■»  Ballistic  Dispersion  Present . - 


Up  to  this  point  we  have  neglected  the  fact  that  bombs, 
shells,  and  torpedoes  do  not  hit  th®  exact  point  they  are 
aimed  at,  even  if  the  aim  is  perfect.  The  errors  arising 
from  this  source  are  called  the  ballistic  dispersion  of  the 
projectiles.  We  shall  always  assume  that  these  errors  are 
Independent  of  each  other,  and  of  the  aiming  error  of  the 
pattern  as  a  'E'hcle, 

/us  a  result  of  the  ballistic;  dispersion  we  cannot  tell 
the  exact  number  of  hits  which  will  be  obtained  with  a  given 
pattern,  even  if  we  know  the  exact  aiming  error  made.  We 
can,  however,  calculate  the  probabilities  of  0,  1,  2,  ---- 
hits  for  each  possible  aiming  error,  and  combining  these  with 
the  damage  coefficients  we  can  find  the  probability  of  de¬ 
stroying  the  target  as  a  function  of  the  aiming  error.  We 
thus  calculate  a  pattern  damage  function  which  can  be  used 
exactly  like  the  one  we  have  treated  previously  for  the  ease 
of  no  ballistic  dispersion. 


To  illustrate  thp»«i|fAef ftjdf  b| 
reconsider  the  problem 
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tic  dispersion  of  25  ft.  for  the  boobs . 

Before  calculating  the  damage  function  for  a  stick  of 
bombs,  let  us  first  find  the  probability  of  destroying  the 
railroad  with  a  bomb  aimed  so  that  if  there  were  no  ballis¬ 
tic  dispersion  it  would  hit  at  a  distance  y  from  the  center 
of  the  track.  This  is  easily  seen  to  be 


/  2  in  25) 

~y~25 


(6.17) 


( y/25 )f 1 


The  form  of  this  function  is  shown  as  the  solid  curve 
in  Figure  JS,  l if  there  had  been  no  ballistic  error.  Fly  5 
would  have  been  unity  for  «25<y<25,  and  zero  otherwise,  as 
shown  by  the  dotted  lines  in  this  figure). 

Now  if  the  bombs  ©re  dropped  with  stick-spacing  2at 
the  values  of  y  for  the  two  bombs  are  x  -  a  and  x  4-  a,  where 
x  is  the  bombing  error.  Since  the  ballistic  dispersion  of 
each  bomb'  ie  Independent  of  the  other,  the  damage  function 
is  therefore 


{6,18) 


The  damage  function  for  a  ©  2p  feet  is  plotted  in  Figure  39 
to.  illustrate  its  form.  (If  there  had  been  no  ballistic 
error,,  Dp  would  have  been  unity  for  lxl<50  feet  and  zero  for  " 
1 x i >50  feet,  as  shown  by  the  dotted  line).  When  the  damage 
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Figure  38.  Probability  of  destroy!:  g  railroad  with  one  bomb 
as  function  of  aiming  error  (ballistic  dispersion  included). 


Figure  39.  Damage  function  for  stick  of  two  bombs  (ballistic 

dispersion  included) 


Figure  40.  ProbabflltfiT&f  jdestrojSin^ ‘railroad*  w£fc$i *st4q£  jo£**; 

two  bomba  asja# 'function  oj®» s.^ek.fpacijig,.*  •  ••  j  ; 
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(6.19) 


is 


•  •••  ••••  •••* 


Kb)  * 


,/mrm  J  c 


j  D  u,,-»V8U00)‘ta 


The  evaluation  of  this  integral  is  beet  made  graphically . 

A- plot  of  P(  a)  a  a  a  function  of  s  then  shows  the  beet  value 
of  a,  and  the  probability  of  success.  Such  a  plot  is 
shown  in  Figure  4o,  with  the  corresponding  curve  for  no 
ballistic  dispersion.  It  viil  be  seen  that  the  ballistic 
dispersion  requires  an  increase  in-  stick' spacing  from  $0  ft. 
to  00  ft*  and  has  the  effect  of  lowering  the  chances  of 
success  , 


Approximate  ^Solution  fo ..  Large  Patterns  -  The  method  of 
solution  given  in  the  previous  section  becomes  very  labor-  1 
lous  for  large  patterns,  particularly  if  one  has  no  previous 
idea  as  to  the  correct  pattern  to  use..  In  this  section  we 
shall  describe  an  approximate  treatment  of  the  problem  which 
can  be  used  to  obtain  solutions  more  quickly  for  large 
patterns.  If  more  accurate  results  are  required,  this  sol- 
luiion  may  serve  ae  a  starting  point  for  a  solution  by  exact 
methods. 

Consider  a  coordinate  system  fixed  at  the  center  of  the 
pattern,  because  of  ballistic  dispersion  there  is  probability 
p\x,y)  dx  dy  that  a  projectile  will  hit  the  area  element  dx  dy . 
The  integral 


N  sjj  plx,y)  dx  o.y  (6.2 0) 

is  equal  to  the  number  of  projectiles  in  the  pattern.  By 
changing  the  pattern  we  can  cause  extensive  changes  in  the 
function  p (x, y ) .  Our  approximation  will  consist  of  the 
assumption  that  /Kx.y)  can  bo  changed  arbitrarily  by  shifting 
the  pattern,  subject  only  to  tfce  co nditi on" "’TES.t  Equation 
(6.20)  remains  satisfied.  Vi e  can  nail  p  the  pattern  density 
function . 


If  the  lethal  area  of  the 
number  of  lethal  hits  on  t.h 
ge  t  i  s  a  t  x ,  s  y ,  i  e  Lp(  x ,  y  5 . 
hit  a  !.r;  given  bv  the  Polufo 
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target  is  L,  then  the  expected 
target,  if  the  center  of  the  tar® 
.is earning  that  the  number  of  lethal 
: . v  the  probability  of  at  least 

destroying  the 
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We  shall  t  h  e  r  e  f  o  r  e  *  ~aM? :  tiji  s« $  •»Mr*.*p-»iv>xliaatloa  .%$  th$  .  . 

oat tern  damage  fuficUioTfl  ;  •  I  I  *  I.*!  I  ; 

•••  ••••  «  ...  ...  ••••  •  •  •  •  •  « 
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The  total  probability  of  destroying  the  target  is  then 
by,  Equation  (6.10) 


P  s  J  j  [  1-  e“  L‘° ( x  5  y '  J  01  x ,  y  )  dx  &y  (6.22) 


whore  jS  is  the  probability  density  for  aiming  the  pattern, 
usually  the  normal  density.  We  wish  to  find  the  function 
p(x,y)  which  maximizes  Pv  subject  to  the  condition  (6.20). 
To  determine  the  maximum  let  us  consider  the  effect  of 
increasing  /°(x,y)  by  a  small  amounted  in  an  element  at 
and  decreasing  p(x,y)  by  an  equal  amount cT  at  the  point 
This  obviously  does  not  change  the  value  of  N  in 
(9.1;,  and  changes  P  by  an  amount  (to  the  first  order)* 


j  e“LiJ(x1'yl)0(x1,y1)  -  e-LPU2*y2>0U2.,y25j  $  dx 


dy 


If  neither  plx^y-^)  nor  P(x 
negative,  but  may  vanish), 


p,y  ) ' Is  0, 
theft  If 


(p(x,y)  cannot  be 


e”LP( *1» >'l >0( Xi , yx )  >  e~LP( *2<  y2 >0U2, y2 ) 
then  P  can  be  Increased  by  a  positive  choice  of  S •  If 


e-Lp>(  xi yj  )  <  e”*'P ^  x2 r  y  2  0(  x2 ,  y2 ) 

the  2  can  be  increased  by  a  negative  choice  of  6  .  Hence  for 
the  function p  lx,y)  which  makes  P  a  maximum,  we  mast  have 

e^LP(x;l*yl)0(x1,y15  a  e“L«0(x2*y2 V(x2,y2) 

for  all  pairs  of  points  at  which  p{xty)>0.  Hence  for  all 
such  points 

e~hpU,y)0(x?y)  w  '  (6,23) 

where  0O  is  some  positive  constant 


Now 

and  let 
decrease  ? 
positive} 
increased  by 


before. 


where  p ( x { 
:  0 .  Then 


y )  >0, 
if  v/e 
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This  is  positive  if  0(x^,y^ )  >0O;  Hence  p(x8y)  cannot 
vanish  unless 


0Uty )  <  0O 

From  (6c 23)  and  (6.24)  we  find  our  solution; 


(6,2*0 


p(x,y ) 


•2 


r  In  ,  0ix#y  ‘  >0C 

L  *  o  I 

0  ,  0ix,y)<0r 


( 6.E5) 


The  unknown  constant  0O  remains  to  be  determined.  It  must 
be  chosen  so  that  (6.20)  Xe  satisfied,  l.e.,  so  that 


■  ■  Vfln  !at 


0*0, 


V  )  ■ 

*-*•—  (  dx  dy 
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o 


(6,26) 


In  some  cases  0  can  be  found  analy tically ,  in  others  it 
must  be  found  graphically  by  plotting  the  integral  on  the  • 
right  of  (6,26)  aa  a  function  of  0n  Compare  this  detailed 
analysis  with  the  preliminary  discussion  in  Section  17. 

The  most  important  special  case  of  this  treatment  is 
that  In  which  the  .probability  density  for  aiming  the  pattern, 
0{ x8 y ) ,  is ' the  normal  distribu tlon ; 
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over  the  region  where  this  expression  Is  positive,  ana 
pix,,  )  ~  0  elsewhere.  The  mean  density  of  the  pattern, 
therefore,  should  he  concentrated  near  the  maximum  of  the 
aiming  probability  density,  anti  should  decrease  parabolic  ally 
as  one  gives  cut  from  the  point  of  aim  Ir  any  direction* 


is 


In  the  one-dimensional  cane  the  corresponding  solution 


(6.25) 


Example  of  the  Approximate  Katlici  -  As  an  illustration 
of  the  metHocT’of  tFe~provioui  Section^  let  us  consider  the 
design  of  a  depth  charge  pattern.  Let  ua  suppose  that  the 
errors  of  the  attack  are  circularly  normal,  with  C"xs 
0“ y„  300  feet,  and  that  proximity  fused  depth  charges  are 
dropped  or  thrown.  The  lethal  area  of  the  submarine  is 
10,000  square  feet,  and  13  depth  charger  are  to  be  used. 

Putting  the  given  constants  into  Equation  (6.27)  gives 


a.  h 

10  p  -  0.676  -  — . 

16  x  104 

where  *  x^  yc .  The  value,  of  p  falls  to  0  at  ?  ®  35^ 

feet,  so  that  the  entire  pattern  should  be  enclosed  within 
a  circle  cf  350  feet  radius  The  number  of  charges  which 
should  be  dropped  within  a  radius  r  of  center-  is 


Nr  s=  (  2/7  vp  dr 
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Figure  41. 


Radius  in  feet 

Number  of  depth  charges  inside  radius 
for  13  depth  charge  pattern 


O 


B 


:  ?ig«rej43#j#<PoesiW»e>  depth  charga  .pattern  for  maximum 
•  j  jL’e^ality**  ^tahiard  ebsoiC  300  feet. 
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of  1^0  feet,  ana  a  second  ring  of  6  depth  charges  at  a 
radius  of  25O  feet.  If  these  rings  are  staggered  in  a  rea¬ 
sonable  way  we  arrive  at  the  pattern  shown  in  Figure-  4-2 . 

(It  should  be  noted  that  practical  requirements  on  the  num- 
her  of  throwers  on  destroyers  may  force  a  modification  of 
this  pattern.  If  the  course  of  the  destroyer  Is  up  the  cen¬ 
ter  of  Figure  4-2,  the  two  charges  thrown  230  feet  to  the 
side  would  be  replaced  in  actual  practice  by  two  more  e tern- 
dropped  charges). 

Probability  Estimates  by  the  Approximate  Method  -  If 
Equation  ( 672{? )  1b  substituted  into  Equation  ( b. 22)  we  find, 
for  the  probability  of  destruction 


(6.29) 


where  the  integration  Is  over  the  region  in  which  0>0O. 
Writing  Equation  (6.26)  in  the  form 


(where  the  same  region  of  integration  is  used),  we  have  two 
equations  between  which  0O  can  be  eliminated;  to  produce  an 
equation  connecting  the  probability  of  destruction,  P,  with 
the  number  of  projectiles,  U.  This  relationship  is  of  great 
Importance  for  making  rapid  estimates  of  P,  or  of  the  number 
of  projectiles  needed  to  obtain  a  desired  value  of  P. 

The  special  case  in  which  the  aiming  error  has  &  normal 
probability  density  is  so  common  that  we  will  consider  it  in 
detail . 

In  the  one-dimensional  case,  with 


it  ia  easily  shown  that  for  a  pattern  extending  from  ~x0  to 
x0,  Equation  (6.29)  becomes 


w 


liAs*  '«6  *SO^»«bee 

♦♦♦«•* 


t««  •••  ««»  ••••  •••  *•••  •« 

«••  •  *  •  •  •  • 

•  ••  •*  •  ••*  ‘  ***  * 


*•••••  •  •  •  ••  ••  *  ' ~  :  : 

:  :  *...  ...*  •••  •  . *  ••• 

£f  (x0/cr)  is  small,  P  is  given  approximately  by 


( 6  -  3  2 ) 


t^44[x0)3 

xcr  f 


(6*33) 


so  that  the  probability  of  dies  true  J  vX  on  ie  proportional  to  tho 
number  of  projectiles.  Figure  shows  the  relationship 
between  l‘t(x0/h’v,  and  ( ML/r) 

In  the  two-difflensional  case,  with 
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and  the  equations  for  i  and  K  are 

P  -  1  -  ( 1  ->• 

1  2,  Z -2 
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(6.34- 
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When  r  is  small,  1  la  given  approximately  by 
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( 6 „ 36 ) 


bo  that  the  probability  of  destruction  Is  proportional  to 
the  number  of  projectiles.  The  relationship  between  P,  r 
and  ( tih/CT.  0~ )  is  shown  in  Figure  44, 
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Figure  43.  Probability  of  destruction  and  size  of 
pattern  as  function  of  number  of  projectiles; 
one  dimension. 
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pattern  shown  in  Figure  42. 
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r0  1  of  course,  corresponds  to 
radius  found  in  Figure  4j. . 


J  10,000  square 

( HL/Si’,.crf )  *sr  1.44.  For 

the  350  feet  pattern 


?3. 


■  he  Sampling  Method  . 


While  the  method  discussed  in  the  latter  part  of  the 
foregoing  section  gives  a  rapid  approximate  solution  to 
pattern  problems,  its  approximate  nature  makes  it  unsuit¬ 
able  for  work  In  which  precision  is  required.  Since  exact 
analytical  solutions  are  usually  impractical  or  very  tedious 
to  carry  out,  we  present  here  a  method  which  can  in  princi¬ 
ple  give  any  da el red  degree  of  accuracy,  and  which  at  the 
flame  time  is  of  such  a  Character  that  rough  approximations 
.can  be  found  with  little  more  effort  than  the  approximate 
method  just  given. 


The  method  operates  by  a  simple  process  of  sampling. 

A  pattern  is  selected  for  trial,  and  its  probability  of" 
destruction  is  obtained  by  repeated  trials  (on  paper)  of 
the  pattern,  observing  on  each  trial  whether  the  target  is 
or  is  not  destroyed.  Each  trial  is  conducted  by  selecting' 
at  random  an  aiming  error  from  a  suitably  constructed  arti¬ 
ficial  population  of  aiming  errors.  In  addition  a  ballis¬ 
tic  error  for  each  projectile  is  selected  In  a  similar  way 
from  a  population  of  ballistic  errors .  The  position  at  which 
each  projectile  lands  is  thus  found.  From  these  positions 
the  damage  to  the  target  is  found.  By  taking  a  sufficiently 
large  number  of  trials  and  averaging  the  results,  the  ex¬ 
pected  damage  for  the  pattern  is  found.  By  repeating  this  pro 
cobs  for.  various  patterns,  the  beat  pattern  can  be  calcu¬ 
lated.  In  the  following  sections  we  consider  the  technique 
of  carrying  out  these  processes-. 


Construction  o f  Sampling  Populations  -  As  a  basis  for 
the  construction  of  our  sampling’  populations  of  aiming 
errors,  ballistic  errors,  and  the  like,  we  shall  use  a 
table  of  random  digits.  Such  a  table  may  be  constructed 
feyfany”  process" which  selects  one  of  the  digits  0,  1,  2.  3, 

4,  5,  6,  7,  8,  9  in  such  a  way  that  each  of  the  ton  digits 
Is  equally  likely  to  be  selected,  and  the  selection  Is  in 
no  way  affected  by  the  result  of  previous  selections.  One 
‘ of  selection  might  be,  for  example,  to  mark  ten  iden¬ 
tic©  ten  digits,  and  form  the  table  by  draw- 

•  ••  ...  M|  (  .  ..  ,,,,  M| 

*  •  »  •  «  •  •  <  .  .  «  |  ,  . 

;  ;  i  ;  j  .*•  ••  . ..  •  . 

...  .  ..  *...  •...  .:.  J..* 

o  Itgi ts  according  5  th  following  table. 


.  1  c  ji  1  fc &I  1  a  wl  t  h 


b  N  Vi’ 


• • •  •••*  444 

•  •  *  4 

•  •  4  •  •  4 

•  •  •  • 

•  ••  m  m  m 

•  ••• 

• 

•  *  • 

• 

• 

•••••#  •••  ••  s 

:  •••Saflftni.rfol  l: 

•  *  •  *44  — •  *  . . •  '’*  *#  • 

•  4  •  4  * 

4*44 

#44  • 

4  4  • 

4  4  4  4  * 

4  * 

•  4 

4  9 

4  4 

4  4 

- 

1- 

O  *2  II 

^  r—  <*?*  ^  r-=r 

-1- 

1 

2  3  ** 

b 

6 

o  ^ 

**/ 

i 

6  9  o 

1 

2 

First  «3*“ 

KolT" 

3 

*  4  6 

"7 

\ 

& 

""  '  h 

# 

Q 

s 

0  1  2 

3 

4 

b 

6  7  8 

9 

0 

'*£— 

X 

X  X 

V 

2V 

X. 

first  roll  is  a  6, 

the 

die  is  rolled  aga! 

In,  It 

should  be  obvious  that  If  the  die  is  true,  the  ten  digits  , 
are  equally  likely  to  be  chosen.  (The  reader  Is  warned 
that  if  two  dice  are  thrown  together,  It  must  be  possible 
to  distinguish  the  two,  marking  one  No.  1  and  the'  other 
No.  25. 

It  is  most  convenient  to  uso -one  of  the  published  table? 
such  as  Tippet's,  which  have  been  very  carefully  examined 
for  randomness.  A  short  table  of  random  digits  is  given 
at  the  back  of  the  book  as  Table  I. 


If  we  now  wish  to  sample  a  stochastic  variable  x  (for 
example  a  ballistic  error),  v e  may  take 'a  sequence  of  ran¬ 
dom  digits,  preceded  by  a  decimal  point,  as  a  value  of  the 
distribution  function  F  (as  defined  in  Chapter  II)  for  the 
variable o  The  functional  relationship  between  x  and  F  Is 
therefore  a  method  of  converting  from  a  table  of  random 
digits  to  a  sample  population  of  the  stochastic  variable  x 

To  illustrate,  let  us  cample  a  normal  distribution. 
The  distribution  function  is 
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Continuing  In  this  way  a  table  of  ran  cl  cm  values  of  (x/ir) 
can  toe  constructed.  Two  such  tables  are  included  in  the  ap 
pendlx.  Table  II.  is  a  table  of  random  angles  (in  degrees), 
while  Table  III  Is  a  table  of  ran don  normal  deviates. 


A  Rocket  Problem  »-  k&  a  first  Illustration  of  the  sam¬ 
pling  ta etho d't  1  "*i ei  "u e  consider  the  following  problem:  A 
plan®  ires  two  rochets  at  a  ircular  gun  emplacement  from 
a  j>0°  glide  at  a  range  of  ibOQ  yards.  The  gun  emplacement 
is  H  feet  in  radius,  and  is  destroyed  if  either  rocket 
bits  1 t „  The  rockets  are  fired  from  parallel  rails,  ton 
beet  on  either  side  of  the  center  line  of  the  plane.  The 
aiming  error  is  normal,  wither*  s  07.  «  10  mils.,  and  the 
ballistic  error  of  the  rockets  la  also  normal,  with <7”  - 
C Tj  m  3  mile.  We  wish  to  compute  the  probability  of  destroy¬ 
ing  the  target. 


First  translating  the  mil  errors  into  lengths:  at  1500 
yards  a  10  mil  error  ie  1.5  yards  or  feet,  while  a  3  mil 
error  is  2? . 3  feet.  These  are  the  standard  errors  in  a 
plane  perpendicular  to  the  lire  of  flight  of  the  rockets, 
bn  the  ground,  the  range  errors  are  1  no  f- eased  by  e.  factor 
of  cosec  30°  -  P  This  increases  the-  aiming  range  error  to 
l)0  feet,  and  the  ballistic  range  error  to  4$  feet.  We  thus 
have  the.  following  standard  deviations-. 
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the  aiding  errors  of  the  salvo, 
are  the  ballistic  errors  of  the  rocket,  and  the  10  Is  the 
displacement  of  the  rails  from  the  center  line.  The  coor¬ 
dinates  of  the  landing  point  of  the  port  rocket  are  . 


where  x,;  y  are 
the  ballistic 
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v  *  y 
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(6o3S) 


Each  salvo  therefore 

xa»  y6»  xbl»  ybl» 
standard  deviations 


requires  the  sampling  of  six  numbers i 
y._  from  normal  populations  with  the 
live^above. 


•  The  work  of  sampling  is  shown  In  the  computation  sheet 
on  the  next  page..  A  sample  of  20  salvos  is  illustrated 
(rather  smaller  than  should  be  'used  in  practice) .  The  first 
column  (xa)  is  obtained  by  taking  the  first  20  normal  devi¬ 
ates  In  Table  III,  and  multiplying  each  by  the  standard  de¬ 
viation,  90  feet.  The  next  five  columns  are  obtained  from 
the  following  sets  of  20  normal  deviates,  multiplying  them 
by  the  appropriate  0 r*g.  The  next  four  columns  are  obtained 
by  using  equations  (6.37)  and  16 *36 5, 

In  Figure  ^  the  positions  of  the  rocket  hits  are 
plotted.  In  each  salvo,  the  rocket  hitting  closer  to  the 
center  point  is  marked  with  a  cross,  the  farther  being 
marked  with  a  circle.  The  distance  of  the  closer  rocket 
from  the  center  is  entered  in  the  eleventh  column  of  the 
computation  sheet  (headed  R) „  Finally  the  salvoes  are 
ranked  in  order,  the  salvo  with  the  closest  hit  being 
numbered  1,  the  next  2  and  so  on.  It  is'  now  a  simple 
matter  to  plot  the  number  of  salvoes'  with  at  least  one  hit 
inside  a  target  of  radius  R  as  a  function  of  R.  The  result 
is  the  step  curve  shown  in  Figure  '^-6.  Finally  the  step 
curve  is  smoothed  as  shown  in  the  same  figure. 


To  estimate  the  precision  of  this  curve,  we  say  calcu¬ 
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Figure  45.  Sample  pattern  of  salvos  of  two  rockets. 
Nearer  rocket  of  each  pair  is  marked  with  a 
cross,  farther  with  a  circle. 


.**.  :  Figdf 6  !46*.  :.FtOfcfel>ilri.ty:t>?  at*3.es$st>  ess  hit  as  a  function 
i  I  :*':<>ftteCrgetf  s2.z6”,  fFbm  Sai&ple  gh<}ts  $f  ;Figure  45. 
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Calculation  of  Probability  of  Hit  by  Sampling 
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since  F0(l-iJ  )^l/4,  the  standard  deviation  is  everywhere 
leas  than  1/2  V7f.  For  our  samples  of  20  this  has  the  value 
0  11.  The  step  curve  may  therefore  bo  expected  to  depart 
from  the  true  curve  by  amounts  of  the  order  of  0,11,  mea¬ 
sured  along  the  P  axis.  It  will  be  noticed  that  the  smooth 
curve  departs  from  the  step  curve  In  Figure  46  by  amounts 
of  this  order.  The  smoothing  undoubtedly  reduces  the  samp¬ 
ling  error,  out  it  is  not  possible  to  estimate  how  much. 
Obviously  the  precision  can  be  increased  to  any  desired  ex¬ 
tent  by  taking  a  large  enough  sample,  although  the  precision 
only  increases  slowly  with  n. 

Short-cuts  Ih  the  Sampling  Method  -  There  are  many 
shortcuts ” anlT  fr  icks  wKTc'fTi.ay "Be"  used  to.  lighten  the  work 
of  the  sampling  method.  These  usually  depend  on  special 
features  of  the  problem  to  be  solved,  bo  that  ro  general 
rules  can  be  given.  It  may ,  for  example,  be  possible  to 
determine  the  damage  function  of  a  pattern  analytically, 
but  not  to  carry  out  the  final  integration .  In  such  a  case 
the  final  integration  can  be  made  by  a  sampling  process , 
u  other  cases  there  may  be  independent  intermediate  prob¬ 
abilities  which  can  fos  found  by  sampling  methods,  and  the 
results  combined  by  analytical  methods.  The  recognition 
and  use  of  such  devices  depends  on  the  skill  and  Ingenuity 
of  the  worker,  rather  than  on  previous  knowledge. 

A  very  common  device  is  illustrated  by  the  following 
example •:  Suppose  that  an  exact  evaluation  of  the  depth 
charge  pattern  of  figure  42  is  needed.  To  carry  out  the 
calculation  by  direct  sampling  requires  the  selection  of 
29  sample  numbers  for  each  trial-  *  two  for  each  depth 
charge  to  determine  Its  ballistic  error,,  two  for  the  aim¬ 
ing  error,  and  one  to  determine  the  orientation  of  the 
submarine.  The  work,  however,  may  be  shortened  in  the 
following  way .  h  master  chart  of  the  depth  charge  pattern 
is  prepared.  Ten  sample  ballistic  errors  for  each  depth 
charge  are  then  found,  and  tna  resulting  actual  positions 
of  the  depth  charges  are  marked  on  the  chart,  using  differ¬ 
ent  colors  or  symbols  to  designate  the  position  the  depth 
charge-  was  supposed  to  have,  for  instance,  around  the 
point  A  in  Figure  &2  (the  point  where  the  charge  would  fall 
if  there  were  no  ballistic  error,  will  be  a  scatter  of  ten 
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When  this  j  jvint;  *z  '■.*£,,!  • ;.'  ^flmplpa  ■'!  *.* V'S^f ;!je: 
and  orientation ej  •?*  •■«.  ■■■*■  \Za  *«..  V*w  ;fT;  n.jfej  ’!l  ’„* 

i ather  complicated  if  one  wishes  to  xake  into  account  the 
maneuverability  of  the  submarine  when  computing  its  dis¬ 
tribution  function;  for  instance  in  some  cases  of  interest 
one  knows  the  position  s.nfi  velocity  of  the  submarine  a 
certain  time  before  the  pattern  Is  dropped*  but  does  not 
know  its  maneuvers  thereafter?  in  any  case  a  random  sam¬ 
ple  of  possible  positions  and  orientations  is  SravrTT .  By 
means  of  a  template  showing  the  outline  of  the  lethal  area 
of  the  submarine  (or,  if  one  is  finicking,  the  contours  of 
equal  probability  of  destruction  D)  each  sample  submarine 
position  is  examined  for  hits,  and  the  probability  of  de¬ 
struction  can  be  found  for  that  position. 

For  example,  If  the  template  in  one  of  the  sample 
positions  shows  that  2  of  the  10  points  around  point  A  (A 3 
and  A6,  for  instance)  and  1  of  the  10  points  around  B  (Bl, 
for  instance)  are  inside  the  lethal  area,  and  no  others, 
then  the  probability  of  destruction  in  that  position  is 
recorded  as 

1  -  11  -  !§)•  11  -  IT  -  °-2g 

If  100  sample  positions  are  taken,  a  good  approximation  to 
the  desired  probability  will  be  found  by  averaging  the 
probabilities  in  the  various  positions.  The^ihale  process 
involves  56G  sampling  numbers,  whereas  100  direct  trials 
would  take  2900  sampling  numbers.  Needless  to  say,  auxil¬ 
iary  tables  for  the  combination  of  probabilities  ghould  be 
constructed  and  used. 


Train  Bombing  -  Another  example  of  the  use  of  the 
sampling  method  in  in  the  calculation  of  the  probability  that 
a  stick  of  bombs  will  damage  a  target.  As  an  example,  let 
us  take  the  case  where  the  ballistic  deviation  (  in  range 
and  deflection)  equals  the,  aiming  deviation  in  deflection, 
and  equals  one-half  the  aiming  deviation  in  range.  This 
is  a  somewhat  greater  ballistic  error  than  occurs  in  prac-'  s 
tice,  but  it  has  been  taken  large  to  contrast  with  our 
earlier  calculations,  where  we  assumed  aero  ballistic  devi¬ 
ation  . 


Using  Table  III,  we  plot  the  mid- 

large  as 


-points  of  23  salvoes, 
the  deflection  scale. 

Then,  with  farthe2j*«sfl;«*tjf *S!fhe  Spv-aSif’ftfJr  SpcC-iatl* 


using  a  range  scale  twice  as 


from  each,  mid- poiilt.J  tfSJfl  &rrT$lr!g  <ff  •  a  *£iJr3t  3a  f  SOO  !  "•*.?  * 

29"  salvoes  of  4  bojitfe  •&fchV  *Ynie  iiTetfown  in  Figure  If 7/ 


Igursi 


'J  ir 


9 


260 


C-6170 


pnMCiaraiau 


to  y.  Here  the  ballistic  error  is  large  enough  so  that 
the  patterns  overlap. 

To  compute  the  probability  of  hitting  a  target  of 
known  size  and  shape,  when  bombed  by  four  bombs  in  salvo, 
we  superpose  on  this  pattern  a  drawing  of  the  target  hav¬ 
ing  a  size  corresponding  to  the  ratio  between  the  actual 
target  size  and  the  normal  deviations,  an  orientation 
related  to  the  direction  of  the  plane °s  track  over  the  t 
target  and  having  the  point  of  elm  at  the  center  of  the 
figure. 

A  mere  counting  of  the  circles  whose  centers  are  in¬ 
side  the  target  gives  the  number  of  bombs  hitting  the  tar¬ 
get  in  25  passes.  Dividing  by  2(?  gives  the  chance  of  a 
bomb  hitting  In  one  pass. 

Some  of  the  hits  may  be  two  tor  three  or  four)  out 
of  one  salvo.  Such  pairs  (o.r  triplets  or  quadruplets) 
should  only  count  as  a  single,  if  we  wish  to  compute  the 
chance  that  the  target  is  hit  at  least  once  in  a  salvo. 

On  the  other  hand,  if  the  target  is  a.  ship,  with  proba¬ 
bility  of  sinking  given  by  Equation  (6.2),  the  chance  of 
sinking  the  ship  with  a  single  salvo  is  approximately 


where  n  is  the  number  of  salvoes  having  only  one  hit  in¬ 
side  the  target,  n?  the  number  having  2  hits  Inside,  etc. 
When  a  target  of  the  shape  and  size  shown  in  Figure  4  7 
1 8  placed  over  the  point  of  aim,  the  count  is  that  shown 
in  the  column  marked  Zero  Stick  Spacing  in  Table  (6.4o); 
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btlxh  sp&vinir  :**:  “*’  ”'  . 


N]_^  No.  Sticks  with  only  one  - 
hit  in  an  area. 

Nix,  No.  Sticks  with  one  hit 
in  each  of  2  areas. 

Nlll>  No.  Sticks  with  cae  in 
each  cf  3  areas. 

$21 ,  No  Sticks  with  one  in  one 
area,  2  in  another. 

N-ji,  No.  Sticks  with  one  in  one 
area,  3  in  another. 


Zero 

D 

0 

E 

S 


(R/2) 
17 


N 


0 


A. 


P 


L 


Y 


R 


21 

1 


No.  Salvoes  which  result  in 
one  hit 

nls6Ni-S-SN11^9IiL1|*10N2i{'12N7i;L 

4 

177 

143. 

No.  Salvoes  which  result  in 
two  hits 

n2=2NlI+-3Nm+ta2l+6N3, 

.  6 

27 

5 

No .  Salvoes  which  result  in  • 

three  hits 

n3”Nlll 

0 

1 

1 

Total  No.  Sticks  in  Sample  s  N 

25 

6C0 

600 

Expected  Total  Hits  per  Salvo 
(or  Stick.} 
s»  ( 1/N)(ni^2n2'f3n^} 

o,64o 

0,390 

0,260 

Expected  Fraction  Salvoes  which 
resulted  in  at  least  1  hit 
s  ( 1/N  5  ( nif-ngi-n -  ) 

o,4oo 

0,342 

0.24S 

Probability  of  Sinking  Ship  0,260 

8  ( 1/N )(0. 5ni-f0 . 75>n?-hO . Q 75n  j  i 

0.163 

0,127 
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etc.,  should,  by  now  be  obvious. 

We  then  count  over  the  various  24-  permutations  of  1,2, 3, 4 
which  make  the  above  combinations  into  singles,  double,  etc. 
hits,  and  arrive  at  the  following  rules?  Out  of  the  oOQ 
sample  sticks. 

The  number  of  sticks  resulting  in  a  single  hit  is 
n^  =  &Nl^SNn-i'9N111^10N21t-9Nn:il 
■M0N2n-M2I3-j1-^N22 

The  number  of  sticks  resulting  in  two  hits  is 

n2  =  (6-taX 


^6M31+SN2g 

The  number  of  sticks  resulting  In  three  hits  is 
n3  =  ^ll^Sll 

The  number  of  sticks  resulting  In  four  hits  is 
Si 


r 


»4 


‘nil 


In  the  case  shown  in  Figure  4j  the  circles  inside  the 
target  areas  ares 

A;  a3>e4,ml. 

B;  d2,f3,f4,hl, J3,kl, 

C;  b4, d4, ol, o2, q3, q4s  i»3, si, u2, u4, w2, x3 . 
D;  d3,p4, t4, v3, w4. 

The  numbers  N  are  therefore? 

Nx  =  21;  A- a,  e,m;  B-f t 2) , h, 1, k;  C~b,  o(  2 } ,  q(  2  )„  r,  s,u(2),x; 
D~p, 1 1  v . 
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These  are  enter  eft*  Jlft'^afcfSe* •ti^e.^.ird; c»ljaign,;ag.d;the 
resulting  calcuSatflotfS  tire  *<51>v JoitS!  .AhottiSr  count:  $&£j  2:a<je 
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a  spacing  of 


that  for  such  a  large  ballistic  dispersion  compared  to  the 
aiming  dispersion  it  is  somewhat  better  to  drop  the  bombs 
In  salvo  rather  than  with  any  appreciable  stick  spacing.  The 
ballistic  dispersion  does  enough  spreading  without  needing 
any  additional  amount. 


Similar  calculations  car.  be  made  for  the  target  areas 
rotated  about  their  centere,  to  determine  the  effect  of 
approach  bearing  on  the  probabilities.  When  the  areas  over¬ 
lap,  circles  in  the  common  area  must  be  counted  In  both 
areas.  The  same  chart  can  be  used  for  sticks  of  three  or 
two,  by  revising  Equation  ( 6.^-1) » 
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AND  TACTICS 


— -  —  —  —  ^  va.j.uuuj.»viiajij  of  weapons 

used  In  various  ways  must  ultimately  be  determined  from  ex¬ 
perience  on  the  field  of  battle,  for  only  In  this  way  can  w© 
bo  sure  of  their  actual  behavior  In  the  face  of  the  enemy?  and 
only  then  can  we  devise  tactics  which  we  can  be  sure  are  ef¬ 
fective  in  practice .  Constant  scrutiny  of  operational  data  is 
necessary  to  see  whether  changes  in  training  procedures  make 
possible  more  effective  utilization,  and  to  see  whether  changes 
in  enemy  tactics  require  modifications  of  ours. 


However,  operational  data  is  observational,  rather  than 
experimental  data.  Conditions  cannot  be  changed  at  will, 
perTXnehr*variablo3  cannot  bo  held  constant,  and  the  results 
give  overall  effectiveness  with  usually  little  chance  to  gain 
insight  into  the  adequacy  of  various  components  of  the  tactic. 
The  check,  by  operational  data  alone,  of  an  analytical  theory 
of  the  effectiveness  of  a  given  tactic.  Is  not  often  detailed 
enough  to  be  able  to  determine  the  correctness  of  all  the  com¬ 
ponent  ports  of  the  analysis.  To  obtain  such  a  confirmation, 
an  independent  variation  cf  each  of  the  component  variables  is 
always  desirable  and  usually  necessary;  a  procedure  which  the 
enemy  is  seldom  kind  enough  to  allow  us  to  carry  out  on  the 
field  of  battle. 


To  gain  insight  into  the  detailed  workings  of  a  given 
operation,  therefore,  30  that  one  can  redesign  tactics  in 
advance  of  changing  conditions,  it  is  necessary  to  supplement 
the, operational  data  with  data  obtained  from  operational 
experiments ,  done  under  controlled  eond it ions“wI€H~a~speclally 
design  at  ©3  task  force.  This  additional  data  can  never  take 
the  placo  of  the  figures  obtained  from  battle,  for  one  can 
never  be. sure  what  the  enemy  is  likely  to  do,  or  how  our  own 
forces  will  react  to  battle  conditions.  Nevertheless  suitable 
experimental  data,  obtained  under  controlled  conditions  op- 
pr oxime ting  as  closely  as  possible  to  actual  warfare,  can  be 
of  Immense  assistance  in  providing  more  detailed  knowledge  of 
the  complex  interne let ions  between  men  and  equipment  which 
make  up  even  the  simplest  operation.  They  are  the  only  avail¬ 
able  data  during  peacetime,  so  it  is  important  that  they  be 
gathered  as  carefully  as  possible. 
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energy  catching  up  after  the  next  war  has 
Such  operational  experiments  are  of  no  use  whatever 
j  are  dealt  with  as  ordinary  tactical 
and  they  must  be  planned  and  observed 
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24 .  Planning -the  Operational  Experiments » 

The  carrying  out  of  operational  experiments  is  a  difficult 
problem,  because  of  the  large  number  of  variables  involved 
but  the  fundamental  principles  are  the  same  as  for  any  other 
scientific  experiment.  The  results  to  be  aimed  at  are  a 
series  of  numerical  answers,  representing  the  dependence  of 
the  measures  of  effectiveness  on  the  pertinent  variables* 

The  behavior  of  these  variables  should  be  known,  and  they 
should  bo  varied  Independently,,  as  far  os  possible,  during 
the  experiment.  Sinco  operational  behavior  dopends  on  the 
crew  Q3  well  os  the  equipment,  the  state  of  trainin'"  of  this 
crew  should  bo  investigated*  In  fact  the  learning  curves 
for  the  crews  should  be  determined  as  fully  as  possible,  so 
that  as  one  changes  from  crew  to  c rev/  the  effect  of  training 
can  be  taken  into  account.  These  measurements  on  training 
will  also  be  valuable  in  indicating  the  amount  of  training 
which  will  be  necessary  when  the  equipment  is  put  into  actual 
operation*  The  maintenance  problems  of  the  equipment  must 
also  be  investigated,  and  simple  chocks  must  be  found  to 
determine  the  state  of  maintenance  of  the  gear  during  each 
portion  of  the  test. 


Sinco  the  tests  ore  to  determine  the  behavior  of  equip-* 
rnent  and  men,  average  crews  mush  be  used  to  handle  all  gear 
entering  into  the  operation*  The  scientific  observers  must 
confine  themselves  to  observing,  and  s1  ould  not  interfere  in 
the  operation  itself.  If,  for  instance,  an  anti-aircraft 
fire-director  is  being  tested,  the  usual  crew  must  be  put 
in  charge  of  the  director  and  of  the  gun,  arid  the  usual  orders 
given  them.  This  crew  must  not  be  allowed  to  know  any  more 
about  the  position  of  the  incoming  test  plan©  than  do  usual 
crows  in  combat*  The  observers  should  occupy  themselves 
with  photographing,  or  otherwise  recording,  the  actions  of  the 
crew  and  the  results  of  the  firing*  There  should  be  many 
observers  specially  trained  for  this  task,  but  the  observers 
must  keep  thens e * WJt fijSde  f  *;*e;fp?»33if.Jbi5t,5it^?51TPJ.  5 
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a  other  scientific  experiments;  one  does  not  usually 
blindly  measure  anythin;’  end  everything  concerned  with  a  test, 
one  usually  knows  enough  about  the  phenomena  to  be  able  to 
say  that  such  and  such  variables  are  the  crucial  ones  and  that 
the  effect  of  others  Is  leas  important*  On©  should  know  ap¬ 
proximately  where  the  errors  are  to  be  the  largest  end  should 
be  able  to  yet  the  range  of  the  variables  over -which  the  great¬ 
est  number  of  measurements  must  be  made.  It  is  not  necessary 
that  the  theory  be  completely  correct,,  for  the  theory  merely 
provides  a  framework  for 
measurements  turn  out  to 


planning  the  experiments.  If  the 
disagree  with  the  theory,  this  will 
agreed*  In  fact,  an  investigation 


be  as  helpful  as  If  they 
of  the  disagreement  between  the 
nary  theory  sometimes  provides  the  most  fruitful 
the  whole  experiment. 
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Not  only  should  there  be  many  extra  -  operational  ob¬ 
servers  to  keep  track  of  all  of  the  variables  involved,  but 
there  also  should  be  enough  computers  available  so  that  the 
data  can  be  reduced  es  fast  as  the  experiment  goes  ahead. 

It  is  extremely  dangerous  to  take  all  the  data  without  re¬ 
ducing  any  of  it  and  to  allow  the  crews  and  equipment  to  dis¬ 
band  before  any  results  arc  obtained.  It  is  practically  cer¬ 
tain  that  t  c  results  will  shew  toat  certain  further  measure— 
nf.a-.ts  should  hr  VC?  been  made:  measurement  a  which  could  have 
easily  been  made  while  the  equipment  v.’fls  assembled,  but  v;1  I  eh 
®  extremely  difficult  to  obtain  later.  A  continuing, 
though  preliminary,  analysis  of  the  results  con  tell  when  the 
r  3asurement3  are  inadequate,  when  a  now  crow  has  not  been 
sufficiently  trained,  etc*;  and  can  indicate  deviations  from 
tee  preliminary  theory  so  that  this  can  be  analyzed  In  time.. 

Preliminary  Write-up  -  In  d 


,  * - i  -  -  -  -T  —  -  drawing  up  a  plan  for  an  op¬ 

era  tiomuTexperiraent  It  has  been  found  by  -  experience  that  the 
following  five  items  should  be  written  down  in  detail.  ’ 


A.  Subject 

B.  Authorization 
G.  Purpose  and  Aims  of 
Do  Present  Status  or-  Available  Data 
E«  Plan  of  Procedure, 


Testing 


.  terns  A,  B,  and  C  are  self  evident  requirements.  Since  the 
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experts  who  weite 
duction.  If  th#a.liq«4%)sft*it  Js.aseViy  *<3c^Jt1tes5..th«.fcVSar83ep.#are 
that  the  technical  experts  had  been  told  some  of  the  require¬ 
ments  and  tactical  uses.  Therefore,  there  exists  sonc  per- 
foraance  data  from  the  development  and  acceptance  stars. 

If  the  equipment  has  already  boon  in  service,  the  evaluation 
called  for  would  either  be  in  connection  with  some  new 
tactical  use  or  duo  to  unfavorable  reports  from  the  field. 
Thus  there  exists  known  facts  about  its  performance  and  these 
should  be  assembled  under  item  D  of  the  above  outline.  The 
Plan  of  Procedure  called  for  in  item  b  needs  some  explanation, 


Plan  for  Procedure  -  This  calls  for  an  itemized  account 
of  how  the  needed  data  is  to  be  obtained.  It  is  a  detailing 
of  the  duties  of  various  obsei^vera,  of  their  training  be¬ 
forehand,  etc.  It  has  been  found  expedient  in  this  type  of 
work  to  gather  more  data  during  the  tests  than  might . seem 
necessary.  The  old  adage  of  ’’penny  wise  and  pound  foolish” 
should  bo  remembered  and  e  really  adequate  program  carried 
out.  It  is  o  cardinal  principle  that  facts  are  recorded 
and  not  impressions,  so  every  possible  use  is  t oTe" na'da  of 
stop-watches,  range  finders,  thermometers,  etc.  The  limita¬ 
tions  of  all  equipment  must.be  determined.  This  is  not  in 
order  to  find  a  fault  but  to  govern  tactics. 


A  generous  uso  of  movie  cameras  and  still  cameras  has 
been  found  extremely  valuable  when  used  properly  -  i.e. 
camera  focal  length,  -frame  frequency,  altitude,  etc.  must  be 
known  and  recorded  if  data  is  to  be  taken  from  camera  evi¬ 
dence.  Thirty  seconds  of  movies  showing  equipment  performance 
is  more  convincing  to  fleet  commanders  than  volumes  of  re¬ 
ports,  All  these  things  and  more  must  bo  thought  through  well 
In  advance  so  that  the  testing  goes  .off  smoothly. 


Experience  has  shown  that  the  data  must  be  gathered  in 
such  a  way  that  it  can  be  understood  during  the  testing 
period,  even  if  this  requires  a  group  of* men  doing  nothing 
but  recording,  tabulating,  computing,  and  constructing  graphs. 
In  tliia  way  the  technical  director  of  the  project  knows 
whether  his  date  is  significant  and  whether  he  has  completed 
testing  before  the  experimental  facilities  ore  diverted  to 
other  efforts.  One  other  reason  for  this;  should  the  data 
from  a  given  set  of  conditions  give  an  unexpected  result. 

,he  experiment  with  these  conditions  can  be  repeated  at  once, 
rinaxly,  in  the  plan  for*  procedure  some  consideration  for  the 
^  completion  and  urgency  of  the  project  should  play  a 
role,  interim  inst^mjufjbr  ej  PVp&Z  Jf* £j^riSln<?ir&4:  wav 
expedite  a  fleet  coJaatndSJ***  d6ttt.sS.on'"  --  -  -  -  "-*  -  *** 
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should  b©  assigned  to  the  project  for  this  reason  *  A  few 

how  one  must  distinguish  significant 


examples  will  indicate 
date  from  other  kinds* 


In  rocket  firing  from  an  aircraft  with  a  newly  developed 
sight  a  pilot  Is  assigned  a  plane  and  proceeds  to  fire  several 
hundred  rounds  on  a  land  range  over  a  period  of  several  weeks* 
Does  the  data  from  this  effort  constitute  a  measure  of  equip¬ 
ment  performance  from  an  operational  point  of  vie?/?  Obviously 
there  are  reasons  to  doubt  that  equipment  performance  would  be 
the  sane  as  it  would  be  under  battle  conditions*  Operational 
data  on  such  a  sight  should  come  from  several  squadrons  with 
respectively  different  types  of  aircraft.  The  rockets  should 
bo  fired  on  a  towed  target  at  sea  to  prevent  range  or  azimuth 
correction  made  possible  by  fixed  objects  on  a  land  range* 

In  addit3on  the  pilots  should  fire  at  the  target  from  several 
directic  ?s''  relative  to  the  wind  and  the  firing  should  bo 
spread  over  enough  days  to  allow  for  reasonable  variations  in 
wind  and  3ea  conditions*  In  other  words v* to  evaluate  the 
rocket-sight  performance  the  project  officer  must  keep  in 
mind  that  the  rocket  sight  will  be  used  tactically  in  such  a 
way  that  the  aircraft  will  make  one  or  at  most  two  passes  at 
the  target. 

An  evaluation  of  the  experimental  data  3hould  have  some 
tactical  conclusions*  The  fighting  forces  and  the  planners  will 
find  conclusions  on  the  performance  of  the  sight  useful  in 
order  to  judge  how  many  planes  are  required  to  knock  out  a 
given  target.  It  would  also  be  the  duty  of  the  operetions 
research  worker  to  seek  further  confirmation  of  performance 
of  the  sight  from  combat  information#  if  this  la  possible. 


Sometimes  it  is  not  necessary  to  get  such  a  spread  of 
data*  Lot  us  consider  the  firing  of  torpedoes  from  a  des¬ 
troyer#  and  the  evaluation  of  the  performance  of  a  new  tor¬ 
pedo,  The  data  needed  is  the  comparative  performance  with 
other  torpedoes  Tender  various  tactical  conditions  and  the 
data  can  be  obtained  by  one  or  two  destroyers*  Operational 
success  can  then  bo  inferred,  since  data  on  the  launching  , 
errors  is  already  available*  A  similar  study  might  be 
adequate  in  the  base  of  airborne  torpedoes  * 


Considerable  core  must  be  taken  that  the  data  from 
performance  of  sound  or  radar  equipment  is  significant, 
the.cfcs*  .31*  ’IfeSf  orfittaK? *  13T  inf  luenced  by 
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moisture ,  tempoi-ai-ure*  gradientw,  *«tcV“  tfriub  ■cwr«**mifstl  Id f_* * 
token  that  data  reported  on  performance  is  properly  qualified 
so  that  tactics  designed  for  their  use  will  be  properly 
varied  to  meet  the  conditions.  In  addition  to  the  tricks 
played  by  the  elements  on  such  gear  there  is  the  largo  vari¬ 
able.  of” equipment  maintenance  by  fleet  personnel.  -Every  ef¬ 
fort  should  be  made  to  allow  the  equipment  to  age  or  even 
disintegrate  under  the  maintenance  of  those  personnel  whom 
the  fleet  expects  to  service  it.  Having  done  this,  the  testa 
should  then  be  conducted  for  performance.  In  this  way  it  will 
be  possible  to  assess  the  maintenance  effort  required  by  the 
fighting  forces  to  keep  the  equipment  effective  * and  thus  to 
estimate  whether  the  advantages  of  the  new  gear  are  sufficient 
to  warrant  the  maintenance  and  training,  effort. 

Conclusions  -  The  data  gathered  in  ova lusting  equipment 
for  tactTcaY  use  will  be  useless  to  the  operational  commands 
unless  there  Is,  in  the  report,  an  interpretation  of  the 
data  and  conclusions.  The  theater  commander,  faced  with 
peculiar  conditions,  may  not  agree  with  the  conclusions  in 
the  report,  but  a  summing  up,  along  with  the  data,,  will  help 
him  reach  the  correct  conclusions  for-  Ills  theater's  require¬ 
ments  . 


25 .  Accuracy  lie  a  a  ur  aments 

One  of  the  commonest  types  of  test  programs  is  that  in 
which  the  accuracy  of  a  weapon  is  to  be  measured.  S\ach  pro¬ 
grams  rav  bo  test  firings  of  rockets  to  determine  the  dis¬ 
tribution  of  aiming' and  ballistic  errors,  practice  firing  of 
guns  to  determine  gun  and  director  errors,  practice  runs  bv 
destroyers  on  submarines  to  determine  the  errors  in  dropping 
depth  charges  when  various  approach  tactics  and  attack 
director .<  are  used,  tost  firings  of  torpedoes  from  submarines, 
and  so  on.  In  each  case  there  is  a  target  at  Y/hich'  pro¬ 
jectiles  ore  [’Ired,  and  in  each  case  the  measure  of  effee- 
tiveness  desired  is  the  distribution  of  the  projectiles 
around  the  target.  In  many  cases  It  Is  also  necessary  to 
ati  a  lyse  t  ie  sources  of  error  with  th©  object  of  improving  the 
accuracy.  . 


Whenever  it  can  be  arranged  (it  is  not  always  possible) 
®" ran g omen ts  should  be  made  to  record  the  position  of  each 
projectile  fired  relative  to  the  target.  This  Is  not  usually 
easy,  and  requires  th*  c^«-v«o r<5* icr.. v*l th .*«D*«r*im©n*:a 3t. 
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iario  target!  is  useu,  tne  positions  of  the  hits  con  be  measured 
directly  by  a  surveying  party  after  oaoh  salvo*  When  the 
target  is  on  the  surface  of  water,  photographic  recording  is 
usually  used*  (When  possible  a  Fleet  Caaera  Party  should  be  ' 
ua&d )  •  Tho  bursts  of  AA  shells  around  air  targets  have  also 
been  recorded  photographically*  With  underwater  targets,  ' 
underwater  sound  methods  can  sometimes  bo  used*  The  inter- 
pret.ation  of  photographs  and  the  calculation  of  underwater 
sound  ata  both  require  careful  study  if  accurate  measure¬ 
ments  are  to  be  made*  liven  when  direct  measurements  ore  made 
on  land  it  is  frequently  necessary  to  introduce  corrections 
for  uneven  terrain* 


In  order  to  separate  the  effects  of  aiming  errors  and 
ballistic  errors,  tho  projectiles  should  be  fired  in  salvoes 
of  at  least  two  at  a  time*  Larger  3alvoes  would  be  better  in 
some  cases,  but  considerations  of  economy  frequently  keep  the 
salvo  down  to  two  projectiles.  However,  unless  it  is  known 
that  either  the.  aiming  error  or  the  ballistic  error  can  be 
neglected  (very  rarely  the  case),  salvo  firing  is  absolutely 
essential  * 

In  recording  the  data,  the  salvo  to  which  each  projectile 
belongs  must  be  recorded.  This  is  most  easily  done  by  means 
of  a  salvo  number.  -It  should  go  without  saying  that  all 
other  pertinent  data  should  be  reccrded:  target,  ship  or 
piano  firing,  wind  or  weather  con--  tions  If  relevant* 


The  first  step  in  working  up 
the  mean  point  of  impact  (MPI)  of 
the  positions  of  the  projectiles  i 
trlbutlon  of  the  projectile  posit! 
obviously  independent  of  the  aimi-n 
used  to  determine  the  ballistic  or 
almost  always  normally  distributed 
circularly),  and  it  is  easily  s’'ow 
normally  distributed  about  the  po:T 
normally  distributed  about  the  MPI 
which  is  less  than  that  about  the 
/Tn=H757  where  n  is  the  number  c 


■  he  data  .is  to  calculate 
ach  salvo,  by  averaging 
the  salvo*  The  d la¬ 
in  a  about  the  MPI  -i3 
;  error,  and  so  may  bo 
•or*  Kelli stlc  errors  are 
(but  not  necessarily 
■3  that  if  the  errors  ere 
)t  of  aim,.,  they  are  also 
with  a  standard  deviation 
point  of  aim  by  a  factor 
f  projectiles  in  the  salvo* 


The  standard  deviations  of  tl  e  ballistic  errors  in  rang© 
and  deflection  are  most  oaf  ilg  foui  d  by  the  use  of  "probability 
paper” «  This  paper. is  ruled  with  a  linear  scale  along  one 
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against  x,  plotting  the  value  of  x  on  the  linear  scale  and 

the  fraction  on  the  Fn  scale®  If  the  population  has  a  nor¬ 
mal  distribution  the  result  will  be  a  straight  line*  The 
moan  value  is  then  found  at  the  point  Fn  »  .5000,  while  the 
standard  deviation  is  the  difference  botv/oon  this  value- and 

ponding  to  Fn  »  .->0413. 


the  value  corresponding  to 


A  plot  of  this  kind  f  or  -the  difference  in  range  . (  , or- 
deflection)  between  each  projectile  and  the  MPT  of  Its  salvo, 
as  shown  In  Figure  48,  therefore  gives  an  immediate  test  of 
who  the  r  the  errors  follow  the  normal  distribution  la?/,  and 
if  trie  normal  law  is  obeyed,  gives  the  mean  (which  will  of 
course  be  aoro}  and  standard  deviations  The  standard  devia¬ 
tion  cr^  of  the  ballistic  errors  about  the  point  of  aim  in- 
stead  of  the  I.1PI  is  found  by  multiplying  the  letter  by 
dn/Tn-l) ® 


If  probability  paper  is  not  available,  the  standard 
deviation  of  the  errors  from  the  hPI  may  bo  found  by  the 
arithmetic  method  of  finding  the  square  root  of  trio  mean  of 
the  squares  of  the  deviation ®  This  process,  however,  is 
laborious  and  does  not  chock  the  normality  of  the  population 3 


When  the  distribution  of  ballistic  errors  ha-  been  de¬ 
termined  ,  the  distribution  of  aiming  errors  can  be  found  from 
the  distribution  of  the  MPI 1 s /  as  shown  in  Figure  49®  If 
both  the  aiming  and  ballistic  errors  are  normally  distributed, 
the  MP I’ s  should  be’  normally  distributed,  with  a  standard 
deviation  given  by 


cr  *  <r 

ypj,  a 


*-*  fr‘  2 

n  'y'b 


(7.1) 


where <j~a  is  the  standard  deviation  of  the  aiming  error. 


<r  b 


is  that  of  the  ballistic  error,  an 


A 


is  the  number  of 


projectiles  per  salvo®  The  value  of  <7*  be  found  by 

the  use  of  probability  paper,  or  arithmetically. 
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.  Murob^r  of  sJiot5,per&qlv.Q„  p.=  2. 


-20 


Figure  48. 
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aver&g  tnj-,  l&itf  Ir s  t  •  Vw o*  s  j  *  >  e  fjep3i  tjvo;  columns  on  tho 

devifiycjjSSfSr^Jjk  frpr.  fciV3  Jttl.  The  40 

values  of  £x  were  arranged  in  ascending  order  of  magnitude 
from  -26  to-/~26,  and  plotted  on  probability  papor  as  shown 
In  Figure  4o»  the  lowest  being  plotted  at  F  *  -  JL.  and  tho 

'  ,  r  41 

highest  being  plotted  at  F  s  The  resulting  curve  Is 

41 


about  as  good  an  approximation  to  a  straight  line  as  we  can 
expect  from  a  sample  this  small,  as  it  was  assumed  that  the 
distribution  was  normal,  and  the  best  straight  line  drawn  in 
by  eye .  From  the  points  at  Fn  -  .50C0  and  Fn  s  c8415*7-is 
found  to  be  18  feet.  Since  n  -  2,  the  standard  ballistic 
dispersion  is  18  f~2  -  25  feet.  The  distribution  of  the  MPI’s 
was  then  plotted  03  shown  in  Figure  49.  This  also  seems  to 
be  normal,  withg-jjpj  =  161  feet.  Hence 


<ra  s:  i tZ  „  1  crb2  «  160  foot. 
MPI  2 


a  similar  calculation  could  have  been  Esade  for  the  deflection 

errors «  '  . 

26 #  Evaluation  of  Detection  Equipment. 

The'  field  testing  of  detection  equipment  should  be  con¬ 
ducted  to . determine  the  numerical  values  of  the  measures  of 
effectiveness  of  tho  equipment  in  the  tactical  situations  in 
which  the  equipment  is  to b e  used .  For  some  equipment  the 
only  important  measure  to  be  determined  is  its  sweep  width 
against  the  most  important  target  or  targets  it  is  designed 
to  detect.  In  other  cases,  however,  the  sweep  width  is  not 
sufficient.  An  early  warning  radar,  for  example,  must  not 
only  detect  aircraft,  but  do' so  at  a  long  enough  range  to 
enable  an  interception  to  be  mode.  In  such  a  case  it  is 
necessary  to  know  the  ’’survival  curve”,  i.e.  the  probability 
of  a  plane  approaching  to  a  given  range  without  being,  de¬ 
tected,  In  other  cases  the  accuracy  of  range  and  bearing  in- 
formation  is  important  and  must  be  determined. 

From  a  tl ©oretical  standpoint  the  most  direct  method  of 
determining  a  sweep  width  is  from  direct  trial.  For  airborne 
radar  such  trials  night  be  carried,  out  by  \  aving  the  equip¬ 
ment  flown  a  distance  L  in  an  area  A  containing  n  targets. 

If.  the.f\yin,r;.^qd  pJ.Qcj.^-  .of  tVP  .ter£Rts  are  done  per- 

;*ec;tj.;.,;a:t  rjjndorJVJo-^i’G  .qbn'SacffcS  at*e  Jwad8>,  5the  sweep  width 
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In  actual  practice ,  however,  randomness  is  very  difficult  to 
achieve,  and  to  avoid  difficulties  with  edge  effects,  the 
area  A  must  be  of  dimensions  large  compared  to  W*  This  re- 
quires  a  great  amount  of  flying  to  be  done  to  make  G  large 
enough  to  avoid  trouble  with  statistical  fluctuations. 

Because  of  these  difficulties  the  method  of  diroct  trial  is 
very  rarely  used® 

The  most  common  method  of  evaluating  search  equipment 
is  what  might  be  called  the  range  distribution  method®  In 
this  method  the  equipment  is  carried  toward  a  ""target  (or  the 
target  made  to  approach  the  equipment)  until  the  target  is 
detected,  end  the  range  of  first  detection  is  recorded® 

Prom  a  sufficiently  large  number  of  such  r  igs,  a  distribution 
curve  can  be  constructed  showing  the  probability  that  the 
target  has  been  detected  as  a  function  of  range®  A  typical 
form  for  such  a  curve  is  shown  in  Figure  50®  In  many  cases 
the  probability  of  detection  approaches  unity  as  the  range 
approaches  zero,  but  this  is  by  no  means  always  the  case. 

The  only  universal  characteristic  of  such  o  curve  ia  that 
the  probability  is  a  mono tonic  decreasing  function  of  range® 

As  shown  in  Chapter  V,  the  probability  of  detection  Is 
related  to  the  ''Detection  Potential”,  0  ,  by  the  relation 


(7-5) 


By  means  of  this  aquation  a  plot  of  0  as  a  function  of  range 
can  be  constructed®  In  Figure  51  the 0  ~  R  plot  corresponding 
to  the  P  -  R  plot  of  Figure  50  is  shown.  If  P  approaches 
unity  as  R  approaches  aero,  then  0t  approaches  Infinity®  The 
negative  slope,  0  a  &0/&R  of  the  curve  represents  -tho 
probability  of  detecting  a  hitherto  undetected  target  in  an 
element  of  range  dR,  divided  by  dR®  It  is  therefore  a  di¬ 
rect  measure  of  the  detecting  power  of  the  equipment  at  a 
given  range®  Examination  of  this  quantity  will* frequently 
rovael  "bad  spots”  In  the  performance  of  the  equipment. 

In  actual  service  tho  target  motion  is  seldom  straight 
toward  the  detection  equipment*  Tho  moat  common  stituation 
is  that  in  which  the  target  tracks  are  straight  linos  passing 
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Detection  expectancy,  f  Probability  of  detection* 
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Figure  50.  Range  distribution  curve. 
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Figure  51.  Variation  of  detection  expectancy  with  range. 
.**.  I  l  As* the  slops. ofi  tha.cocve^.then  -f  dR  is  the 
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pendent  of  the:t$rg§t  5sp§^t  jmd.^e^ir^g,;  thegn  tijej.epiJve;  of 
detection  probability  .&£  a  JCuiiPti.Qn’.Qf  Srl*S>  .IfCtefiSl;  rfctfgip*  of 
the  target  track  can  bo  found.,  If  the  observed  relationship 
between  0  and  R  can  be  approximated  analytically,  then  for  a 
track  v/hose  lateral  range  is  x,  the  detection  potential  is 
given  by  the  integral 

0(x)  rnj  0{  Vx2  +y&)  dj  (7,4) 

—oo 

and  the  probability  of 'detection  is  as  usual  given  by 


(7,5) 


II  no  analytical  expression  for  0  can b  e  found,  or  if  the  in¬ 
tegral  (7,4)  proves  difficult,  then  0{x)  can  be  found  ___ 
graphically  by  plotting  a  series  of  curves  for  0{\W'  -/-y2)  as 
functions  of  y,  and  measuring  their  areas  with  a  planiraetsr® 

The  sweep  width  can  then  be  found  by 

w ■-  j  P(x)  dx  (7o6) 

-  Oo 

Examples  of  such  calculations  can  be  found  in  the  volume 
Theory  of  Search  and  Screening  in  this  series, 

27 o  Survival  Problems  in  Gunnery, 

A  type  of  analysis  very  similar  to  that  above  has  been 
used  in  gunfire  evaluation,  particularly  the  evaluation  of 
AA  fire.  In  the  AA  case  the  pertinent  measure  of  effective¬ 
ness  is  the  probability  of  shooting  down  a  plane  before  it 
reaches  a  position  to  drop  bomba  or  torpedoes.  The  situation 
is  similar-  in  other  esses  where  the  object  of  the  gunfire  is  -to 
prevent  the  approach  of  enemy  forces® 


The  evaluation  is  base<l  on  practice  firings  in  which  a 
target  (e.g,  a  drone)  is  made  to  approach  the  gun  position-* 
using  evasive  maneuvers  similar  to  those  which  an  actual 
enemy  might  be  expected  to  employ.  Firing  is  continued  at  a 
known  rate  throughout  the  entire  run.  The  range  of  each  hit 
(or-  burst  of  proximity  fused  ammunition)  is  recorded.  The 
target  need  not  be  of  the  same  sise  as  the  enemy  craft 


against  which  the  effectiveness  is  to  be  measured,  but  if  it 
is  not  the  same  the.Aafc&o  Af  the  •«££ @c.tiwa  target,  area®  must 
be  known.  Different  Jty^s  2of  .rJinJ  (Varying  JfltltuSe, 

•  •  *  •  •  •  •'  V 
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As  the  firing  rate  and  quality  of  the  ammunition  may 
vary  from  run  to  run,  these  must  be  recorded  during  the  firing 
practice .  In  analysing  the  restarts  a  standard  firing  rata 
and  quality  of  ammunition  are  chosen.  If,  in  a  given  run, 
the  firing  rate  was  J  times  the  standard,  and  the  quality  of 
the  ammunition  (fraction  shells  not  duds)  was  q  times  the 
standard,  then  the  run  is  given  r.  weight  jq,  that  is,  it  is 
considered  that  Jq  standard  runs  were  made 'during  the  actual 
run  ■> 

'The  first  step  in  the  analysis  to  find  the  average 
number  of  hits  per  standard  run  outside  each  range,  as  a 
function  of  the  range.  This  is  conveniently  done  by  ar¬ 
ranging  oil  the  hits  in  order  of  decreasing  range,  and  num¬ 
bering  them  serially.  The  quotient  of  the  serial  number  of 
each  hit  by  the  total  number  of  standard  runs  then  gives  the 
average  number  of  hits  outside  the  range  of  the  hit .  The 
result  is  now  plotted  against  range  to  give  the  hit  expectancy 
curve -for  a  standard  run . 

The  hit  expectancy  curve  is  the  analogue  of  the  detection 
potential  curve  for  the  detection  problem.  It  should  be  proper 
tional  to  the  firing  rate,  eo  that  the  effect  of  a  change  in 
the  number  of  guns  or  a  change  in  tho  firing  rote  per  gun  is  . 
easily  found.  It  is  also  directly  proportional  to  the  quality 
of  the  ammunition.  Its  negative  slope  is  a  measure  of  the 
effectiveness  of  the  fire  as  a  function  of  range,  and  can  be 
used  to  find  the  weak  spots  of  any  given  method  of  firing. 
Moreover  the  hit  expectancy  is  directly  proportional  to  the 
effective  target  area,  so  that  tho  curve  is  easily  translated 
from  the  practice  target  to  the  actual  target  being  considered. 

If  B  is  the  hit  expectancy  at  range  R,  the  probability  . 
that  the  target  will  be  hit  before  it  reaches  a  given  range  _ 
is  given  by 


P  «  1  -  a~E 


(7.7) 


In  most  cases,  however,  it  is  not  this  probability  which  is 
of  interest,  but  the  probability  that  the  target  will  be 
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The  probability  of  destruction- is  therefor© 


P«  -  Id  Ene“E 

n  'a  .  nl~  (7.8) 


•Given  the  Dn#  this  may  be  evaluated  as  a  function  of  E 
once  and  for  all,  and  the  result  inn-  curve  used  to  convert 
the  hit  expectancy  curve  into  a  probability  of  destruction 
curve®  When  the\”vital  spot”  hypothesis  can  be  used 


1  -  Dn  *  (1-D)n 


and 


(7c-) 

♦ 

In  this  oquatlon  EE  i s  evidently  1  ho  expected  number  of  tires 
the  plane  will  bo  destroyed® 
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wrohl^ns  of  organization  and  of  relationship  with  the  military 
r. re  not  trivial  ones.  As  a' matter  of  fact,  in  the  last  war  a 
great  oeal  of  the  tine  and  energy  was  spent,  by  scientists  and 
officers,  in  finair.g  workable  solutions  to  the  organizational 
prob.  eus  involved  in  setting  up  operations  research,  rather 
than  in  doing  operations  research  itself,  it  took  careful 
organizational  planning  and  detailed  indoctrination  of  work¬ 
ers  to  insure  that  te clinical  information  could  be  sent  freely 
across  corr.' and  boundaries  without  short- circuiting  the  usual 
chain  of  command  in  regard  to  orders,  it  took  a  great  deal  of 
lissiorary  work  to  oersunde  security  officers  that  it  wrs  import¬ 
ant  to  release  highly  secret  information  to  the  operations 
research  worker,  even  though  he  diet,  nothing  more  than  ihXnk 
about  tne  information,  for  the  time  being. 


By  the  end  of  the  rr,  most  of  these  organizational  prob¬ 
lems  had  been  worked  out,  in  one  v;ay  or  anotner,  Several  poss¬ 
ible  types  of  organization,  hau  been  evolved  and  the  pos  :ib  e 
procedural  methods  for  .some  of  tne  specialized  operations  re¬ 
search  work  (such  as  cue  working  up  of  operational  statistics, 
or  research  in  the  field)  had  been  determined.  The  present 
chapter  v/i  1  discuss  souse  of  these  solutions  and  will  indicate 
some  of  the  problems  requiring  special  consideration. 


^SJt_OrgaiLhziLtioi; 
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■_of_.an_d^er-5ti6rgs_  Research  Group, 
f  an  operations  he search  Group  are  un¬ 
services,  and  many  of  the  necessary 
group  run  directly  contrary  to  long  estab- 
i  ilita-ry  organization.  Ordinarily,  breadth 
itary  situation,  command  responsibility  axid 
,  in  the  military  organization.  ‘xhe  soluier 
is  sup  qse  to  know  just  enoue/i  to  get  his 
poyer  and  responsibility  are  commensurate 
The  high  command  on  tne  other  hand,  has 
inform a  fcion  -concerning  the  military  sit- 
tly  has  broad  powers  a  no.  responsibili  ties, 
roperty  of  operations  research  tin  t  oper- 
s  must  have  broau  knowledge  but  should  nave 
responsibility .  Opera  ti ons  resea rch 
to  think  about  tne  military  situation  Itaper- 
iy,  and  this  can  be  'done  best  if  tney  are 
c  s sidle  of  the.  responsibility  of  issuing 
a  Ions  must  take  the  form  of  advice  to  some 

po  :^;s„^Ci,wxuers  (if  ue  sc  >s  fit.) 
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strong  —  — -  —  -- «  — -  ------  ..  .  , 

effectively'  in  times  of  great  stress,  the  system  ox  uieraicny 

of  power  and  responsibility  must  be  cl  ;-arcut.  Er  ck  officer 
must  be  ans*.?errbie  to  only  one  superior,  and  the  wen  unuei  niia 
must  be  answerable  only  to  him,  otherwise  conflicting  oruers 
•arise  and*  the  system  falls  to  pieces.  ‘  Since  breadth  of  knowledge 
usually  coincides  \vi th  bre-uth  of  power  ana  responsibility, 
it  h-s  been  taken  for  granted  that  the  channel  ior  transmission 
of  intelligence  must  be  identical  with  tue  cnannel_ for  traps- . 
mis  ion  of  orders  and  requests.  This  comijunaiizr tion  oi  tne  int¬ 
elligence  channels  with  the  command  channels  is  satisfactory  "s 
long  as  the  Intelligence  is  not  overly  techini cal  or  is  not 
urgent.  If  the  information  to  be  transmitted  from  headquarters 
'  to'  the  field  or  frnn  tiie  field  to  headquarters  is  both  technical 
and  urgent,  however,  experience  in  the  the  last  v;r.i  indicates  • 
th^'t  the  normal  command  channels  are  quite  inadequate.  Ihey  are 
too  long  and  the  links-  in  the  chain  usually  consist  of  officers 


with  little  tec. mi 
cannot  be  transmit 


cri  knowledge,  ana  tecju.icai.  xnov.ieage 
tod  via  non- technical  intermediaries. 


Important  if  dor V  cts  with  Several  Echelons-  Let  us  now 
see  what  implications  these  general  comments  have  to  bear  on 
the  problem*  of  organizing  an  Opera ti  ms  Research. Group.  Ideally 
such  a  grou  )  shou  a  have  available  all  possible  information 
concerning  a  given  type  of  wrrfarej  the  results  of  its^worh 
could  be  findings  and  recommendations  on  the  conduct  of  all 
aspects  of  this  type  of  warfare,  from  minor  details  of  mainten¬ 
ance  and  training  to  over-all  strategical  questions.  Due  to 
the  usual  hierarchy  of  responsibility ,  power  and  knowledge,  fcuis 
out out  must  be  fed  into  the  military  organization  at  several 
different  levels,  depending  on  the  level  of  the  corresponding  ■ 
findings.  The  group,  therefore,  should  have  access  to  several 
different  levels  in' the  military  hierarchy. 
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Derations  Research  Group,  moreover,  cannot  vor Ic  insulated 
2 ted  experience.  It  ?i‘obaDnbj.y  is  impossible  and  it 
y/ould  be  inefficient  to  have  the  grou,)' segregated  in 
room  or  building,  with  all  its  uata  and  all  requests 
es  oushf  d  tnT<  igh  a  s',  ot-  from  the  outsiue.  An  extremely 
50  rt  of  the  fu.net  ions  of  an  Operations  Research  dr  »up. 
ermine  what  a:  e  the  important 
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m-techAi  5f/Ict{rs .  *\i  *gt;s«4. in S  t^-nrfs s t«re*  If  eomand  res- 
: bil  f  ,*  at«^3ft»T Helens  for  the 

era t ion-3  .Ho search  Group  to  vrork  on  effectively*  such  n  division 
•f  -'tabor  would  drastically  reduce  the  Group  *  r,  ’sef  Ine'ss  *  The 
'derations  research  worker  himself  must  get.  close  enough'  to  the 
action  to  he  able  to  help  formulate  the  problem  as  well  ns  to  work 
01  its  solution. 


Both  in  the  interests  of  rapid  formulation  -of  the  nrobl wms 
and  rapid  dissemination  of  the  solutions,  therefore,  It  is  import¬ 
ant  that  the  Operations  Be search  Group  have  contact  at  a  number  of 
different  echelons  in  the  military  hierarchy*  Thi$  inevitably 
means  the  cutting  uncross  of  command  b  undarles.  Ahe  experience  of 
the  last  war  has  shown  that  operations  research  can  only- function 
effectively  and  adequately  by  and  through  such  channels  "is  there- 
fore  a  fundamental  one  in  the  organization  of  an  Operational 
Research  Group.  Tn  fact,  one  can  say  that  it  Isa  waste  rf  valuable 
technical  talent  to  form  an  Operation?  Research  Group  without  hav¬ 
ing  worked’  out  a  solution  of  this  .pro!  lew  which  is  satisfactory  both 
to  tho  scientists  and  to  the  military  officers  involved. 


.Assignment  of  Group  **  ’it  must  Iso  be  apparent  that  an  Oper¬ 
ations  Research  ’dro’ur* “tims€  be  attache  to  the  opera t?  onal  commands 
In  a  military  organisation.  The  logi  tic  and  technical  command s 
of'  tho  organisation  also  have  their  p  obi ems  requiring  scientific 
personnel’  ^or  their  solution,  but  thl  ,  sort  of  work  is  not  what  is 
■'eant  by  operations  research .  The  op  nations  research  woiker  must 
■'9  tho  scientific  adviser  of  the  fig!  ;ing  force  itself,  and  must 
never  degenerate  into  a  salesman  for  i  laboratory  or  a  service 
branch*  He  must  be  able  to  render  ir  artinl  judgement  on  various 
equipment,  so  as  to  nick  the  one  mo si  effective  for  the  operation 
at  hand,  not  the  one  which  happens  t<  be  urged  by  a  Bureau*.  It  is 
important ?  not  only  that  the  operatic  ns  research  worker  feel  that 
he  is  wart  of  the  fighting  team  (eve}  to  tho  extent  of  being  some¬ 
what  suspicion’s  of  bureaus  and.  labor- cries) ,  but  also  that  the 
operational  corrand.  be  •  thoroughly  pe:  suadeG  that  the  worker  is  really 
a  member  of  tho  fighting  team.  ‘The  Operations  Research  Group 
should  therefore  be  assigned  directly  to  the  operating  cot  and  and 
should  ma-’e  its  reports  and  rseorren  .ations  directly  to  the  various 
echelons  in  hi  s  cowand. 


fmb-Cron.PS  in  the  Field-  It  s  louid  be  clear  from  the  fore¬ 
go!  eg  that  ’an  Operations  Rosearo’'  Gx  >up  should  be  attached  to  a 
high  echelon  in  the  !  lead  quarters  ftp  T ,  but  should  also  have  points 
f  contact  provided  with  lower  echelons  in  the  field..  "1th  the  H.  S  = 
Havy. thl s  was  achieved  by  assigning  the  group  as  a  whole  '*o  the 
e ajjintts s;  pfr*Tt,  .if  •&J  Com  A-nder  In  Chief, 

-I  t'h&i  an;!  ty;*:*5'r;spl  fjrou.n  to  the  strategic 
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reports  only  on.  Headquarters  authorization, 
however,  were  as-signed  to  the~'r  respective 
and  distributed  their  reports  o^ly  with  the 
these  eon  andsJ  Thus  contact  was  node  with 
echelons  In  the  military  hierarchy. 


:f  *£utto«!tn3tG 

’■  lead* -BWMrS 

•'"M 

The  Sub-Groups, 
theater  cowands, 
author!  znti  on  ol 
. several  di vf erent 


Intercommunication  between  the  Sub-Grown  and  the  Head¬ 
quarters  Group  was  carried  on  directly  and  frequently  with  the 
approval  of  Headonarters  and  of  the  Theater  Coplands.  Toward 
the  end  of  the  war,  bi-weekly  teletype  conferences  were  held 
between  the  Central  Group  and  the  SuT -Groups  at  Pearl  Harbor 
with  a  resultant  improvement  in  this  Important  1  nter-corrunica- * 
t ion  a  Formal  reports  sent  from  the  Central  Group  to  the  Sub¬ 
group  were  subject  to  the  approval  of  Headquarters ?  similarly, 
reports  sent  from  the  Sub-Groun  bach  to  Headquarters  were 
subject  to  the  approval  of  the  local  theater  commander#  In¬ 
formal  communi catl  >n  also  went  cr, 5  giving  facts «  not  gossip 
or  personal  opinions#  Information  gained  by  such  inter cowun- 
icati  n  was  not  disseminated  outside  the  Group  until  permission 
had  been  obtained  from  the  source.  Thus,  with  a  well  indoc¬ 
trinated  group,  technical  data  could  be  obtained  rapidly  with¬ 
out  disturbing  the  normal  channels  for  command* 


It  was  also  found  important  to  circulate  the  personnel 
between  field  assignment  and  Headquarters  Group#  Tfnch  infor¬ 
mation  can  only  bo  "soaked,  up”  in  person  in  the  field,  but 
such  information  can  often  be  most  useful  back  in  Weao quarters# 
Conversely,  the  Headquarters  worker  is  likely  to  lose  touch 
with  reality  unless  he  1 s  "sent  the  front"  once  in  a  while# 

A  period  og  rotation  of  about  si>:  months  seems  to  be  healthy# 
Such  rotation  often  is  opposed  by  the  field  command s ,  particu¬ 
larly  when  they  ha-re  a  good  man  assigned  them,  but  the  rotation 
is  import and  enough  for  the  homogenietv  of  the  Group  and  for 
the  alertness  its  Individuals,  to  risk  local  displeasure  by 
maintaining  the  rotation. 


Reports  and  Memoranda  The  outrut  of  an  Operations 
Research  Group  consists  of" reports  and  memoranda;  the  repeats 
embodying  the  results  of  major  studies,  and  the  memoranda  consis¬ 
ting  of  consents  of  various  aspects  of  the  changing  military 
situations  and  of  suggestions  for  action.  The  reports  generally 
come  Grom  the  Central  or  Headquarters  Group,  where  the  members 
have  the  leisure  and  facilities  to  carry  out  long  term  studies. 

The  Sub-Groups  at  the.y.uvf*l;r1jsg  bases*  uanaUp  apply* .the.  re sul  Xu 
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of  shorter  notes  and?fwmw*a«la«***5vll,'ef»*th^s  effitout?  mtfst*  be  Scrut¬ 
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Because  of  tu**  gi ea t  difference  uetv.-eon  . dli tary  procedure 
clentliic  procedure,  however,  this  interplay  of  suggestion, 
cisn,  and  theory  should  be  kept  w-1 tnin  the  Group  until  the 
df^s  and  canoe ots  hove  cr-ystnlized.  A  military  orgrniza- 
by  nature,  finds  it  difficult  to  understand  such- an  inter- 
r'nd  -  or o--u.cr st  of  the  procedure  to  tin  service  at  large 
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research  worker  in  a  civilian  status,  at  least  v/i thin  the  con¬ 
tinental  United  States.  In  an  outlying  tue-ter  of  oper tions, 
however,  it  is  usually  necessary  fr®i  tne  worker  to  be  in  uniform. 
Some  tines  the  worker  has  been  given  a  temporary  rank,  sufficieit 
for  him  to  perform  his  functions  vitnoux  undue  embarrassment. 

This  temporary  rank  has  some  disnavrnt  ges  however,  for  it 
immobilizes  him  in  the  n  iitary  hierarchy,  'ana  i,akes  it  more 
difficult  for  him  to  appro- ch  lover* echelons  on  terms  of  equality. 
Sometimes  it  has  been  possible  to  avoid  the  question  of  temp¬ 
orary  rank, .  and  give  the  worker  somo  special  insignia,  inis 
also  has  difficulties,  for  proper  a ceono actions  anu  entrance 
into-  neces.lrry  headquarters  ore  often  only  available  to  officers, 
mid  the  special  insignia  may  not  be  recognised  as  being  the  equiv¬ 
alent  of  an  officer. 

Host  of  these  problems  are  individual  ones,  and  no  general 
solution  can  be  offered.  More  com.  ents  on  tne  status  of  the 
worker  in  the  field  will  be  given  in  the  went  section. 

Recruiting  and  Training  the  Operations  he search  hoikcr-  Uo 
particular  correlation  has  boon  found  between  the  ^articular 
scientific  specialty  in  which  the  operations  research  worker 
was  trained  and  his  subsequent  excellence  in  tne  field  of  oper¬ 
ations  research.  Since  the  subject  is  a  new  one,  no  scientists 
have  been  trainee,  primarily  in  operations  research,  and,  it  is 
unlikely  that 'such  specialized  training  will  beco.  .e  prevalent 
soon.  Consequently,  the  majority  of  the  ‘workers  in  operations 
research  must  be  recruited  from  men  tr-*  ined  in  other  branches 
of  science.  It  is  obvious  tnat  their  previous  training  should 
bo  in  science,  since  operations  research  is  a  branch  of  science, 
but  it  is  not  certain  which  science  would  provide  the  best  . 
■training.  In  fact,  it  ap  wears  that  eacn  science  has  its  own 
usefulness  in  the  training. 

Mathematicians  are  perhaps  the  most  useful  in  headquarters 
Groups,  particularly  if  they  have  training  in  the  field  of 
probability  (which  woes  not  mo~n  the  usual  course  in  statistics). 
Their  capacity  for  abstract  thought  makes  them  particularly 
valuable  in  analytical  studies,  although  an  interest  in  prstical 
applications  scons  to  be  mor  useful  than  a  bent  tov/a.ru  complete 
abstr - c tion. 


Men  with  training. in  physics,  are  also  particularly  valuable, 
since  most  of  the  weapons  of  war  oper*  te  on  principles  well 
known  to  'hysicist;***!  *i**#^5*t  njtE?8&»*S*'*t3fe5*^a***S Uf\s5oJS  ship¬ 
ment  >erf oraar.ee  miSsjj  be‘»mfKie  ’Gj  ilen’m t** •tla^nint  hi 
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y-  rticif.  ••  rly  in  aiysicn’;  chemistry*,  also  Ms  proved  to  be  a 
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It  has  b  .-on  found  t :»  be  r other  futile  to  attempt  to  train 
ooerrti  ns  research  workers  in  special  courses  awry  from  an  ^per- 
ati  r.s  research  Group,  though  this  may  be  possible  in  the  futur 
It  is  useful  to  train  the  future  'worker  in  the  properties  of 
military,  equipnei:  t  and  in  military  doctr  ine,  but  he  must  learn 
operations  ‘research  by  doing  opera ti  us  research.  During  the 
last  war  there  wo s  not  accumulated  enough  basic  data  in  this 
field  to  serve  .as  object  material  for  a  class  to  work  on.  In 
addition,  problems  of  organization  and  contact  with  tuo  military 
changed  so’ from  ti  ,e  to  time,  -nd  from  group  to  group,  that  it 
was  almost  more  important  to  learn  the  group  and  hov;  it  was 
allowed  to  function  than  it  was  to  learn  details  of  the  subject 
ahead  of  time.  Consequently,  men  v,itn  solid  training  in  basic 
science,  with  a  flair  for  research  and  an  interest  in  tneory, 
were  chosen,  and  the  apprentice  method  of  training  was  useu 
n stead  of  the  classroom  method* 

Perhaps  in  the  future,  as  operations  resoarcu  comes  to 
be  better  recognized  and  has  accumulated  a  backgrounu  of  ex¬ 
perience.  and’ knowledge,  it  will  be  advisable  to  give  courses' 
in  the  subject  for  prospective  workers  in  the  field. 


P9.  Operations  Research  in  the  Field. 

Activities  of  representatives  in 
ant  part  of  operations  research 


Shis 


the  field  form  an  import  - 
has  been  found  so  in  all 


the  groups  devoted  to  this  type  of  work,  inducing  the  bnited 
•tetes  4vy  rnd  Army  in  their,  seve^d  branches  and  the  British. 
T.ds  section  rill  attempt  to  formulate  and  illustrate  some  of 
the  aspects  of  field  work.  The  examples  will  be  drawn  from  the 
experience  of  the  Operations  Research  Group  (ORG)  assigned  to 
md  functioning  with  the  headquarters  of  the  Coiancnucr  in  Chief, 
United  States  Fie  t;  it  is  felt,  however,  that  tney  are  probably 
general  in  nature. 


'fork -of  the  field .  representatives  serves  several  purposes; 


(?),  To  provide  help  directly  to  the  service  units  to  which 
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The  value  of  maintaining  representatives  with  operating 
military  units  throughout  the  course  of  an  operations  research 
group’s  "ctivitias  is  thus  made  apparent. 

Assignments-  The  principal  types  of  field  assignment  in¬ 
cludes: 

• 

.(a),  Liaison 

(b)  .  Staff 

(c)  .  Operations 
{<?) .  Training 

(e).  Experimental  (operational) 

(f; .  Experimental  (equipment), 

Represents tives  of  all  types  are  desirable  in  the  field. 

In  actual  practice,  it  is  seldom  that  a  field  man  is  restricted 
to  work  in  any  me.  of  these  types;  ind  :ed,  his  assignment  is 
likely  to  represent  a  mixture. 


The  liaison  type  is  test  illustrated  by  tne  representatives 
of'  OF.G  in  London,  where  their  primary  mission  was  to  secure 
informs ti  r  for  the  parent  body,  and  indirectly  for  the  Levy. 

Tii is  information  v;as  obtained  from  British  operations  research 
grouos  ano  from* the  British  military  services.  The  0RG  repre¬ 
sentatives  also  kept- the  British  units  posted  on  the  v/ork  of  the 
Of.G  hone  office  (to  the  extend  •» omitted  by  tire  nrvai  s caff 
and  thus  heloou  to  minimize  a  duplication  of  research. 


In  the  staff  type,  the  re  iresentative  is  assignee  directly 
to  the  staff  of  a  commander  of  some  operations  unit,  such  ns*  a 
Sea  Frontier,  a  Fleet,  an  Area  or  the  line.  This  representative 
acts  rs  a  srrll  operations  research  group  in  nis  own*  right, 
seeking  solutions  to  problems  appropriate  to  his  duties,  tun t 
are  aroposeu  to  him  by  the  staff  comnanuer.  In  auuition,  his 
location  at  headc.ua rters  proves  extremely  useful  in  the  collec¬ 
tion  and  systeniza tion  of  operations  statistics  .ana  in  for  . aid¬ 
ing  them  to  the  central  QhG .  Tnis  type  of  assignment  has  been 
found  very  fruitful .  and  ass  been  usee,  oftei ,  both  in  Atlantic 
anti-submarine  work  and  ir  the  Pacific. 
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Tn  most  staff  type  assignments ,  such  as  to  Sea  Frontiers,  the  men 
have  also  engaged  in  operations  type  act!”' ties,  going  on  operational 
missions  to  observe  the  techniques  involved .  This  contact  with  lower 
echelon  operating  personnel  was  used  to  disseminate  directly  such 
technical  information  as  seemed  desirable*  Thus,  a  representative 
at  a  Sea  Frontier  could  spend  a  considerable  portion  of  this  time  visi 
ing  various  bases  where  he  &udied  the  local  records,  lectured  and 
talked  informally  with  the  personnel  and  gained  personal  knowledge  o-' 
the  technicalities  of  the  operations .  Purely  operations  type  assign* 
nents  have  been  infrequent?  perhaps  the  closest  approximation  to  these 
-■/ere  assignments  to  a  CVE  during  an  ASV'  cruise,  to  a  submarine  on  war 
patrol  and  to  a  task  force  during  a  landing  operation* 


The  training  tvne  assignment  has  also  boen  infrequent,  but  some 
excellent  work,  "has  been  done  by  men  assigned  to  such  training  bases 
as  at  Langley  Field,  Virginia,  in  connection  with  Army  AS V/  work,  and 
at  Kaneohe,  with  Fleet  Air  V/ing  2*  On  such  assignments,  studies  were 
made  of  improving  operator’s  techniques  through  training,  with  an  eye 
to  the  best  methods*  At  such  locations  it  was  also  frequently  posslhl 
to  f i nd  approximations  to  operational  data  by  studying  the  results  of 
training  for  the  operation  under  study,  which  ^ere  quite  useful  when 
it  happened  to  be  difficult  to  obtain  operational  results*  For  examp] 
a  study  of  A  .Iff  bombing  errors  from  operations!  data  was  difficult  be¬ 
cause  of  a  scarcity  well -recorded  data,  while  data  on  training-' 

bombing  errors  "’ere  available  in  statistically  si gnifi cant  quantity » 

An  examp] e  of  the  experimental  (operational)  tune  of  work  was 
to  be  found  in  the  assignment  of  members  to  the  Anti-submar 1 ne  Devel¬ 
opment  Detachment,  Atlantic  Fleet,  the  one  official  unit  which  made 
experimental  studies  of  proposed  operational  unit  winch  made  exper¬ 
imental  studies  of  proposed  operations!  techniques  in  the’  field  of 
anti -submarine  warfare.  Here  the  operations  research  representatives 
contributed  importantly,  through  their  study  of  the  results  of  opera¬ 
tional  tests.  A  somewhat  similar  assignnemt  was  at  Langley  Field, 
to  the  Army  Air  Forces  development  unit  for  anti -submarine  work.  In 
general,  it  1 s  regarded  as  desirable  to  maintain  one  or  more  operat¬ 
ions  research  representatives  at.  stations  devoting  their  efforts  to 
experimental  operational  study* 


The  sixth  type,  i s  not  properly  part 

of  an  operations  research  group's  work.  Of  necessity,  however,  it 
has  been  found  -'‘requontl  '  that  th1  s  type  of  work  can  be- done 
expediently  by  the  group's  men,  because  0f  location  or  other  reasons* 

Such  .vopV  Jaa«..b«saa  .carried. on  ibath  at.*ASB*arLasit  and  at  Langley  Field* 
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e  some  studies  ox  training  results  and  nigh t 
ry  out  experimentation  on  v  minor  scale  at  the 


Group,  might  mate  some  s 
occasionally  carry  out  e 
request  of  the  con 


to  the  staff  of  the  commander  of  a  fairly  large  operating  unit 
has  proved  of  greatest  value  and  should  probably  constitute  the 
bulk  of  the  field  work,  in  a  future  war. 

Assignment  of  field  men  to  the  Trinidad  Sector  of  the  Carib¬ 
bean  Sea  Frontier  is  cited  as  an  excellent  example.  They  re¬ 
sorted  directly  to  the  commander  of  the  sector  and  thus  i  ay  be 
regarded  as  having  a  staff  assignment.  There  they  were  avail¬ 
able  for’  consultation  on  planning  and  the  results  of  operations. 
As  in  most  broadly-organized  bases,  the' e  was  ample  variety  of 
operations  to  require  of  the  men  a  certain  amount  of  the  five 
other  types  of  work.  Proximity  to  operating  squadrons  enabled 
the  men  to  keen  in  close  contact  with  the  iiexci*  Studies  were 
made  of  the  training  results  in  these  sane  squadrons.  Liaison 
was.  carried  on,  both  in  forwarding  op  -rational  neeas  to  Wash¬ 
ington  and  in  explaining  doctrine  developed  in  Washington  to 
the-  operating  forces.  At  various  times,  experimental  work  was 
done,  for  instance' on  the  study  of  the  effects  of  German  search 
receivers  and  of  the  use  of  American  search  receivers  in  search— 

.  ing  for  German  radar. 

Tvoes  of  Field  Work-  An  operations  research  nan  n  field 
assignment  encounters "various  types  of  work,  mulch  fall  into 
these  primary  divisions: 

cal 

ical 


d; . ,  Experimental 
e) .  Educational 
f ^ .  Publication 


The  analytical  type  of  problem  co 
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problem  consists  of  the  study  of 
HoCrvi-.o  its  execution,  or  at  least 
,j.  ww  wu-i ration  are  .available  for 
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submariiiefef  «<>r«*€£c;  strjcly;  of.  af^i-tjor^ao  tetfstive  gnsneuvers  by 
the  Butihar^ne;  &p.qrji,ti  i**I  Le.s'es'iidh. Sroup  ,•  J  Jew's  Pe e  t  •  * 

An  operation  can  also  be  studied  by  statistical  examination 
of  the  operational  results,  such  as  the  numerous  examinations 
of  contacts  to  determine  the  probable  use  of  searcn  receiver 
against  radar,  or  studies  of  the  relative  hazards  to  convoy 
and  independent  merchant  vessels.  A  more  complete  discussion 
of  specialized  statistical  toenniques  is  given  in  the  next 
Section. 


Liaison  work  has  been  discussed  to  some  extent  above  and 
hardly  needs  amplifying  here.  This  voile  is  a  natural  necessity, 
and  a  certain  amount  of  it  must  be  none  at  each  base. 


certain  amount  of  experimental  work  is  a  necessary  and 
proper  function  of  an  operations  re searcn  fielu  man.  This  uoes 
not  mean  that  it  is  his  proper  duty  to  inauige  in  the  design  or 
development  of  new  ewuipment,  but  he  can  play  an  important  role 
in  studying  the  use  of  new  equipment  or  new  operations;  ’Alien 
a  new  piece  of  equipment,  such  os  a  radar  set  or  a  bombsigh t, 
is  first  available  for  field  use,  it  is  desirable  to  assign,  if 
possible,  the  fiist  output  to  units  operating  in  an  area 
serviced  by  an  operations  .research  man.  Then  the  initial  use 
of  the  equipment  can  be  scientifically  observed  and  suggestions 
formulated  to  aid  in  introducing  the  innovation  elsewhere  in 
the  field.  Similarly,  when  a  new  operational  technic. ue  is 
provided,  such  as  the  use  of  flares  in  a  night  aircraft  attack 
on  a  submarine  or  surface  vessel,  it  is  again  desirable  to  try 
it  out  unuer  careful  obsorVnti  n  and  to  make  sugges tions~"f  or 
the  elimination  of  imperfections  which  may  appear. 

The  .  auc:^ tional  aspect  of  field  work  is  two-fold:  education 
of  the  operations  research  man  in  the  methods  of  tne  field  and 
such  instruction  work  in  the  field  as  ho  is  able  to  provide. 

The  first,  self-educational,  aspect  is  of  'extreme  importance  to  ’ 
the  success  of  an  operations  research  group  and  should  be 
encouraged  at  every  opportunity.  It  is  only  by  gaining  intimate 
practical  acqaintar.ee  with  operations  problems  that  successful 
op  rati"  ns  research  can  be  done. 


The  educational  contributions  to  the  service  personnel 
which  are  within  the  sphere  of  activity  of  the  field  represent¬ 
ative  include  both  formal  and  informal  instruction.  It  is  .not 
unusual  for  him  to  be  ca  led  upon  to  deliver  a  lecture  or  series 
of  lectures  -to  operational  squadron  personnel  either  at  a  school 
^hj54y*^'f?*bf^ .•••  Jrffb;t*fl$&£y,  hj?  fcsrs  Jffpquent  contacts 
'.,iJ;h;ojy*J‘<’.tio$al  ;?ejs^i*nal*  btt&^roSL'efcVio&istly  ana  socially, 
ivhicxi  )vhs*tiZ  OQoruunx f-xea  iox  fruitiuj.  aiscussions. 
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■I faro  Operations  Research  Group  nave  nod  important 
formation  rnd  continues.  publication  of  tneso 
Tuis  type  of  v/ork  is  regarueu  as  most  valuable; 
it  acquaints  a  wide  circle  of  readers  with  statis- 
xalytical  studies. 


A  different  method  of  subdividing  operations  research  .  oric 
would  be  into  strategic  ana  tactical  v/orx.-  A  great  acni  of  tne 
operations  research’  in  the  recent  war,  but  by  no  means  ail-,  nas 
been  in  the  tactic!"!  field,  nnu  'tiiis  ins  been  even  more  true  of 
field  ner.v  If  a  field  nan,  however,  is  attached  to  o  suffici  -ntly 
high  ecu-*. ton  command,  he  may  be  csllca  upon  to  stuuy  strategic 
problems.  For  example,  an  ORG  nan  at  Argentina  ..vorhea  on  hue 
question  of  routing  convoys,  and  ORG  men  ct  London  worked'  or.  tire 
problems  vf  optimum  sizes  of  c  >nvoys  ana  the  Bay  of  Biscay 
a n-ti- submarine  offens i v e . 


G ? n e iv  I  C omm e n t  s  -  The  following  genei”  1  comment's  concerning 
field  assignments  are  naae  on  the  basis  of  zilq  experience  of  the 
ORG  during  trie  oast  war.  It  is  to  be  remembered  tu--t,  wniic 
these  suggestions  probably  would  apple  to  other  cases, 
situations  might  well  develop  v-nich  would  ueuaiiu  entirely 
erer’t  treatment. 


Selection  of  the  location  for  a  nev:  field  assignment,  -  no 
the  initial  installation  of  a  nan,  uepei.us  upon  several  factors. 
Considerations  apart  from  operations  io search  determine . tno  loca 
-tion  of  some  types,  such  as  liaison,  training  or  researcu,  and 
such  assignments  are  almost  sutoma tic.  On  the  otner  nsnu,  tne 
location  of  a  combined  staff -opera ti.-ns  type  s ssignmeht  requires 
careful  consideration.  Sel  action  of  regions  of  extensive 
activity  in  the  operations  under  study  should  be  inaue  with 
considor.able  care. 
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• .  ry  tilt  L.  I i»£  l*  *  i  li n  i 

.  i  i  *i  si  i  r 4 pos  i 


should 

. .  .  ,  ,  material 

be  Tin  *5^5', *•••*■  :*i!a3lLy  uotiy  c'  rs  su  ■<  jly 

*  T;id»T  variety  pf  ;  itftrn  ture  than  is  e valla blc  lr:  Uio  local 
command.  ’This  library  should  be  kept  up  to  da te  uurir.g  tne 
as  sign:  lent.  -  ' 


. After  being  assigned,  a  field  wan  uoiks  on  problems  >re 
to’  him  by  the  commanding  officer  of  the  staff  as*  ell  rs  on 


en  tea 


ir obi ens  originating  with  himself.  The 


ultimate  a  >cision  as  to 


the  work  to  be  d  me  remains  with  the  commanding  officer.  The 
field  man  should  reach  an  agr  .-ement  with  this  officer  that  as 
a  scientist  ne  should  have  complete  access  to  the  data  oer- 
taining  to  an  assigned  problem,  ne  is  to  make  all  official 
reports  to  the  same  officer,  vith  such  distribution  as  the 
latter  approves.  However,  informal  communication  with  QhG 
headquarters  should  be  arranged  for,  as  this  ±s  highly  desirable 
tor  the  interchange  of  iaeas.  .  These  informal  communications  are 
generally  shown  to  the  officer  .in  emerge,  foi  nis  information ' 
rather  than  for  censorship. 


Provision  for  opportunities  for  frequent  trips  about  tne 
operational  area  and  to  OKG  headquarters  at  least* every  six 


months  should  be 
ideas. 


arranged,  to  stimulate  furtuer  tne  exchange  of 


The  field  man  is  enjoined  to  remember  that  tuese  assignments 
should  be  terminated  as  well  as  started.  Once  he  *3'  well  estab¬ 
lished  in  a  given  location,  natural  inertia  may  be  counted  upon 
to  slow  the  process  of  terminating  the  assignment  anu  com  Dieting 
the  work  in  that  field.  It  shoulu  be  understood  than  war’ is  a 
constantly  charging  operation  ana  assignments  must  be’ snifted 
to  keep  field  men  in  appropriately  active  regions.  Tne  supply 
of  such  men  is  limited  anti  should  not  be  wasted  in  «enu-enc 
streets . 


TTxoeriencs  has  proved  that  n  ficlu  men  cm  frequently 
function  best  when  in  uniform.  At  a  location  v/nere  'almost  all 
personnel  are  in  uniform,  the  presence  of  a  civilian  frequently 
presents  a  >roblem.  Local  rules  anu  regulations  are  often  not 
designed  to  handle  such  a  situation.  The  Britisn  met  the 
orobjem  by  commissioning  op  -rations  research  men  as  officers  for 
the  oeriod  of  their  field  assignments.  The  01 G  of  CominCH 
designed  a  uniform  of  its  own  for  its  fi?ia  nor*  out  of  the 
country.  This  was  a  modified  officer's  uniform  and  was  intended 
to  reflect  a  professional  and  social  status  for  field  men  equiv¬ 
alent  to  officers.  Attempts  have  been  matte  in  the  past  to  nave 
th£»«£i«a  *1  j. $lotf$*sj**e>itfj;.  despite  certain 

euya3$t&g£S5,  t$e  ajLS5b,v»i.t*^es:  i£*^n  SscJJIvcS  tS.  enter  of  war  are 
s  e  Vi  <5 \t s .  *  TT  ?o  *  B  r : .  iff  si  i  •fth  v  ■ -*  *f  §l*t  *  *c*  !a  V  *  t!i*d!'  e*  ’were  'security  uiff- 
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ns  the  e  .  atur-ntr’ . 
:i  villains  is  normal  ^1/1 


,v.' too  btace 


■sence  oi 


.ruvisian  for  Handling-  civilians  is 


v-’ll^blo,  the  no density  for  a  uniform  uoe...-  not  coyly. 


I  n  th  e  1  ci  s  t  a  r.  a.  I  y  s : 


■  the  success  or  i allure  of  r.  field 
fu-:  ignoent  is  fund mentally  determined  by  the  personality  oi  the 
nan  involved,  his  background  shoulu'  include  a  certain  amount 
of  Physics,  engin  ering  and  mathematics,  inducing  statistical 
theory „  Bo  should.  Moreover,  be  well  trainee,  in  most  passes  oi 
’.is  tv  a  r  work.  And  above  ail,  ho  should  have  a  pens  naiity  that 
•rill  permit  him  to  talk  successfully  to  a.i..  ranks,  iron  the 
bottna  to  the  top;  as  the  measure  of  his  achievement  may  ueiend 
oh  this  basic  ability  to  nanpfc  himself  to  all  grades  of  military 
.  oersormel. 


30,  Statistical  lethous 

0  jerations  research  ha: 
analysis  of  past  operations 


uoora tions 


s  vnren 


these  analyses  are  us 


u  1 


1  1 


y  statistical 


The  uethot 


to  carry  o  1 1 


ure  with  the 


following  general  purposes  in  'mind; 


(A) .  To  measure  tne  overall  effect  of  past  operations  arid 
to  dote  mine  and  measure  the  effect  of  the  various  l’r  ctors 
tire t  have  significantly ,  influenced  the  overall,  result,  lor 
exam el  - ,  the  -  total  number  of  enemy  submarines  sunk  or  d:  ,  ,.agea 


i..y  &ircr'’ft  uuring  a.  oarcxcu e.r  .perron  oi 
a  os  uute 


measure  of  the  cos  .uute  effectiveness  of 


hi:;c  is  too  final 
.rerext  as  an 


enti-cub..;e r ine  vee oon  during,  that  time.  A  proper  comparison 


uo- 


of  tne  various  bii  cu... stances  of  mrcrnlt  o tweens  on 
marines  will  indicate  the  relative  influence  of  ea ch  indi¬ 
vidual  circumstance- on  tne  final  result.  Sup  jo so  that  it 
is  uesired  to  determine  tne  effect  of  the  speed  of  the  air¬ 
craft  an  its  success  in  at  tucking  a  submarine.  A  s.l  .ple 
com oe ri son  of  the  proportion  ox  succe  sen  at  -f.ii.ou  record¬ 
ing'  to  tne  speed  emoloyeu  during  the  attack  run  will  proviut 
an  approximate  ansmbr  to  the  jrouieu.  however,  in  using 
such  er.  elementary  procedure  wo  must  L,urrd  against  the 
possibility  that  the  results  are  affected  by  other  fac¬ 
tors  v;h..ch  v r r  v  as  maximum  >ime  speed  varies.  For 
ox^ripla,"  different  types  of  planes,  in  audition  to  apvir.g 
d‘i.f f event  Maximum  a  jeed  3 ,  may  crop  ciiffucrt  s ± z o  bo.  b 
sticks  or  have  other  different  cualitios. 
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er, 


varia  tion  of  the  different  -factors,  often  a  major  task  in 
itself.  One  alternative  is  to  compute  an  ” expected”  result 
for  the  particular  operation  under  analysis  by  taxing  into 
account  existing  know!  -age  of  the  effect  of  variables 
other  than  the  one  being  analyzeu.  In  the  example  of 
aircraft  attack  speeds,  the  comparative  effect  of  the  length 
and  spacing  of  bomb  sticks  nay  be  obtained  from  theoretical 
studies.  This  knowledge,  along  with  similar  knowledge  or 
assumptions  for  the  other  factors  involved  in  the  problem, 
nay  in  turn  be  used  to  compute  tne  “expected”  number  of 
submarines  sunk  or  damages,  independent  of  any  consiuera- 
tion  of  speed.  Tnen  a  comparison  of  the  actual  to  the 
“expected”  or  computed  results  within  each  of  the  speed  classes 
will  indicate  the  effect  of  speed.  Another  alternative  is 
to  select  a  number  of  attacks  within  v.hicn  all  of  the  cir¬ 
cumstances  except  speed  are  exactly  tne  sane.  That  is  to 
say,  variation  in  the  type  of  plane,  the  size  of  the  bomb 
stick,  the  depth  of  the  submarine,  and  in  all  other  charac¬ 
teristics  of  tne  attack  with  the  exception  of  speed  is  elim¬ 
inated.  The  effect  of  speed  on  tne  success  of  the  attack 
can  then  readily  be  ascertained.  Unfortunately,  the  volume 


of  operational 
mit  tuis  tyoe 


data  is  seldom, 
of  analysis. 


if  ever,  great  enough  to  jer- 


It  is  obvious  that  the  second  method  is  tue  ..,ost 
pr-ctic-'l  means  of  analysis,  and  it  has  tne  further  advan¬ 
tage  of  combining  laboratory  and  field  tests  with  opera¬ 
tional  data. 

(B) .  To  estimate  the  effects  of  future  operations  on  the 
basis  of  past  experience,  /here  future  operations  depend 
uoon  changes  in  tactics,  in  weapons  or  in  conditions.  This 
might  be  considered  tne  ultimate  aim  of  all  statistical 
analysis  in  opera ti  ns  research.  For  instance,  in  the 
above  example  the  result  will'  load  directly  to  an  esti¬ 
mation  of  the  .Increase  in  the  number  of  submarines  which 
are  likely  to  be  sunk  or  damaged  if  tne  attack  speed  is 
increased.  Another  type  of  problem  might  involve  the  use 
of  a  weapon  which  has  never  been  used  before.  Here  opera¬ 
tional  experience  and  laboratory  expectations  must  be 
combined  to  produce  an  estimate  of  the  absolute  and  relative 
effect  of  such  n  weapon. 


Planning  a  Procedure  to  handle  tne  Statistical  Fro Diem-  This 
section  points  out  the  importance  of  planning  a  statistical  job 
befprf  jit;  :js  qyxi  trje  ^exjerjts  v/nxexx.  chouxu  oe 

c  onjsi  j.c*? eji  j . . ,T>ie  i^lcr^g.^cf&is&s  a  tails  of  some 

of  the  more  important  elements. 


ooA 

-s'*' 


■1 j  .'Tlxe. sco^?  ^le  4°^  itself  should  be  clearly  defined  and 
limited  to  exi s.tii%g.prid.  t&  P#.qblen  s .  Each  statistical 

ite.u  recorded  feh^uld:  sirys.fe^  ^erjr.’do^iril  piirpoijel.dt^  the 
n  LUa^)er  °_I  suc^  *««««•  skoulcJ  hb.  lidi i*us«.  ICdl  £ij£  ti id  Saaficfowfer 
assignment  and  the  time  fixed  to  complete  the  job.  This  indi¬ 
cates  a  fair  amount  of  advance  planning.  There  is  always  a 
tendency  to  attempt  to  do  too  much  when  starting  a  new  task 
Tne  reasons  ^or  this  are  twofold;  often  the  -purpose  of  tiie 
statistical  analysis  is_too  indefinite,  resulting  in  a  tendency 
vO  record  everything  which  might  be  of  inheres tj  ana,  secondly 
ohe  ieeling  tnat  if  reports  must  be  read  it  takes  little  more  ’ 
time  to  record  a  maximum  amount  of  data  as  compared  to  a  mini¬ 
mum  amount.  This  type  of  mistake  may  result  in  applying  a  dis- 
2,r°i°:'tlonat?  amount  o£  tine  to  recording  data  with  the  result 
analyses  are  delayed.  Tactics  change  rapidly  in  war¬ 
time.  Thus  the  usefulness  of  an  analysis  is  apt  to  be  vitiated 
?y  ?e^ys>  regardless  of  the  improved  quality  of  the  slower 

It  is  particularly  important  to  realize  that  changes  in 
tactics  or  empnasis  are  apt  to  require  a  change  in  tne  kind  of 
da  .d  to  be  recorded.  This  is  another  re- son  for  confining  the 
records  no  immediate  problems,  hew  problems  -should  be  taken 
up  as  they  arise. 

Examples  of  these  difficulties  may  be  found  in  a  number  of 
cases  where  records  *ere  set  up  to  record  significant  data  from 
action  reports  o 1  a  particular  type  of  warfare.  One  such 
exampie  may  be  found  in  the  experience  of  the  Submarine  Opera- 
v  ons  Research  Group,  U.S.fiavy.  After  considerable  aiscussion 
and  planning,  a  comprehensive  system  of  punch  carus  was  set  uo 
to  cover  the  significant  phases  of  a  submarine  patrol.  The 
primary  idea  xvas  to  have  a  set  of  recoras'  which  would  take  care 
-Iff.  nnny  as,  possible  of  tiie  problems  whicn  ni0nt  arise  in  the 
J®n,ps  ttie  immediate  problems  tuen  demanding  atten¬ 
tion.  *.11  the  data  for  these  recoras,  five  different  kinds  of 

"gJi  record  <*  the  subriarlne^ar 

patrol  reports,  ihe  fxve  kmas  oi  carets  were  ns  follows: 

Gard  sumary  01"  tae  targets  sighted, 
ISSh+q  kedj  r®suits  of  tne  attacks ;  number,  type  and 

xesu_ts  of  counterattr.cKs,  in  each  patrol  area;  time  in 

3 “  rifi®  Incident  C~rd  -  A  detailed  record  ox’  the 
conditions  under  which  each  target  was  sighted. 

(c) .  Torpedo  and  d’un  Salvo  Cara  -  A  detailed  recoru  of 
each  torpedo  salvo  fired  at  a  target,  givinb  the  situation 


toe  sighting, 


•  Mt  *ltl  ■** 


(e: 

of 

of  such  counterattacks. 
Apparently  there  was  little 


bf  the  situation 
and  the  results 


of  record 
armarcnt. 

(a).  There  was  a  great 


left  to  be  desired  in  this  set 
However,  the  following  difficulties  soon  became 


deal  of  '  annower  tied  .up  in  recording 


the  data,  a  considerable  amount  of  wlreh  would  never  be  used, 

(b) .  The  data  recorded  did  not  fulfill  the  requirements  of 
some  of  the  problems  which  had  arisen  after  the  system  was 
set  up,  so  that  the  reports  had  to  be  reread  anyway,  with 
a  definite  problem  in  mind. 

(c) .  ‘Rereading  the  reports  indicated  that  if  the  system  was 
to  be  continued  many  changes  would  be  necessary ,  due  to 
changes  in  points  of  emphasis  and  interest.  It  was  then 

d  -'oided  to  discontinue  recording  most  data  which  -as  not 
being  used  at  the  time  for  a  definite  purpose*  resulting 
in  important  simpli f icati^ns  of  the  original  punch  cards. 

# 

It  is.  not  always  possible  to  avoid  the  difficulties  pointed 
out  in  the  above-.  Research  always  implies  a  certain  amount  of 
groping,  either  to  find  a  problem  or  to  find  the  solution  to  a' 
problem.  But  looking  for  problems • need  not  involve  more  than  an 
intelligent  read"’ ng  of  a  representative  sample  of  the  reports, 
while  looking  for  a  solution  may  require  considerably  more  data 
’than  can  be  used,  although  it  often  can  he  confined  to  fairly 
definite  limits.  In  starting  a  system  it  is  generally  better 
to  use  simple  methods  of  analysis  confined,  to  one  problem  at  a 
tiwe,  until  the  limitations  of  the  basic  Information  are  known. 
Often  a  solution  to  a  problem  may  be  obtained  from  an  analysis 
of  a  sample  of  the  total  data  available.  The  size  of  the  sample 
should  of  course,  be  such  as  to  give  significant  results.  In 
some  cases,  when  a  new  problem  crises,  the  necessary  data  may 
be  obtained  from  the  reports  coming  in  during  a  certain  period 
after  that  time.  This  avoids  backtracking.  The  principal  idea 
:5s  to  avoid  investing  time  in  nebulous  future  problems. 

Before  starting 

a  statistical  Job  .the  source  of  data  should  be  checked  for  accur¬ 
acy  and  completeness.  This  may  be  done  by  determining  by  what 
neans  and  for  what  purpose  the  data  was  originally  gathered,  and 
by  re-ding  through  a  sa-ule  of  the  material.  The  consistency  of 
action  reports  varies  considerably  depending  upon  the  preciseness 
with  wrr’eh  the  format  is  prescribed.  Sore  sveh  reports  are 
almost  useless  insofar  as  statistical  analysis  is  concerned, 

‘  *ned 
are 


,?9B- 


Reports  concerning  operations  have  a  bewildering  variety 
of  forms  and  usually  occupy  asisssble  fraction  of  the  free 
time  of  the  operating  forces  of  many  different  commands  and 
agencies;  reporting  on  the  usa  of  material  (complete  histories 
of  each  torpedo  are  kept,  for  instance,  which  return  to  the  tor¬ 
pedo  test  station  after  expenditure  of  the  torpedo);  reporting 
on  specific  aspects  of  an  operation  (forme  are  made  out  for 
each  aircraft  mission,  which  are  turned  in  to  the  local  command) ; 
reports  on  personnel,  which  go  to  type  commands  or  to  training 
commands;  summaries  of  action,  which  eventually  get  to  head¬ 
quarters,  etc,  Any  further  forms  to  be  sad®  out  usually  are 
opposed  by  the  operating  forces,  on  the  valid  grounds  that  already 
too  many  are  required  (in  fact,  a  promising  field  for  operation 
research  would  be  the  study  of  report  forme,  with  a  view  to 
reducing  their  complexity). 

Therefore,  it  is  important  to. make  a  thorough  investigation 
of  all  reports  (even  to  sending  workers  to  subordinate  commands 
to  look  over  reports  which  never  get  to  headquarters)  before 
recommending  additional  reports  to  be  mads  out.  If  it  is  clear 
that  no  existing  report  contains  the  data,  and  if  it  is  important 
that  the  data  be  obtained,  then  the  new  report  form  should  b® 
made  as  simple  to  fill  out  as  possible.  After  designing  the 
form,  it  should  be  tried  on  a  number  of  persons  acquainted  with 
the  operation  (but  not  with  details  of  the  analysis  to  be  mads), 
to  see  whether  the  instructions  and  questions  are  clear,  and 
can  be  given  unambiguous  answers. 


Every  possible  oedaoicn  should  be  made  to  acquaint  the 
operating  forces  with  the  fact  that  their  action  reports  are 
Important  and  are  used,  rather  than  just  being  filed. 

The  n©xt  step  is  to  select  a  type  of  card  for  recording 
the  required  data.  Various  types  of  cards  are  discussed  In  the 
following  paragraphs. 


X.B.M,  (Hollerith)  Cords.-  These  are  punch  cards.  The 
particular  position  of  a  single  hole  in  a  column  represents  a 
number  and  the  particular  positions  of  two  holes  in  a  column 
represent  a  letter.  Information  punched  into  the  card  is 
interpreted  at  the  top  of  the  card.  (See  Figure  52),  This 
type  Of  card  admits  of  the  use  of  high  speed  automatic  machinery 
to  sort,  tabulate  and  record  the  data  in  the  cards. 


•••  •  •  ••••  •  •  • 
•  ••0 


^ranlcrij)^^  Infor¬ 
mation  from  the  act* cws» ♦report  $9  *Wse  •pnnch»*caras».»**^ie»  li  2*8 1 
stop  involves  picking  the  required  data  from  the  report  and  trans 
bating  It  into  a  coded  form.  A  transcript  card  (see  Figure  53) 
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Jiis.^fteA*  :  ijie  sjK*or»ij/4c£>  involves 
ounching  no  a  .AV.e WtaTtl  or?  *2*a£«kifta,  nv.dh 

the  same  manner  as  a  typ -writer,  from  the  coded  data. on  the  trars- 
criot  card.,  A.  considerable  amount  of  hand  labor  is  involved  in 
this  procedure,  ordinarily  more  than  is  required  for  an  ordinary 
written  record.  However,  the  great  advantage  of  the  system 
comes  from  the  subsequent  operations  of  sorting,  to. luxating  and 
recording  results.  Consequently  the  key  for  determining  the 

I.h  system,  over  a  system  of  ledger  earns 
weigh  the  additional  work  invoiveu  in  trans- 
tine  saved  in  the  subsequent  operations, 
that  the  savings  in  cost  is  more  or  less 
amount-  of  analytical  work  involving  sort- 


advantage  of  an  I.B, 
for  instance,  is  to 
cribing  against  the 
It  is  quite  eviuent 
orooortional  to  the 


ing  and  tabulating  which  is  required  of  a  set  of  data, 

, The  code  for  translating  data  to  the  IBh  cards  is  the  most 
important  item  in  the  entire  procedure  of -planning  the  statistical^ 
job.  As  a  sample  a  part  of  the  code  used  in  the  analysis  of  anti¬ 
submarine  attacks  by  aircraft  is  given  below: 

Col  .Ho.  Code 

As se semen t 


1 


2-5 

6-9 


1 

2 

3 

4 

5 


Submarine  known  sunk 

n  probably  bunk 

Probably  seriously  d' urged 

T1  tt  ?! 

”  slightly  damaged 

etc. 


10 


Incident  dumber  (Indentifies  incident) 

Co  ruinated  attack  information.  A  separate, 
card  is  made  up  for  each  attacking  air  or 
surface  craft.  Col.  6  identifies  the  various 
cards  by  a  symbol  A,  B,  C,  etc.  Col.  7  Idi- 
C" tes  tota.:  number  of  attacking  s’urface  craft; 
Col.  3,  total  number  of  attacking  aircraft  and 
col.  9  indicates  percentage  of  credit  to  the 
particular  craft  represented,  by  tue  e  rd. 

Nationality  or  Branch  of  Services 


1  -  navy  heavier  than  air 

2  -  Navy  lighter  than  air 

3  -  Coast  Guard 

T  •> npQ*  •••  •••  •••  •  •  •  ••• 

O  **  •  J  3*  I*  OX  •  •  •  ••••  • 

•  •  •••  •  •••  •  ••  ••  •  •  • 

•  •  Q  CC  •  ••  •  •••  • 


•  •  •  • 

•  •  •  • 


301 


Colo  No .  Code 


•  •  • 


OB  -  PB2Y 
1A  -  ?BY 
113  -  PBil 


etc. 


13-16 

17 


13-22 

39-40 

'41 


0  indicates  very  long  range  bomb • r,  1  indicates 
long  range  bomber,  etc.,  and  the  sec  rd  symbol 
further  identifies  the  plane  -as  to  partic¬ 
ular  type. 

Month,  day,  year 

or  night  (i.e.  degree  of  natural 
light  during  attack) 

1  -  Bay 

2  -  Morning  twilight 

3  -  Evening  twilight 
/,  -  Light  (moonlight) 


Position  in  whole  aogrees 
Range  of  Radar  Contact  in  miles 
Type,  of  radar  in  plane 
P  Band 

1  -  A  SVC,  SCR  621,  ASF,  Ilk  II  • 

2 —  ?  or  L  Band  unknown  type  • 

L  .Band  \ 

3  -  ASA 

4  -  ASD 


etc 


Degre  of  Submergei.ee,  of  U/Boat  at  time 
of  release  of  bombs. 


13-16 

17 


13-22 

39-40 

'41 


0  -  Fully  surfaced 
1  -  Docks  awn  si  i 


•  •  • 
•  •  • 


•  *  *  • 

•  •  •  • 


•  •  • 


•  ••  • 


;e 
tne 

r  ns  '  fi cation  >f  the  code,  grer-t  care  shouxu  be  erercis  a  in 
u.i  ta-  code.  It  sh.  mid  ,  at  ca.i  for  3  unw  cam~i- ^ 
fire t^or  of  a?t-  tn-n  is  obtainable  from  the  report,  or  li-.aicd  -e 
l  e  ;  ;  cum  L tv  of  onto  t  m;.  actually  exists.  Inis.oiten 
rt  r-ml,  iron  »*  to  clas-il',  arbitrarily  ar.  item  w  er 

its  olss  is  mitnot.ri.  U  is  better  to  urve  t  coue  -b  Oc.toa  >r>. 
urYnovm  itehs.  Occasionally  an  item  may  ue  report  in  a  W 
that  \«as  not  anticipated  in  the  code.  It  may  oe  proper  to  tnro.. 
:!;S  ;r;  itli  in  with  some  exist  .ng  class  or  to  set  up  a  code 
for  -  new  class.  In  either  event  tne  coue  siwuiu  rennet  -ucii 
I.  decision.  For  instance,  in  the  :  bove  coue  lor  aegree  of  oub- 
mergence,  if  it  were  resorted  that  tne  Tj/Boat  was  axvins 
'ipht  be  trover  to  consider  for  the  purposes  of  tne  -stuay  unst 
4*vinf«  r- -resented  about  the  same  as  "stern  of  conning  toyin  ' 
in  which  case  the  code  shoulu  be  amended  to  read  stern,  connii*g 

tower  or  diving” . 


Leader  ana  Dual  fur; misjqJ^armum. 
nmch  cards  are  as  follows: 


prxxrcipal  objections  to 


coded  form,  is  not  very 


(a)  .  A  punch  card,  being  mostly  in 
legible' for  quiet  reference. 

(b)  Its  limited  size  does  not  always  permit  a  su.ii.~cf mu tly 
complete  description  of  the  incident  lor  the  purpose _of 

t/iio  statistical  job.  ■  . 

'Tuerd  is  no  convenient  way  of  ro coming  unusual  ^events 

or  bf-ct ground  events  often  inportant  in  some  types  ox 
a  n  ^  1  v  3  i  s  o  * 

^d.) Clr.c  :ification  of  varied  descriptive  matter  may  be  too 
complex  to  work  with. 

A  handwritten  card  nets  all  these  objections;  uowever  of 
course/  it  suffers  sc-riously  by  comparison  when  mi  t  comes  to 
are  living  the  recorded,  data.  Consequently,  xxonawrittei.  crra.v 
ere  not  recommend  a  unless  the  job  is  small  or  ^  contains  ^ua^a 
not  subject  to  very,  much  analysis,  or  is  used  in  an-  auxiliary 
capacity.  It  is  some  tines- possi  ole  to  cuoiue  tne  IBu  ti- an*  ~n  >  « 
card  ith  a  written  record,  so  as  to  retain  some  advantages  of 
both  systems.  (See  Figure  5  A) * 

Key  Sort  Caras  -A  key  sort  cara  is  rm  ordinary  written  sara 
containing  .all  the  required  information  in  a  written  f  orm,  cno. 

■fn  addition,  there  are  holes  near  the  edges  which  when  punched 
out  singly  or  in  caabimtiAa 

it*  .«  4iinu  may  b4  cfed«f  aha  ^4n£io?i,  cfjxnoc  ^x.ujex; 

••  •  •  •  •  •  •  •  •  •  •••••• 


CONFIDENTIAL 


SHIP  NAME 


AA  REPORT  No. 


AA  SH>W*CAft§ 


•  SH»  tYPEl»N>MaER 


ARE* 


iSk.  FORCE, 


CARO). 


SH‘P"t)AM  AGE 


PLANES  FIREO  AT 


BOMB 

ALTITUDE 


i  OR PE DO 
RANGE 


OTHERS 


TYPE  WEAPON 


TYPE 

APPROACH 


CEASE  FIRE 

range  altitude 


ALT  TUOE 


ALTITUDE 


S  YARDS 


OW  N  SHIP  ESTIMATE 


SUPPORT 


TOR  P  S. 


FIGHTERS. 


TOTAL. 


Estimat*  for  Incident 


Killed  B*f or*  Attock 


WEAPONS  DROPPED 


POSITION. 


Record  Card  to  supplement  Punched  Card 
giving  details  not  desirable  to  punch. 


ERA  I 


OPE E R  DEALER  CO  OP  Cl 


ACTIVITY 


.P P  CLASS 


PERSON 
TO  SEE 


DISPLAY. 


PHONE 

COM-L 

RATING- 


NAME. 


NATURE  OF 
BUSINESS _ 


OUTSl  DE. 


APPLIANCE 

CLASSIFICATION 

.(check) 


SALES  PERSONNEL 
EMPLOYED 


INSIDE 


FRANCHISE  DLR 

PROSPECT 


OPEN  DLR 


SALESMAN 


.TERRITORY. 


OIL  BURNERS 


STORAGE 


STOKERS 


HAND  FIRED  JOB 


SIDE  ARM 

Figure  55*  Sample  Keysort  Card  for  uniform  collection 
of  data  and  simple  mechanical  manipulation, 

(Figures  54  and  55  are  3/4  natural  size) 


GAS  DESK 


CONVERf! 


CIRCULATORS. 


SPACE  COOLING. 


ROOM  COOLERS. 


o-.os 


I  Ol  I 

1 L  ] 

1 21  !i  ei’-l 

r  i  I 

1 

c 

1  .5  |l  S 

In* 

-f 

i  1 

:©• 

» 

 0 

ft  •  • 

ft 

ft 

• 

• 

ft  ft  • 

• 

r 

• 

• 

ft  • 

ft 

<» 

SURPRISE 

•  • 

ft  • 

ft  ft  i 

•  •  •  •  • 

YES _  NO _ 

194 _ 

DAY 

TOTAL  PLANES 

FIRST  DETECTION 

TIME 

No.  OBSERVED 

RADAR 

Milo 

DAY 

No  ATK.  SHIP 

VISUAL 

Mil** 

NIGHT 

BINOC. 

Mil** 

TWILIGHT 

No.  Plan**  Turnod  Awoy  by  AA 

APPROACH 

TYPE 

ATTACK 

TYPE 

PLANES 

! 

I  ^ 

S  JT? 
i  I- 

j 

£  J  £ 

2  ' 

i  1!  i 

|  2  21  20 

.7  *  2  1  2  J  SF  O  1  SF  0 

19  18  17  1615  14  13  12  It  10 

7  4  2 

9  8  7 

6  j 

I  27 

26  23 

24 

23  22  j*~"  TENS 

UNITS  U  TENS 

UNITS 
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much  noro  than  a  cioiv’*: 

•  • 
•  • 


11?  rctLlVWiftgJr:  i*ie*r: 

>•  •  •••  •  •  •  ••  •  •  •  •••••• 

•  •  •  •  •  •  ••••  •  •  •  •  •  • 

V/e  will  refer  to  P  sari  pie  xeysoru  caras 'Figure  ?-j)  cesignea 
to  record  data  on  norciinr.t  vessel  losses.  Suppose  we  v:i sh  to 
punch  the  section  of  the  card  labeled. ”Ovm  Damage”  in  upper  left- 
hond  aoiunr  .  V'e  might  have  a  code  as  follov.-s:  1,  ships  known 
lost;  2,  ships  overdue,  ire sun ed  lost;  3,  ships  aanagea  etc.  If 


for  a  particular  case  the  coae  were  ’’l”  tuon  the  hole  over  ”1” 
would  be  slottea  out;  if  the  code  were  ”3n  then  the  holes  over 
”1”,  ” 2 "  and-  ’'SI'"  would  be  slotted  out.  bolting  is  then  Gone  by 
the  thrusting  a  needle  successively  through  tne  various  uoles. 
All  the  cards  which  fall  out 'are  those  wanted.  The  ”EF’’  hole 
identifies  a  ciuible  punch. 


Key  sort  cards  represent  an  attempt  to  capture  some  .of  the 
bes.t  features  of  *  the  ur.cli  card  anu  the  written  caru.  Their 
use  nay  be  justified  ir.  a  number  of  instances.  In  the  case  where  a 
written  c  ro  is  desirable  or  necessary  and  the  amount  o.  sorting 
and  tabulating  of  data  is  not  great,  the  hey  sort  earn  may  give 
a  real  advantage  ov  r  either  the  written  or  punch  card.  In 
general  the  sane  c -insider*1  tions  outlined  for  I-oni  coding  will 
apply  for  key  sort  coding. 


Mechanics  of  Analysis-  Before  beginning  the  job  of  prepar¬ 
ing  the  cbta  for  study,  an  outline  Should  indicate  the  combi na- 
ti  of  variables  no  be  studiou.  lor  Instance,  the  combination 
’’Type  of  Own  Aircraft”,  ’’Day  or  Eight”  ana  ”/ ssesstaent”  w  ula 


i  ndic  '•  te  how  vv  ri 


ous  typos  of  hirer' ft  f *  red  una  r  various  condi- 
It  should  be  pointed  out,  however,  th*t 

Id  have  been 
tiie  job  w"S 


light 


tions  of  natural 

whatever  ar.rlys.  s  is  planned  at  this  point  it  shou. 
gntic.ipa.tea  as  far  .as  possible  before  any  part  of 
started. 


Those 


It  is, of  greet  importance  to  have  some  form  of  control  data, 
may.  be  similar  figures  for  a  previous  roughly  equal  period 
of  tine,  or  it  may  be  the  expected  results  explained  near  tne 
beginning  of  this  chapter.  If  expected  results  are  to  be  used 
a  probability  of  success  may  be  computed  separately  for  each 
action,  taking  into  considers  ti on. the  actual  conditions  of  the 
action  and'  any  other  knoM’.edge,  theoretical  or  operation?!, 
necessary  to  determine  the  expected  probability  of  .success. 

This  result  may  bo  written  on  or  pur.cheu  m  tne  card  and  tab¬ 


ulated  along  bith  the 


figures 


At.  this  ooint  •?.  brief  description  is  given,  of  tne  various 
IBM  machines  :idcn  r:»y  be.  used  for  tire  mechanical  analyses  of 
1  cards.  .*'J  *"J 


•  •  •  •  •  • 
♦ 


•  •  •  •  •  ••• 

*  •  • « •  •  i 

•  •  •  •  •  < 


•  •  •  •  •••  •  ••  •••  •••  •••  ••••  •••  ••••  ••• 

l  SAfl-ftfcgtbftttg  *ftch** ffh3. s ! tthcftj. nSf  frcfr 

ei  artK/*T»!#o 


key  for  each  number  or  letter 
nay  as  a  typewriter  i s  operated 
the  operator  and  the 
nay  be  punched  per  day, 


es  the  c^rds  with 
operator  presses  a 
■fee  be  punched  in  mush  the  sane 


Pepondi np  upon  the  skill 
■  ? 


of 


ype  of  code  used*  up  to  one  thousand  cards 


A'ipbabetl c  Verifier-  Verifies  the  punching  of  the  c~rds* 

It  i  s~ operated  in  abo'nt  the  same  manner  as  the  key  punch  machine* 

Alphabetic  Interpreter-  Prints  selected  information  from 
the  punch  card~on~either" of  both  of  two  li  les  at  the  top  of  the 
card  *  It  reads  and  prints'  about  60  cards  ier  minute*  The  three 
machines  described  briefly  above  are  necessary  to  prepare  the 
punch  cards  from  the  abstract  cards,  whicr  had  been  prepared  from 
the  raw  data,  Machines  described  below  aj  a  used  in  the- mechanical 
analysis  of  the  data. 


Card  Counting  Sorter-  Reads  cards  at  the  rate  of  400  per 
winuteT*  It  will  sort  cards  info  any  desired  order  (either  numeric 
or  alphabetic)  on  one  or  more  columns®  F  r  any  one  column  at 
a  time  it  will  count,  for  the  entire  file  of  cards,  with  or 
without  simultaneous  sorting,  the  numbers  represented  by  the 
position  of  the  punch  In  the  column*  Thsr,  is,  if  a  hole  is 
punched  in  the  ,,4M  position  in  a  selected  column  oh  one  card  and 
in  a  ”6"  position  in  the  sane  column  on  a  second  card,  the 
counting  device  will  register  "l"  in  the  4  counter  And  "1"  in 
the  6  counter  for  these  two  cards*  '  The  rachine  will  also 
select  from  the  file,  in  one  run,  all  these  c-^rds  having  a 
predetermined  punching  in  any  field  of  ec lumps. 

The  counting  device  on  this  machine  performs  one  of  the 
functions  of  the  Alphabetic  Accounting  Machine'  described  below, 
but  in  a  very  limited  sense,  as  will  be  r  ean. 


Alphabetic  Accounting  Tfacvine  (Comm  ;nly  called  the  "Tabulator”) 
Performs  the  following  functions: 

(i)  Listing.  Prints  all  or  a  selected  amount  of  information 
fro**  each  card  at  the  rate  of  80  cards  p  >r  minute. 


(2)  Tabulating, 


selected  number  of  columns  and,  if  desired 


Adds  or  subtracts  the  figures  in  all  or  a 

lists  cards  at  the 
same  time.  If  not  listing,  tabulating  is  done  at  the  rate  of 
150  cards  per  minute.  Totals  may  be  printed  at  ary  break  in  the 
control. variable  «..»?or  d»«*tasiaey..if.  th&.s  X.Y  and  Z  des¬ 

cribe  h  Jb'Ja«a?s2  and?  th<5*Sbr<ks  h*wo  !beo»  slrifed  |o  Hhat  Y  is  under 


Y 


1  •/,  v.  $  i*n •’••a*  •- 


match irse  rmy**be  •  *to*  pi  i nt  a  total  . 
of  the  figures  in  particular  fields,  as-  re!)  as  the  number  of 


,  •••  ••••  •••  •••• 

c»ras  going  tnrougii  £n i.]jfh|ne 

or  Z  change,  ‘inis 
will  give  totals  from  separate 
and  when  only  X  changes. 


4#jv’nj3ney_'«r  p>:u>  Vf5luc*s  o.*  «v  #  •  .•« 


• . . .%>  #  :r ejii^  Ui 

counters  when  only  X  or 


•  : 

•  *f  *  s •  • 

•'■■•Jaj.'fcipei 

caanges 


In  addition  to  the  above  the  machine  nay  be  set  up  so  that 
whenever  a  card  punched  :ith  a  code,  for  example  "X»,  in  a  parti¬ 
cular  coin-  n  goes  thr  ugh  the  machine  an  additional  operation 
will  be  performed.  This  additional  operation  may  be  anything 
within  the  normal,  capacity  of  the.  machine,  sucn  as  listing, 
adding  or  subtracting  into  designated  counters,  printing  totals, 
etc . 


Multiplier.  Has  a  card  speed  of  from  500  to  IpOC  caras  per 
hour,  depending  upon  the  number  of  digits  involved  in  the  multi¬ 
plications.  The  machine  v ill  multiply  two  figures  of  up  to  3 
digits  each  and  punch  the  answer  1 1  any  ddsireu  number  of  pl  ’Ces 
in  the  card.  It  will  perform  many  types  of  operations  involving 
nultiplic-  tion,  addition,  subtraction  and  crossfooting  of  two 
or  more  lectors. 


This  machine  and  the  Tabulator  may  bo  used  to  make  lengthy 
calculations  as  are  involved  in  determining  standard  deviation. 


correlation  coe'ficient,  etc. 


Reproducing  Nummary  Punch.  Operates  at  the  rate  of  100  cards 
oor  minute.  This  machine  will  reproduce  a  file  of  cnrus  in  total 
or  in  part  or  it  may  be  wired  to  reproduce  only  a  part  of  each 
card  or  to  reproduce  a  jart  or  all  of  each  card  si.  .u  t^neonsly 
changing  the  position  01  the  columns  on  the.  coias.  It  mny  .be 
used  to  gang  punch  predetermined  information  onto  all  or  part  of 
a  file  of  c'-rds*  Either  reproducing  or  gang  punching  or  both 
nay  be  done  selectively  on  the  basis  of  a  characteristic  punch 
on  the  cards.  This  machine  may  be  connected  to  the ’Tabulator 
for  the  purpose  of  punching  a  summary  cava  each  time  the  Tabulator 
orints  a  total,  which  card  nay  be  vuncheu  ..ith  certain  group 
characteristic  information  togetner  with  the  totals  whien  nave 
been  accumulated  by  the  Tabulator. 


Collator-  Operates’  at  s  maximum  rate  of  430  cards  per  minute. 
J-t  nay  be  used  for  merging  two  files  of  cards,  for  withdrawing 
from  a  file  cards  with  predetermined  punching  in  a  maximum  of 
32  columns  or  withdrawing  from  tue  file  al .  cards  with  numerical 
punching  between  two  li  .its,  as,  for  example,  -th--1  selecting  of 
cards  representing  anti-submarine  actions  between  two  limits  of 
latitude  and  two 
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j.  a  lion.  Trends  in  the  data  may  he  brought  out 
fitting  a  smooth  curve'  to  points.  xhe  forces 
these  trenr.fi  should  be  examined  so  as  to  cbt-  in  a  reaso 
rler.atiott  for  the  vnr:> atlon.  Later  on  a  more  satisfies 
lit  nay  be  obtained  by  fitting  the  cats, 
other  method,  to  a  no  the,  in  t.”  ear  curve. 


by  least  squares 
-if  this  is  done 


prions  factors  in  *the  formula  representing  the  curve  should 
fii'  sicrl  explanations* 
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j  •n- 
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fore  preparing  the  final  report  a  decision 
ue  type  of  report  which  is  required.  This  refers  mostly 
am  O’ 'lit  ox'  refe-  ence  data  to  be  included.  A  pure  reference 
is  simply  a  con  -Hatton  oi  .data  for  all  the  important 
es  in  the. fora  of  tab'  os  and  graphs  without  any  conclus¬ 
ion  significance-  of  any  variation  or  f<  ena  in  tiio  data, 
certainly  not  eper-  tions  research.  Any  uata.  presented 
be  for  ?.  definite  problem.  ■‘•he  writer  of  the  report  should 
lug  °nu  in  e  position  to  make  responsib.  e  conclusions  H 
■filch  the 
directly 

rig  plans  or  doctrine.  *lq  should  present  the  data  in  &u; 
s  to  convince  the  reader  of  the  correctness  of  his  eon- 
s.  iiov:  this  is  to  bo  done  will  ~egeud  upon  the  importance 


operations  officer  to  wnoij  the  report  is.  direct  on 
in  formulating  doctrine  or  making  decisions 
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small  amount  so  that/ the  moan  value  of  x  for  the  group  is 
exactly  aero.  The  mean  square  deviate  for  each  group  is 
given  at  the  extreme  right.  For  a  large  enough  group  this 
average  should  approach  unity, 
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